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ABSTRACT

Jim Wilson pioneered the use of supercomputers to study magneto-
hydrodynamic (MHD) flows near black holes, In this paper, we analyze

the differential equations of general relativistic MHD. We use the
"3 4+ 1" formalism to recover the physical meaning of each term in the

equations. Limits are taken to recover the special relativistic
Alfven equation and the static balance of magnetic and pressure
forces. Particular emphasis is placed on the role of the anisotropic
magnetic inertia. A new form for the equations is found which may
simplify future numerical work.

I. INTRODUCTION

Jim Wilson performed a systematic numerical exploration of the

physics of accretion onto black holes during the 1970s. These pio-

neering efforts showed that one could use computer codes to solve the
fully nonlinear, time dependent, coupled partial differential equa-
tions of general relativistic magnetohydrodynamics. 1In 1972, Wilson
(1972) wrote the first code to handle two-dimensional (2-D) general
relativistic (GR) hydrodynamic accretion onto a Kerr black hole. 1In
a companion paper in this volume, Hawley, Smarr, and Wilson explain

how, ten years later, that code has been updated and used to inves-

tigate fat pressure supported disks around black holes,

In a series of papers, Wilson expanded his technique to allow
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time-varying strong gravitational fields with and without magnetic
fields (Wilson 1975, 1977, 1978). These calculations demonstrated
that magnetic torques and magnetospheres (Damour et al, 1978, Ruffini
and Wilson 1975) could be important around black holes.

This paper is the first in a projected series on the updated
version of Wilson's magnetohydrodynamic (MHD) codes. Herein we lay
out the basic physics which occurs when magnetic fields are combined
with gravitation, The next phase of this refinement will be to find
a set of analytic solutions to the fully general relativistic MHD
equations., We can then subject the MHD code to the same rigorous
updating and calibration procedure which was given the Wilson hydro-
dynamics code (Hawley et al. 1984a,b).

Thorne and Macdonald (1982; hereafter TM), in an alternative
treatment of electromagnetic fields near a black hole, emphasize how
difficult it is for an astrophysicist to obtain an intuitive feel for
the electromagnetic field variables when they are expressed in terms

of the electromagnetic field tensor F and the 4-current J. There-
fore, as they do, we will express the electromagnetic field in terms

of the general relativistic analogs of the familiar electric field E
and the magnetic field B before we look for solutions to the MHD
equations, We can then generalize the vast background of work in
Newtonian MHD to solve the general relativistic equations in the same
way that TM have generalized the powerful integral theorems of elec-
tromagnetism to find potentials which generate solutions to Maxwell's

equations (Macdonald and Thorne 1982; hereafter MT).

With this as motivation, we do the following. In section II we

introduce the 3+] formalism, which allows us to express our problem

in terms of the projection of the four-dimensional fields into a

three-dimensional absolute space (see also TM). We then express F in

the 3+]1 language and derive relativistic expressions for J and 3 o F
(the Lorentz force) in terms of £ and B. We also find the electric
field in a perfectly conducting fluid in terms of the fluid velocity

¥ and B, 1In section III we derive the MHD equations, by adding the

expression for the Lorentz force derived in section II to the momen-

tum equation, and then find solutions in the static, weak gravita-

tional field limitc,
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Section IV contains an analysis of and solutions to the static

MHD equations, a derivation of and solutions to the equations for

Alfven wave propagation in a uniform background, and a discussion of

the dispersion relation for Alfvén waves in a non-uniform medium., In

section V we manipulate the momentum equation into a form suitable

for finite differencing using an explicit, operator-split code, and

show that the displacement current term in the Lorentz force gener-
ates an anisotropic inertia in the equations of motion for the matter
flow (this due to flux freezing). Finally, in section VI, we discuss
some analytic code checks which can be obtained for the solutions
above. We compare the "natural"” potentials used by Wilson (1975)

with those used by MT. Throughout this paper we assume a perfectly
conducting fluid moving in a stationary metric, and that G=c=1,

IT. THE 3+1 FORMALISM

In this paper, we will use the 3+]1 formalism as it is developed
elsewhere (TM, York 1979, Smarr et al. 1980, Hawley et al. 1984a).
(For a discussion of the history of 3+1, see TM.) This formalism

chooses a set of fiducial observers and projects all four-dimensional
objects onto and orthogonal to the observers' 4-velocities. Physi-
cally these are the quantities which the observers would "see” in
their rest frame. We will use the global stationary time slices to

define the fiducial observers.

+ The 4-metric, just like any other second ramk tensor, can be

projected in this way. This has the effect of splitting the 10 func-
tions in the 4-metric into 1+3+6 functions. These components are

called the lapse (a), shift vector (E): and 3-metric (I}- We will
use the notation of Smarr_girgi: (1980) unless otherwise noted.

Accordingly, we denote by nH (greek indices= t,x,y,z; latin= x,y,z)

the unit 4~-velocity of the fiducial observers normal to the time

B

slices, with a" as the &4-acceleration of the fiducial observers, t#

as the vector 3/3; in the time direction, and u® as the unit 4-

velocity of the matter flow. The components of these tensors are
tabulated below (Smarr et al. 1980, p. 159):

sula® pria -a’+8, 8 B,

gtV = g = (2 1)
i 2 i3 £ 5 B BY
Ba y - B B /a Bj Y13
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ab = (1/a, gl/a), n, = (-a, ) (2.1b)

at = (0, Tikbklnu), au = (Bkaklna, Bilnu} (2.1¢)

e o= (1, B) t = (-a? + B_B%, B.) (2.1d)
i %43 u kP » Pyg

ub = Ha_1 (1, uui - ﬂi), uu = W(-a + akuk, ?i] (2.1e)

[ = -n o t = (1 - aiﬁi!az)'lfz We==n¢eu= (1-V s (2416)

k

where €t 1is the unit vector along t.

Note that our W is Smarr et al.'s Fp) = utu, while our T 1is Fl of

Smarr et al. Physically, a is the gravitational redshift, W is the

special relativistic redshift for matter flows, ﬁ is the velocity at
which the coordinate system flows in each time slice, and y measures

distances and angles in the 3-space.

In order to project into time slices normal to nH, we introduce

the projection operator h”v and the three dimensional antisymmetric

tensor eghVY:

h“u = g“u + n“nu, £2.2)

eBVY = E““T5n6. (2.3)

A spatial 3-tensor 1is created by dotting all the indices on a 4-ten-
sor with h“v. The upstairs time component of any spatial 3-tensor is
zero, since n h“u = 0 and ny = 0 (see Eqn. 2.l1b), We can also intro-

M

duce differential operators D, and £, which generalize the space and

W
time partial derivatives of flat space. These are defined by:

TH‘H = h I'Ihl.l v a ﬁ'ﬁ'
D, ; ) Bh ahp WA, 1 (2.4)

b = ab b - 76 W W 6
ELTE. = ANR TS o BE W AR # TE 9L A, (259

D, is the covariant 3-gradient, and £, = £4n+pg 18 the Lie derivative

in the time direction,. We use later that D Euéﬂ = D h“a = 0,
i W
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We can now write FHY in terms of the electric and magnetic

fields observed by nk:
FBV = nVEK - nbBEY + Euvaﬁa (2.6)

Note how we covariantly divide tensors into "time"” components (here

V and "space" components which vanish (here

FBY = 4xJY, one

E*¥) sitting next to n

Epvﬁ} if hit with nY. Using the Maxwell equation ?u

can obtain the 4-current in terms of EH and BH,

4ng¥ = a¥(D E¥) - (1/a) [g - g4 + a0] E
+ D ePVOB_ 4+ BVvo .
W€ 5 a € By (2.7)
where 0 = ?pn“ is the convergence of the fiducial observers (zero 1in

Kerr).

We now investigate the physical origin of each term in the
general relativistic Maxwell equation (2.7). The term D"E" is the
spatial gradient of the electric field, which equals 4 times the
electric charge density p = —an“. Thus the time component of equa-
tion (2.7) 1is the "Gauss's law” Maxwell equation. The spatial terms

are the "Ampere's law”™ Maxwell equation., The term D 5“”63 or curl

.
B, is the familiar magnetic source of the spatial B-Eurrenf. The
term in brackets involving Lie derivatives of the electric field is
the general relativistic equivalent of the displacement current
(equal to the left hand side of Eqn. (3.4c) in TM). The term £ EM is
equivalent to atE“; £ﬁE“ is the rate of change of EM caused by "frame
dragging”; and © is the time rate of change of the volume element,

In flat space, "observers at rest"” are also "inertial (non-accelera-
ted) observers.,” In curved space, however, observers "at rest” (n¥)
are in general noninertial (like standing on Earth). Their accelera-
tion (au) is necessary to balance the gravitational force trying to
pull them from rest, The last term in equation (2.7) is such a nonin-

ertial term (see the discussion in section 3.2 of TM for more detail).

Equations (2.6) and (2.7) can now be used to write down the

Lorentz force J”Fvu:
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+ ﬂé}eﬁuﬁﬂ ]

v - e A _
boJ Fu np[ a Ev{ £, £ 8

+ aB) EY + Ev(D

B 5

8
- (DGE ) Eu

+ By la7 (£, g5 + a0) E (2.8)

Suv

- Svp
(96 + Ea) € Bﬂ]'

The spatial part is the electric field times the charge density (sec-
ond line) plus the magnetic field crossed with the spatial current

terms (third line) from equation (2.7). If we assume perfect conduc-
tivity (no electric field in the rest frame of the fluid), we can use
UuP““-ﬂ to write

Eu' - (1/“)5 U&- (2-9)

pu&nv

This is equivalent to the nonrelativistic equation E=Bx V. If we
80 desired, we could now substitute equation 2.9 into equation 2.8

and obtain an expression for the Lorentz force in a perfectly con-
ducting medium dependent only upon the magnetic field (along with

fluid velocity and metric terms).

III. STATIC MHD

Wilson (1976) writes down the general relativistic MHD equations
for a perfect fluid with perfect conductivity. We have changed his
basic variables by a factor of ¢ as is shown below (see e.g. Hawley
et al, 1984a - hereafter HSW):

D = Wp, (3.1a)
E - HEP' (3-1b)
S = Wp(l + + P U = WpghU . 3.1

" p( € lp) . phU (3.1%¢)

where p 18 the density, ¢ 18 the specific internal energy, and P is
the isotropic pressure of the fluid.

The equations of hydrodynamics are discussed in HSW using these
definitions, and we shall use their equations (17), (20) and (25) as
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our equations of hydrodynamies., In order to obtain the MHD equa-
tions, we add the Lorentz force to the momentum equation [HSW's Eqn.
(25)]. Because we have a perfectly conducting medium, the energy
equation [HSW's Eqn, (20)] remains unchanged (since there 1is no Joule
heating in a medium with zero resistivity). 1If the resistivity were
not zero, then we would have to include a term involving JHUVF in

VR
the energy equation.

We now assume that we are working with a perfectly conducting
medium in a Schwarzschild geometry (for details on this geometry see
e.g. Misner, Thorne, and Wheeler 1973), This implies that QO = ﬁ = 0
and that 8.y is diagonal. Next we combine HSW's momentum equation
(25) with our equation (2.8) (while writing DH in terms of 3 and

K
using spatial indices when possible) to get

-1/2 1/2¢ o1 _ (eBaeV/oet i
thj + v ai(v Sj? ) + uajP (s¥sY/28") nguu + u(DiE fﬁﬂ)Ej
i k i
- (B fﬁnicijkatE + a(B fﬁn}(&jﬂi-aiﬂj)
+ a(B'/4n)(a B -a B,) = 0 (3.2)

where y = det(yij) is the determinant of the Schwarzschild 3-metric.,

We will now look for static solutions to the MHD equations
(bt'Vi'Uf Ut=1/a and SP=(ph/a)(1,8)). The condition of perfect con-
ductivity, E =V x B, implies that E = 0. 1In this limit, equation

(3.2) reduces to
adyP + phay + a(B1/4n)(d4By-04By) + a(B'/4n)(ayBy-asBy)=0.  (3.3)

The terms in this equation are understandable using Newtonian physics
(which should be the case, since in the static limit special relativ-
ity plays no role). The forEe ezerted by pressure gradients 1is ajP.
Thi term Bitajai-ainj)zan ~ BxUYxB is the static Lorentz force (since
VxB measures the current present, and fy, rentz * I x B). The term
phay 1is the gravitational force required to keep the fluid "at rest”
(since "at rest"” does not mean “inertial”). If we now go to flat
space (a+l1,a#»0), the gravitational acceleration goes away, just as

we would expect, and equation (3.3) becomes
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2P + (B /4m)(34B;-34B4)=0. (3.4)

The last term is the reason that magnetic field lines are sometimes

thought of as strings. Equation (3.4) can be written in the form

5 ¢ +1i =0 3.5
% ijdro jHag) ' ( )

where

i - 2,1 o1 - 2 i
T I Mag (1/4n)( B4 4=B7By) (B“/8n)6 je (3.6)
This is8 the stress tensor for a tension of Bzf&u superposed on an

isotropic pressure of BZ/4n (see e.g. Blandford 1983).

There are two distinct symmetries for which solutions to equa-
tion (3.4) are readily found: translational and rotational., If we
take all of our fields to be functions of y and z (r and z) in car-

tesian (cylindrical) coordinates and take the magnetic field to be
pointing in the x (¢) direction, then Biai vanishes and equation

(3.4) reduces to

aj(P+uzfan}-o.

39

Equation (3.7) has the obvious set of solutions Bziﬁﬂ(?tut-P}, where

P.or 1s an arbitrary constant which is greater than or equal to the
maximum value of P. This solution just balances the force due to
magnetlic pressure with that due to hydrodynamic pressure, which 1is

what one would physically assume for flat space.

Next we look at MHD in a weak gravitational field with Newtonian

potential ®. The line element for such a spacetime is [Misner,

Thorne and Wheeler 1973, Eqn. (16.2a)]
ds? = -(1+420)dt? + (1-23)dr? + r2dqQ, @& << 1. (3.8)

This means that ¢ = 1 + ® and a;=3;1lna=349Q ({.e., the gravitational

acceleration is the gradient of the gravitational potential). Equa-

tion (3.3) becomes
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i

2, P + (BY/4n)(d ) + [phy

j jﬂi-aiﬂ

2.8 _ -
3 3 + {B%y 3 B Bj}fﬁﬂ]aiﬁ 0. (3.9)

Notice the term in braces {}. It is from the gravitational field
pulling on the energy contained in the magnetic field. Along with

the term involving ph, this term is the anisotropic moment of inertia
tensor for the system (see, e.g. exercise 5.4 in Misner, et al.
1973). Even for magnetic fields with the special symmetries describ-
ed above, it is not easy to get an analytic solution. Even 1if we
assume weak magnetic fields B2 << p and nonrelativistic temperatures
h ~ 1, the term p31@ is not a perfect differential except in the

trivial case of constant density everywhere. However, it would be

straightforward to solve equation (3.9) numerically.

IV. ALFVEN WAVES

We wish to obtain some dynamical solutions to the MHD equations.
The simplest nontrivial solution is for Alfvén waves without dis-
persion., With this in mind we will derive the flat space, special
relativistic, Alfvén wave equation from our general relativistic
formalism. For the purposes of the calculation we will assume that

the lapse function a and shift vector B vanishes.

Start with an unperturbed system at rest (vl = 0). Let all gra-

dients be zero. If any of these were nonzero, they would generate

dispersion (scattering) terms. Note that since we have a perfect

conductor and v! = 0, El = 0. Now introduce a perturbation such that
Bi+Bi+b1, ?1+0+v1. P»P+p, p+*p+d, and Ei+0+ei, and solve the equations

of motion for vl.

The momentum equation (3.2) becomes, to first order in the per-

turbation,

phd vy + adjp - BXeggpd,el + a(BY/4n)(a5bg-34by) = 0 (4.1)
or

dcvy + (1/ph)(3P/3p)ayd - Ble (3, vy)e™ "B /(4nph) +
B1(25by-84bs)/(4nph) = 0, (4.2)

where we have substituted equation (2.9) into equation (4.1) and
divided by ph to get equation (4.2). Notice that we include rela-
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tivistic temperatures h # 1, but only mildly relativistic velocities
since we drop the_a(sz term which makes W = 1, We also need the

equation of continuity to eliminate ajd:
dpd + pdyvl = 0 (4.3a)
d¢04d + pdydgv = 0. (4.3Db)

Taking 0 of equation (4.2) yields:

2 2 i mkn 2
at vj 4 fl fph}atﬂjd + B EijkBmE (ﬂt ?n)f(ﬁnph)

+ Bl(a 3, b,=d,0 b, )/(4rph) = 0 (4.4)

J J

where ¢ (anap)lfz. We now need an expression for athj. This 1is

obtained by using the other Maxwell equation V *F“v-ﬂ, where

"

* - _ 5
F“u n“Bv nuEu + Euuﬁﬁ . (4.5)

&
This yields (with g = 0 = Ouy = W,y = 8, = 0 appropriate for flat

spacetime)
atbi'DjEijkek' (4.6)

Equation 4.6 is the special relativistic form of the Maxwell equation
atE =D x e. Substituting equations (4.3b) and (4.6) into equation

(4.4) and using equation (2.9) and Eijkzmk“ - ﬁinﬁjm - 61mﬁjn. we
get:
i 2e & i 2 2 i
(65 + [(8%5, 1 - B, BL)/Cumpm)1)o Py - (c?/n) 3,3,
i kmn,p qrs =
+ (B Eijkamﬂ d Enpqﬂre va)f(ﬁnph) 0. (4.7)

This 18 the special relativistic Alfvén wave equation for mildly
relativistic velocities W = 1., For a conventional comparison see

equation (3-394) of Lang (1980). Again we see the same anisotropic

inertia tensor as in equation (3.9), here multiplying a%vi- We can

+
now Fourier transform by letting v = g e 1(kex-wt) and obtain
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2 - 2~ _ . o _ 2 . o
w- {e + [?A > (?A ) ?AI} (c“/h)(R e) R
>
- ?A x B x B x ?A x g =0 (4.8)
where ﬁﬂ = ﬁf(iénph W) 1s the special relativistic Alfvén velocity

(here W = 1),

This equation admits three different classes of solution. The
first is where i. E, and GA are all parallel. Here the cross product
term and the magnetic part of the inertia term vanish., This gives
longitudinal waves propagating in the direction of GA with a speed
Cﬂydrﬂ - (cth)lfz. This is the sound speed of a fluid at relativ-
istic temperatures, The factor of h comes from the inertia of the

fluid's internal energy.

iy

A second mode is with k parallel to E and perpendicular to ﬁA'
This corresponds to longitudinal waves propagating perpendicular
(along k) to the magnetic field with a speed of CMagnetosonic
([(:th}+vhzlf(1+VA2))1f2. The VAZ term in the numerator is due to
magnetic pressure, and the factor of 1+vA2 in the denominator is due

to the inertia contained in the energy density of the magnetic field.

] oy

The final mode has k parallel to %A and perpendicular to ¢
("Alfvén waves”). This 1is a transverse mode propagating in the
direction of B with a speed of Vesansverae ™ (vhzf(l+¥hz)}1f2. This
speed is a factor of (1+?A2}'1’2 slower than.the Alfvén speed ob-
tained in most derivations. This 18 because most derivations throw
away the term in the Lorentz force which arises from the displacement
current, We only need to keep that term when V, is large (= 1). It
should be noted, however, that it 1is this term which will prevent the

superluminal transfer of information as Vo * =

In the derivation above, we were limited to special relativity
by the absence of gradients in our initial (unperturbed) system, If
gradients do exist, then they will tend to scatter waves between
momentum states., This makes it very difficult to find analytic solu-
tions to even the linearized MHD equations, but we should still be
able to predict the propagation of perturbations by using numerical
methods. In particular, 1if the gradients in the background are small,

one can find a Green's function for equation (4.7) and use the gradi-

ents as forcing terms.
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V. THE ANISOTROPIC INERTIA

As we saw above, the term in the momentum equation containing
the displacement current will be important in regimes where the
Alfvén velocity 18 of order one. This means that in our numerical
simulations of accretion disks, there will be regions which will be
field dominated in which we cannot throw out the displacement current
term, as 1s often done in numerical treatments of (GR) MHD. This
presents a problem, however, to those using a time-explicit, opera-
tor-split scheme. Since the electric field is the cross product of
the velocity of the fluid and the magnetic field, the displacement
current will contain a term which is dependent on the time derivative
of the momentum (through the velocity term). 1In the old Wilson code,
this term was a major problem. It was dealt with by adding the mag-
netic-electric density of the field components perpendicular to the

acceleration to the matter density in the acceleration equation,

With this in mind, we rewrite equation (3.2) as
: |

where Lj contains all of the terms in equation (3.2) which are not
proportional to atsi and Hji is the matrix of coefficients of d¢Sy e

In terms of our MHD field variables,

f o raln b _ o ol Ov = v Dk _ i
Hj = (B 6j BjB )/ (4nphW®) (v, 6j Va Vi I (5.2a)

1/2 is the Alfven velocity. We note that

where again V, = Effﬂﬂphﬂz)
M is just the anisotropic inertia tensor for the magnetic field which
showed up in equations (3.9) and (4.7) renormalized by the factor

(ﬁﬂphﬂz}_l- The vector L is given by

w 2f E 1 Ha V t i
L, = [;; d, (V¥ S,V7) + ad P + (s¥s¥/25%) 348,y * a(D E"/4R)E, +
a(B'/4n) (3,8, - 3,B,) + a(B'/4n)(a ;B - a,B) -
k NP 2y, 1
(B"/4n)[d (B, /phW )6j attﬂjlphw )6, ]s1 . (5.2b)

The formal solution to our problem (equation 5.1) 1is:
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3.8 = (L -7t . (5.3)
Note that although we are still specialized to Schwarzschild, the

following formal analysis should hold for any stationary spacetime,
The shift vector will bury itself in the definitions of £ and qh'

Looking at equation (5.2a), we see that M is the transverse pro-

jector on ?A and has three eigenvectors. The first eigenvector 1is

parallel to F& and has eigenvalue zero. The other two are degenerate,

perpendicular to V and have eigenvalue vhz. Physically Hji 1is the

magnetic field's r:nurmalized anisotropic inertia tensor. The field
is not affected by fluid motion parallel to it, but it is dragged

along by any transverse fluid motion (because of perfect conductiv-
ity) and contributes an inertial density of Bzfﬁn- Using our eigen-

value analysis, we look for (I - ﬂ}'l of the form

(L-m =1+ v,®H1-90170 w1+t 0, (5.4)

e

where ?ﬂfﬂ is the external product. Solving for x and [, we find:

S

(L -M7h = (1 + 9,0 )/014v, %) . (5.5)

This matrix has eigenvalues 1 for motion parallel to Vﬂ and 1!(1+Vﬁ2}
for motion perpendicular to ?A and can be interpreted as the ratio of
fluid inertia to total inertia. Thus we have shown that the aniso-

tropic inertia of the magnetic field enters naturally into the momen-

tum equation.

Using equations (5.5) and (5.2b), we obtain the new form of the
momentum equation:
i

d. S, = [(6 +

i 2
¢S j vAij Y/ (1 + vh ) ] Li (5.6)

where Ly is defined in (5.2b). 1In order to use operator splitting on
this, we would difference each term in L; as we would treat the corre-
sponding term in (3.2), then multiply it by (5j1 + Vﬁjﬂhi)/(l + ?Az}
before adding 1it to atsj. This new method (5.6) is currently being

tested numerically to see i1f it is accurate and stable.
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ViI. CODE CHECKS

The purpose of the calculations in this paper is twofold. First,
we wish to manipulate the MHD equations analytically into the form
most suited for finite differencing (i.e., section V). Second, we
need analytic solutions to the MHD equations to use as a testbed in
all of the different regimes which the code will investigate. Usual-
ly, however, the fundamental variables used in analytic and numerical
techniques differ, making it messy to go from one formalism to
another, The numerical variables can sometimes obscure the physics
contained in the difference equations, For example, Wilson's funda-

mental electromagnetic variables are ht, where X is the &4-vector

potential, and H, = Fp, (Wilson 1975). 1f we write the components of

¢
M using these variables, things become very messy and the underlying

symmetries are obscured.

On the other hand, when M is written in terms of ﬁ. the symme-
tries become quite clear. In the same way, Macdonald and Thorne's
metric components have deep physical significance, although they may
not be optimum for coding., To aid in translation between the two
formalisms, Table 1 provides a list of equivalent terms in our "nu-
merical”™ variables and MT's "analytic” variables. Note that Wilson's
A¢ and H¢ are equivalent to ¥ and I (MT's potentials which generate
static solutions to Maxwell's equations). This is an example of

Wilson's deep intuition in picking the pertinent variables in a

problem,

The simplest analytic tests check the ability of a code to keep

a static solution static. Most of these will involve balancing
magnetic pressure with hydrodynamic pressure or gravitational force
according to equation (3.9)., One possibility is to take a uniform
gas, put a constant gravitational force on it in the z direction,
then use the magnetic pressure of a field in the x direction to
balance this force. A second is to put a varying pressure on a gas,
then balance it with magnetic pressure in the absence of gravita-

tional fields. The gas should not pick up a velocity in either case.
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Table 1

EQUIVALENT TERMS: WILSON (1975) VS. MACDONALD-THORNE (1982)

(for Kerr spacetime)

HSW MT

a a

: -wm

n u

r Kk

FHY ~FHY

gtt L -1.“12

gt¢ -

g®? (1-w2 32/a2) /32
2g

Eoo @

A¢ * y/2q¢

H¢ o * #irrgeﬁ 21/«

(uff—El a9a¢ BB

(-u!#-g)arn¢ B

caf#?E>u¢ B?

*Defined by MT only for time independent electromagnetic systems.

A scenario which we have not treated is the shock tube (see e.g.
HSW). A shock tube with a constant magnetic field perpendicular to
the shock front should have the same solution as the shock tube run
without the field present. It should also be possible to derive the
relativistic jump conditions for a magnetic field parallel to the
shock. Another possible test is to substitute magnetic pressure for

some of the hydrodynamic pressure in an analytic fat disk, and as-

certain that the disk does remain stationary. In this test, however,

we must watch out for Rayleigh-Taylor instabilities.

Finally, we can run tests dealing with the propagation of Alfvén
waves, The easiest is to check the three modes of propagation in a

uniform background, It should also be possible to check the disper-
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Bion relation obtained in equation 4.13 in simple cases, Either of
the static tests outlined above should lend itself easily to such a
test as the background. Green's functions, if found for equation

(4.7), could be used to provide a critical test on the code's ability
to propagate all three kinds of modes.

VII. CONCLUSIONS

We have used the 3+1 decomposition to analyze the MHD methods of
Wilson, We find that using this notation clarifies the physical con-
tent in a way which neatly parallels that of Thorne and Macdonald
(1982). Our emphasis is on the Lorentz force addition to the momen-
tum equation., We find that the magnetic field contributes anisotrop-
ically to the inertia term in a way which i1s physically easy to see.,
Various limits of the MHD momentum equation are derived (static,
Alfven waves, etc.), and in each case we can see how relativity modi-
fies the well-known low velocity equations., Finally, we present a
new "trick"” for rewriting the momentum equation in a way we hope will
be useful numerically. It is clear that because of the many new
degrees of freedom in MHD, the code testing will be a much more
involved task than is the case for hydrodynamics alone. On the other
hand, the great variety of physical effects which are present 1in
general relativistic MHD were almost all appreciated by Wilson in his

original work of almost a decade ago.
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