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Abstract. It has recently been shown that there is no finite-cnergy non-singular
solution to the sourceless gauge-field equations in four-dimensional Minkowski
space that does not radiate encrgy. However, this does not preclude the
possibility of solutions which hold themselves together for a long time before
radiating away their energy. [T they cxisted, such objects would be analogous to
the geons of general relativity, We show such objects do not exist.

I. Introduction

This is the second of two papers devoted to the study of finite-energy non-singular
solutions of classical gange field theories in four-dimensional Minkowski space, In
the first of these papers [17, it was shown that the only such selution that did not
radiale energy to infinity was the vacuum solution, 7, =0. Recently, this result has
been strengthenced by Weder [ 23, who showed that it is impossible for any non-zero
amount of energy to be permanently confined in any compact volume,

Thesc are strong results, but they do not exclude the possibility of energy being
confined to some compact volume for a very long time before eventually escaping.
A priori, this is a live possibility; after all, gauge field theories have much in
common with gencral relativily, and general relativity is known to possess solutions
ol precisely this character, the geons of Wheeler [3], Brill and Hartle [4].

The purpose of this paper is to kill this possibility, and to attempt to understand
physically why gauge ficld theories differ from general relativity in this respect.

In Section 2 we prove some rigorous theorems that can be {very loosely)
described as saying that any configuration of gauge fields inttially confined to the
interior of some sphere falls apart in the time it takes light to cross the sphere. Not
only are the forces of classical gauge field theory not enough to confine, they are not
even ¢nough to restrain.
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These theorems require assumptions about the behavior of the fields at spatial
infinity that can probably be weakened considerably by better analysis than we;
however, we think they are weak enough already to include most cases of physical
interest.

In Section 3, we try to understand the physics of these theorems by attempting to
mimic in a gauge field theory the construction of a geon in general relativity, Fere
we make no attempt at generality ; we restrict ourselves to an SU(2) gauge theory
and make the analogues of all the drastic simplifying assumptions that go into the
construction of a static spherical geon. Of course, the attemapt fails, but only at the
very last step, and the reason for its failure is enlightening : The gravitational lorce is
always attractive; the Yang-Mills force, however, can be either attractive or
repulsive, and it turns out that the repulsive interaction always wins.

In Sectien 4, we summarize our conclusions and make some speculations.

II. Some Theorems

Our basic mput will be cerlain propertics of the symumetric encrgy-momentum
tensor !

oy — Fa.uiF?{v B ﬁgvageFagi. it}
These are

0"z0, @

2,684 =0, (3

8} =0. (4)

[t wiil be convenient for us to choose a Lorentz frame such that the total three-
momentum of our solution vanishes, and io choose the origin of coordinates at the
center of energy.

Our first theorem deals with a very restricted set of solutions, those such that
there exists a positive number ¢ such that

: A2 e g |
}LT ?r }‘,r.w| _0! {5)
at all times. (We make no assumption about the uniformity of the limit in time.) In
purticular, this excludes solutions that have a Coulomb field at large distances from
the center; we shall take care of this case in our second theorem.
For soluticns obeying Fguation (5), we can define the moment of inertia at time ¢

by

-

1) = [dxr28°°, {6}

! Notation: Greek indices range from 010 3; Latin indices from the beginning of the ulphabet range
from [ to the dimension of the Lie algebra ; Lalin indices from the middle of the alphabet range from 110
3. Summation over repeated indices s implied. The signature of the metric tensor is (+ — — —). 45 are the
gauge fields, Fi, =&,4%—3 A%+ A8 45, where the ¢’s are the structure constants of a compact Lie
group
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Fig. 1. a Radius of gyration as a function of time for an imploding and exploding spherical wave in free
electromagnelism, b Radius of gyration as a function of time for a hypothetical object (hal holds itself
logether [or some dme before falling apart

and the radius of gyration by

F(1y> =IQ)/E, (7)
where, 4s usual

E= | @000, ®)

Because the cnergy density is positive semidefinite [Eqg. (2)], the radius ol
gyration is a measure of the spatial cxtent of our solution, and its time rate of change
is thus a measwre of whether the system is expanding or contracting. For example, it
is eusy to see that for an imploding-and-exploding spherical wave in frec
electromagnetism,

Fr=(t—1,)? +72, 9)

where i, and r, are constants. This situation is shown graphically in Figure 1a. This
is to be contrasted with a hypothetical system that holds itself together for a time
belore radiating away its energy, shown in Figure 1b. Note that both of these figures
are consistent with the theorems cited in Section 1 (both sysiems radiate}, but the
detailed time dependence of ¥ is quite different in the two cases.

Theorem 1. For any non-singular solution of the sourceless gauge-field equations
obeying Eguation (5), the radius of gyration obeys Equation (9).

Proof. By Equation (3),
0t = | r2o8,07dx . (10)
Integrating by parts and using Equation (4), we find

821 =2 {03 x + [dS (26 87— X167, (11)
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or
G2 =0 (13)

This implies Eguation {9).

We will now extend this result 1o include the possibility of a nen-vanishing
Coulomb field at large distances. Of course, we need only worry about distant
glectric or magnetic monopole fields; higher multipoles automatically obey
Equation (5}.

We define a gencral monopole ficld by

Fo=E"xr?, (14)
F=Hog X (15)

where E® and H® are bounded functions of spatial posttion at any time. (Note that
this definition is invariant under arbitrary space-time dependent gauge
ransformations.}

We now cousider solutions such that there exists a positive number ¢ and a
monaopole field f7 such that

oV

Hm r270F8 — f4]=0, (16)
lor all &,
Theorem 2. Define

IR, t)= | d*xr?0°°. (17}

raR

For any non-singular solution of the sourceless gauge-field equations obeying
Equation (16),

lm 8I(R,t)=2E(t—1,). (18)
R—o
where E{) is a constant.

Proof. First we show that the Timit exists:

8KR 6=— | &xr?af®

FEZR

=2 | Pxx,6°— [ 45267, (19)
=R

rei i3

The terms in 8% obtained by contracting the monopole field with itself vanish; the
-emaining terms fall off faster than 7~ #; thus the limit exists. Now we evaluate the
‘ime derivative of the limit:

& dxx,0%=— { d®xx.8,0v
t i [ )
= [Px0%0— [ dS 7, (20)
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where the surface integral is at spatial infinity. Because 8;; fails off likc r™* the
surface term vanishes. Q.E.D.

Note that if the limit of I(R, 1), as R goes to infinity existed, Theorem 2 would be
identical to Theorem 1, The point is that even when the ficlds fall off too slowly for
7% 10 be well-delined, we can still define &,7% and use it as a measure of the gross
expansion or concentration of the system. In particular, if we have a geon-like
sttuation, a lump of energy (perhaps surrounded by a Coulomb field) holding itself
together for a long time, we would expect 4,7 to be small (compared to the size of
the lump) for a tong time, Theorem 2 tells us that thig is impossible, unless by “a long
time” we mean the time it takes light to cross the lump.

J11. General Retativity vs. Yang-Mills Theory

It is clear from the above proof that it is the scale invariance (4) which prevents a
Yang-Mills field {rom holding itself together. This is not a4 very satisfying physical
reason, even if it is a general proof. To obtain a deeper understanding of what goes
wrong, we will attempt to construct a Yang-Mills lump in exact analegy to the
successiul construction technique used by Wheeler [3], Brill and Hartle [4] in
building electrogravitational and pure gravitational geons, respectively.

Let us briefly recall that a classical geon is a self-consistent approximate
solution to either the source-free Einstein-Maxwell or the pure Einstein ficld
equations. The topology of each spacelike hypersurface of the highly curved
spacetime 1s £°. To build a geon one assumes a metric background which is
spherically symmetric and static ontside some radius ¥ =r, and flat inside. The
clfective source of this gravitational field is & zero rest mass field in a thin spherical
shell concentrated at r=v,. The background field has a “trapping potential” al
r=r, and, 1o close the self-consistency, the effective energy density built ot of the
spherical shell of radiation is always positive—thus acting to bind. The details are
outlined in Table 1.

We now attempt a similar construction for a SU(2) Yang-Mills field theory in
Minkowski spacetime. First, we specify some background Yang-Mills field ;1’;. The
source for this background will be the current produced by a high-frequency
perturbation aﬂ of the background. Thus, the full potential is:

A=A+, (21)
The total field strength becomes?

i DD b -
Fo =F +Dat—Da’+{(a,xa) (22)

e
where the background covariant derivative is
D fi=@ fi+{A, < £, (23)

We have included spatial Christoffel symbols in the & derivative,

2 To shorten our equations, we use the standard notation (4 = By =s"4°8°



Table . Two successiul

attempis to construct static spherical geons and a failed attempt to construct a similar object in Yang-Mills theory

Property

Whoeceler
Electrogravitational geon [3]

Brill-Harule
Pure gravitational geon [4, 5]

Possible gauge-ficld analogue

IFull field equations

Fiald spiit
Background field
Background equations’
Perturbation equation
Gauge condition
Nonzero perturbation
Variable separation
Radial equation®
Effective potential
‘Yrapping orbits

Can trapped orbits be
source of background?

_EM
G,.=15
LN —_
P L=
v A-u

2

det = '_ev(r) d62 e ge? 4 p2d0?
G;av_8n<TuEM

GG A, — Ry AT =0

374, =0

A

A=t Riny @i +c.c.
AR [ — V)R =0
Vir)=elii+ 12

VES

Ves

G =TT Ry

G o =5 P TS

GG, 2R, =0

2, =0 BE=0

hou=hy hoa=hy

By e N =g R (DYt c.e,
d*Ridr¥ + [ — V(1R =0
Virt=e"liI+ 1r =2 — (372 de' 7™ #jdr*
ves

ves

D= Q

A=Ay +a;

Ay = L)

f_J"I_:'fn. ={a" = f],ap>°
DDah +2F,, % @) =0
ba, =0

de=ai+ia

= & R{r) P

AR + [ — Frf]R =D
ViR= i+ 12 —f2—20f
)-'CS B
no

E]

Iere we sel G=¢ — | and use [5]; the melric perturbation !_1,,,;:!:,_[.7—{?1}‘-‘«5
In the gravitational case, it is convenient to use r* as a radial coordinate where dr* =2t/ 2Py

1TRUIG T PUR UBWB[0S 'S
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Expanding the nonlinear field equations up to quadratic powers of az we find
the following two sets of equations:

DD b~ 2F , x @) =0 (24
DHFL =[a*x D,a,—2D"a, x a,)]° {25,
where we have imposed the background field gauge on the perturbation:
ﬁf‘aﬂ =0. (26)

That is, the perturbations o’ satisly a lincar wave equation in the background 4”
which is created as a result of a current quadratic in the perturbation. This current
can be averaged over scveral wavelengths to form an effective source for the field
A, The second term in (25) is of higher order and can be dropped? (just as in the
geon construction) il we impose the further condition:

Abrgs =0 {27)

In this casc, the effective current becomes:

Goy=<a*x D,a, " (28)

In order for the analogy to be complete, we assume there exists a Coulemb
potential outside of a thin shell at r=r, and a constant potential inside, with the
potential everywhere pointing in a constant direction in isospin space:

AL =3)81/) 29
ﬂn={

er 1 rzr,
This potential produces only one nonzero component of field strength:
F5=—0,1. (30)

The demand that the background be aligned in the 1 direction then implies that
only {ji> is nonzero. This can be secn to be equivalent to demanding:

4t =0, 61

_J " A
erg L FET

Let us combine ¢ and @ into a single complex field a,:

a,=al+ia]. (32)
Then the Equation (24) becomes:

(C—A%Ala,+i[29%A}a)+a,2*41]=0 (33)
or using (29):

{(d—f%a,+2ifda,=0 (34)
where [j=2*%, 1s the coordinate d’Alembertian.

¥ For the rules on manipulating spacetime covariant derivatives inside averaging brackets see Misner
ct al. [5], p. 969, and Isaacson [6]. Here we extend these rules to include gange covariant derivatives
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Following Wheeler’s ansatz [ 3] we will assume a standing wave in a thin torus of
radius r=r, with only a, nonzero [thus satisfying (27)]. the spherical shell later to
be constructed by usc of the rotation group. In this case only the charge density g is
NONZEro

ey =dng=L_aid,+ fak>. (35)
If we separate variables by taking the decomposition:
ag =" R0 (36)
then our final eguations become:
(O-2fe— fHa,=0 (37)
. <(U+f )% 193
)=~ ¢ 38
<JO> r Sll’l U vmro ( ]

where, as in Wheeler’s construction of the clectrogravitational geon,
O=82—-a2 --E[rﬂ coti,] (39)
Using the standard separation constant, I+ 1), we are left with a radial equation:

82R +[e0? — V(I)]R=0 (40)

u+n

Fir= —f*=2uf. (41)

Unlike the geon radial equations (Table 1} our elfective potential depends on 3. This
difference is essential. It is easy to see that the potential has two turning points for
m? >0 only if w <0 and:

o< £+
.

0 ery

{trapping). (42)

Furthermore, this can occur only if e2 >[I+ 1), i.e. cnly for the case where the
charged attraction can overcome the centrifugal barricr.

On the other hand, the charged current of the shell (38) can act as a source of the
assumed background {29} only if ¢ <} and

lew| > ri (self consistency). (43)
0

Thus we are led to a contradiction between (42} and (43}, In words, a background
feld of one sign of charge can only trap charge of the other sign, but then that
irapped charge cannot serve as the source for the background : a spherical shell
SU(2) Yang-Mills lump cannot be constructed.
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1V, Conclusions and Speculations

If one is willing to accept the time dependence of the radius of gyration as 2 measure
of the gross behaviour of a solution of the field cquations, we have shown in Section
2 that the gross behavior of solutions of an arbitrary sourceless gauge field theory is
the same as that of solutions of frce clectromagnetism. Of course, this docs not mean
that on a more detailed level such theories are essentially the same as elec-
tromagnetism, but it is sufficient to show that there is no hope of constructing a
Yang-Mills analogue of a geon.

W think we have isolated the essential physical reason for this in the example ol
Section 3. Nearby portions of the gravitational field attract one another; however,
by continuity, nearby small portions of the Yang-Mills ficld must always point in
the same direction in internal space, and therefore must repel each other. {Like
charges repel) We belicve it s this sellrepulsion at small distances which
overwhelms all other effects and prevents the construction of a geon analogue.
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