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The zero-lrequency limit (ZFL) of the energy spectrum {dE/dwd(1) for the gravitational radiation emitted
during the scattering or collision of two particles is investigated. If the asymptotic trajectories have constant
veloeities, at least one of which is nonzere, then the ZFL of the spectrum is flat and can be easily calculated.
These calculations are made for the cases of distant encounters or head-on collisions of twe compact obiects,
and comparisons to previcus methods are made. [t is found that the ZFL not only gives the exact low-
frequency results, but that it provides an estimate of the total energy radiated, its polarization, and its angular
distribution. Applied to the high-velocity collision (¥, ~ 1) of two equal-mass black holes it predicts an
isotropic angular distribution of gravitational radiation with an efficiency of order unity

I. INTRODUCTION

When two bodies gravitationally scatter or col-
lide, the accelerations involved cause gravita-
tional radiation to be emitted. If the incoming and
outgoing trajectories asympiotically have constant
velocities, at least one of which is nonzero, then
a technigue exists'™""** to calculate exactly the zero-
frequency limit (ZFL) of dE/dwd 2, the energy
radiated per unit frequency per steradian. One
finds that the energy spectrum is fiat as w—0, and
therefore the ZFL alsc gives an estimate of the
total energy radiated as well as of its angular dis-
tribution. This estimate is cbtained by multiply-
ing the ZFL by a cutoff frequency w,, whose value
depends on some physical cutoff in the particular
problem, Further, since this is the very-long-
wavelength limit (w™='> size of the interaction re-
gion}, the details of the internal structure of the
objectsaswell as the details of their scattering
are irrelevani. Therefore this limit should re-
liably describe even the scattering or collision
of two black holes subject only tc the above-stated
restrictions on their asymptotic trajectories, I
use the ZFL technigue in See, I to calculate the
zero-frequency gravitational bremsstrahlung pro-
duced by distant encounters or head-on ecllisions
of two objects. In Sec. ITl, the exact ZFL answers
and the approximate values for the total energy
radiated are compared with previous calcula-
tions™ 2 of these two problems using other tech-
nigues.

1Il. THE ZERQ-FREQUENCY LIMIT

The ZFL technique was originally derived from
quantum arguments,’® but it is equivalent to a
purely classical calculation®{see Appendix), I
shall use the notation of Feynman' since his me-
thod seems the easiest to apply. Let P¥ repre-

gsent the 4-momentum of the Nth particle

(P¥. PY =~m,®), g* the propagation 4-vector of
the cutgoing gravitational radiation, and %" the
polarization tensor of type I (+ or x)."* Then the
Feynman-Weinberg-DeWitt {(FWD) amplitude for
emission of such gravitational radiation from a
classical scattering problem is

“‘””; ne(Pled” PO/(PY ™) (2.1)

where 5y =+1 (1) for incoming {outgoing) par-
ticles, The frequency w of the radiation emitted
in the direction i, where fi» i=1, is given by

¢, =w(l, ). The analogous amplitude for the
emission of electromagnetic radiation is

ay =wZN: w( P/ (PYa™), (2.2)

where €4 iz a polarization vector of the appro-
priate type.

The energy radiated by gravitational radiation
per unit freqguency per steradian at zero frequency
is given by (c=1)

(ﬁ%), =Sl 2.3)
This is the key formula I will use in the caicula-
tions below. One sees that the energy spectrum

is flat as w — 0, which suggests there exists some
cutoff frequency w, above which dE/dw rapidly
drops to zero. Using an w, picked from physicat
considerations for the particular problem, one can
then use (2.3) to get an estimale of the total energy
radiated in polarization I into solid angle 0

AR Gw
Rt At (2.4}

The total energy is then obtained by integrating
over angle and summing over polarization:
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z photon, graviton) means the angular dependence
is very different for different spin in the ZFL.
The question arises as to whether these general
comments on the nature of the coupling between
matter and radiation fields in the ZFL allow cne
to conclude that gravitational radiation can never
be beamed at zero frequency. To determine the
answer I have carried out several model calcula-
tiocns using the ZFL,

First, consider a point particle of mass »m and

FIG. 1. The coordinate system used for the gravita- velocity v which is gravitationally scattered by a
tional secattering of a small mass w by a large mass M much heavier particle of mass M, ¥ thereisa
with impact parameter b. The initial momenta £, of m ]_arge impa_ct parameter b, then the angle of scate

lies along the #z axis. The final momenta P; has heen
deflected through an angle & into the XZ plane. During
the proceas, gravitational radiation is cmitted in the Ap= ( ,-Sch) ( 1+ 1’,z)

- ]

tering'® is

(@, #) direction with momentum § = c:fi. b e (2.6)
where ¥y, =2M is the Schwarzschild radius of the
large mags M. If m is initially moving up the z

AE = g_‘-‘izq_z f ERE P (2.5) axis while M is fixed on the x axis, then the initial
T

B and final momenta of m are
Again, the values given by (2.4) and (2.5) should P =ym(1,0,0,v),
be considered estimates correct to order unity, (2.7)
while the ZFL, Eq. (2.3), should give the exact P =ym(1, 5,0, )
answer at zero freguency, From here on [ set
c=G=1 2 y where 6 =vAf#. Let the radiation be emitted along

- ; e .
Turn now from the frequency dependence to the 7 in the {_9s ¢} direction’® {gee Fig. 1). The two '
angular dependence. Using (2.1) with P=ym(l,¥) pelarization tensors are constructed from the unit

and ¥ - fi =cos8, one finds a ~sin*8/(1 — v cosd), vectors (&5, 8,) by

As FWD point out, thiz means the amplitude for 1 .. ..

gravitational-radiation emission, inthe limit T3 (BeBe —BoBs) ,

v—~1, does not show the sharp forward peaking (2.8)
{6 =0} that electromagnetism does. This is be- €x =~7;2-1-——[('e"9'.§¢J +8,8,) .

cause the amplitude for emission of electromag-

netic radiation (2.2) goes as ~sin@/(1 - v coséd). Trangforming (&,,8,) into (&,, &,, &,) and using
The presence of s momenta in the numerator for (2.1}, the two amplitudes are (the emission from
emission of a spin-s massless particle {scalar, mass M can be neglected in lowest order)

_ ymo{vsing cosg[2 cosd ~ £(1+ cos®¢)| - 8(1 — v cosB)(cos?d cos® - sin¢)}

.= & , (2.9)
V2 (1~ v cosf)1-vcosd — bsing cose)
2y md sing (v 5ing — 6 cosf cosg)
= ll 2,10
@x ¥ 2(1 - 2 cos& — 65infcosg) 2.10)
To proceed I will keep only the terms first order dE, ) ¥ 2 %26

in 6. This effectively means considering only dwdQ !, =( An e

small-angle, large-impaci-parameter scattering.

Precisely, I require for a given b and 6 that sin?8{2 cosd — v(1 + cos?8)|? cos?e
Fean/DV B p<1 ~ 182, 21 {1 ~ v cosg)? ?
0>60"" . ' (2.12)

The energy E,, radiated per unit frequency inter- ( dE, ) _ (y“mzvzﬁz) sin’g sir’g

val per steradian at zero frequency in each polar- dwdy/, w® {1 =-vcos8¥f '

ization is now obtained using (2.3), (2.9}, and
{2.10): Integrating over angles yields
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(29 2520 (2
dw 47 T

(Bv-‘—“vs—é.{l-vz)ln(-i—j—z)] ,

+

(2.13)

(g20), 22 () v (320) .

These ZFL spectra will be compared with cther
published bremssirahlung calculations in Sec, III,

The other model calculation is that of the head-
on collision of two particles to form one particle
at rest, In this case, no restriction will be placed
on the masses of the two particles, I mass m,
has velocity », and mass m, has velocity v,, then
the initial momenta of w2, and m, are

Pi=}"1m1(1, 0) 0! v]) L {2 14)

Py=y,my(1,0,0, ~v,) .
Here there is no contribution from the final par-
ticle at rest. Using conservation of momentum
(ym v, = v, mye,) with (2.1) and (2.8), I find the am-
plitudes to be

a,= 1 {y,m,v,)sin?g [ YLt Y
TR TR (1- v, cosB)(1+v,cos0)’
(2.15)

L=0.

The vanishing of ¢, is a general property of a non-
rotating axisymmetric gsystem, as is the indepen-
dence of &, from the azimuthal angle ¢. The re-
sult for dE,/dwd$} = (dE,/dwdQ), is

( dE, ) _nimy®y? sintd
dwdfy 4r?

Yy + T, ]z
[(1-1; cos)(1 +v, cos6) ) ~ (2.16)

For comparison with previous calculations, I
consider the two limiting cases: First, if
myEmEn, =M, v, = 0%y, my<M, then

4dE, _y¥mv? sin'g

= (2,17}
dwdQ  4n®  {1-vcosd?
dE yzmz[ ( +v)]
—=0 — 16 -
dw 2ww By = ¥’ =41~ 1-v !
(2.18)
and second, ifm,=m,=m, v,=v,=v, then
dE; _¥im%* sin*g
dued = wf (1- ¢ cos®s¥ ' (2.19)

dw b1

aE, 2? m? {2+(1_ 2) |:1_—{3+1,.3}1n(1+v)J}.

{2.200

1. COMPARISON WITH OTHER TECHNIQUES

A number of calculations exist in the literature
of the gravitational radiation produced by distant
encounters or head-on collisions of particles.” 12
Because these calculations involve various re-
gimes of velocity or masgs ratio, a fairly broad
comparison can be made with the results of the
preceding section. The purpose of the comparison
is threefold. First, it will demonstrate the val-
idity of the ZFL, if the ZFL gives angwers which
agree to order unity with more complicated but
betier established methods of calculation. Second,
the ZFL resuits contain more details about the
radiafion at low frequencies (for instance polari-
zation) than any previously published work., Third,
the ZFL provides a framework in which a number
of different calculational techniques can be com-
pared and contrasted.

The bremsstrahlung from scattering will be
treated first. Consider the low-veloeity limit of
{2.13). Adding polarizations Ifind the ZFL:

dE, _32mM*

Y Y v=0, w—0, 3.1

This agrees exactly with the ZFL of Ruffini and
Wheeler’s® caleulation of low-velocity scattering
using the Landaun-Lifshitz quadrupole-moment
technique., They do not calculate the energy car-
ried by each polarization, but I find (dE,/dw ),
=5(dE,/dw), as v~0. They were able to obtain the
spectrum dE/dw and the total energy radiated AE.
Dividing AF by {3.1) they obtain an effective cut-
off frequency w, such that

AE= (g—g—u)wc, w,=3,8ub7", (3.2)
Their figure 30 of dE/dw shows the characteristic
type of spectrum one expects for processes in
which the ZFL is useful: nonzero dE,/dw at zero
frequency and a cutoff which is a factor of order
unity (here 3.8) times a characteristic frequency
(vb~!) for the problem, The angular distribution
of the ZFL equation (2.12) may be compared with
Peters's™ ¥ Eq. (3.16) which gives dE/dQ obtained
by taking the v << 1 limit of his perturbation cal-
culation. Since his dE/dQ contains all frequencies
and both polarizations, the ZFL 4E,/dwdif, Eg.
{2.12), must be multiplied by w,, {3.2) above, and
sumined over the two polarizations. Figure 2 then
plots both dE/dS: from Peters’s work and from
this paper for v=0.1. The agreement between
them in the ¥'Z plane (¢ =7/2) is very good (this

is the dominant x polarization}, while the X Z plane
{¢ =0), shows the higher freguencies Peters in-
cludes contribute an angular dependence which
tends to smooth out the bagic 4-petal quadrupole
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log,,(dE/dQ}

FIG. 2, The anpular distribution of gravitational
radiation emitted during the low-velocity @ =10.1) scat-
tering of two particles. Log{d E/d) is plotted against
o for ¢=0 (the XZ plane) and ¢ =n/2 (the ¥Z planc},
Both the results of the ZFL {thizs paper) and the fully
relativistic perturbation technique {Petcrs) are graphed,
The units of JE/d% are Wim%~ 2 G=c=1).

shape. Nonetheless, it is clear that the angular
distribution which arises solely from the ZFL
dominantes the higher-frequency contributions in
this low-velocity limit.

The agreememnt continues in the vitrarelativistic
limit #—~1, Againto compare with Peters, I need
to choose a cutoff frequency w,. From Peters’s
Bq. (4,4) one finds that the radiation time during
clesest approach goes as y~!, suggesting an
w, =Kyh~', where K is a constant of order
unity. Multiplying (2.12) by w, (with K~1) and
summing polarizations, I obtain the ZFL esti-
mate of dE/dQ which is plotted in Fig, 3 (¢ =0)
and Fig, 4 (¢ =5/2) for v=0,1, 0,75, and 0,99,

[ Note the v =0.1 plot disagrees with Fig. 2 by the
factor 3.8 in Eq. (3.2),| The sharp forward peak-
ing that Peters finds is quite evident. One can
directly compare Peters’s Fig. 3 with Fig. 3 of
this paper. It seems that the angular smoothing
induced by the inclusion of the higher frequencies,
noted for the low-v limit, carries over io the
high-» limit in the XZ plane, with the ZFL still
producing quite distinet backlobes. However, the
envelope of the ZFL angular distribution is quite
close to the shape Peters finds, In addition, I
find the peak value in the XZ piane of (dE/d$} goes
as 0.7Ky* while Peters’s Fig. 4 indicates that he
finds (dE/dQ)pey ~ 2.5y ° in the units M*m2h"3,
While Peters does not graph dE/d$2 for the ¥Z
plane, he does comment that it is peaked as well.
In Fig. 4, one can clearly see the transformation
of the YZ-plane quadrupole pattern to a beamed
pattern as » goes from 0to 1. As in the low-v
limit the X polarization dominates the + polariza-

Ay
\, sPETERS V=099
o
A
N
0.99

V=43,

log g (dE /d02)

ol a5° ag® 135° 180°

TIG. 3. The change in log, (dE/d2) versus & in the
XZ plane for v =0.1, 0.5, 0.99. The result of Peters
{Ref. 7} Is shown for comparison for v =0.99, The units
for dE/dS are as in Fig. 2.

l _
ag 135° 180°
_8_...
FIG. 4, As for Flg. 3, except in the ¥Z plane.
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tion so that the most intense radiation occurs in
the Y Z plane.

Finally, I estimate the total energy radiated,
AE, by integrating w,(dE,/dQdw) over angles.
Using {2.13}, 1find

52,3
'“E+=8K3?:b‘;ﬂ -,
(3.3)

BK m My
ﬂEx=_ﬂ‘f?

In(4y %) .

Here again the X pelarization is dominant with
AE, /AE,=3In({4y?). Equation (3,3), obtained using
the ZFL, casts new light on the apparent dis-
agreement between the resuits of Peters,” who
used perturbation theory, and the results of Matz-
ner and Nutku,® who used the method of virtual
quanta. Peters finds that AE ~y 9, while Matzner
and Nutku find AE ~y%In{4y%). I w, is independent
of angle, then the ZFL analysis shows that Matz-
ner and Nutku are correct in their discovery of the
logarithm term.!” However, my results for the
numerical coefficient of AE are in much closer
agreement with Peters than with Matzner and Nut-
ku:

\

A EPelers ~25
AEuy~2561n(4y®) / X
AEgp ~ 10K In(4y )

2 2.3
mir, (3.4)

The ZFL seems to be a complementary calceula-
tion to Matzner and Nutku’s since their virtual-
quanta technique breaks down at low frequencies,®
The above comparison demcnstrates that the ZFL
can predict sharp forward peaking as v -1,

That this is not always necessary is made clear
by studying the model caleulation for the head-on
coilision of two particles. I investigated such a
problem earlier'® because it serves as a model
for the high-speed collision of two black holes.
The details of low-velocity collisions can be cal-
culated on digital computers by solving the ax-
isymmetric Einstein equations for the spacetime
of the colligion.'® 2" This complicated procedure
is necegsary when v, <0, hecause then the ac-
celeration of the holes toward each other, as well
as the details of the horizons coalescing, will de-
termine the angular pattern and total energy con-
tent of the radiation, However, in the case p.=~1,
it may well be that the ZFL technique can be ap-
plied.

One limit of a head-on collision is that for which
one mass m is very much smaller than the other
mass M. The relativistic spacetime perturbation
version of this collision has been caltculated™ for
the case where »,>0. This may be compared with
the ZFL result (2.17). As v-0, dE/dwd( shows

the sin’s quadrupole dependence characteristic of
low-velocity infall. Furthermore, dE,/dw ~u.?,
ag pointed out in Ref, 11. Thus, dE,/dw -0 for
parabolic infall (z.,~0), even though AE+0. This
demonstrates that if both the initial and {inal vel-
ocities of the particles are zero, the ZFL method
fails and the gravitational radiation emitted is
dominated by the details of the ecllision.

On the cther hand, as y,—1 the low frequencies
dominate the spectrum (see dE/dw in Figs. 3 and
4 of Ref, 11). In contrast to the distant-encounter
scattering, one can see from the v -1 limit of
(2.17), plotted in Fig. 5, that no sharp forward
peaking occurs in the angular distribution of the
head-on collision. As for the ZFL limit of dE /dw
itself, Eq. (2.18), one can compare the dE,/dw
calenlated in Ref. 11 for the lowest multipole mo-
ments, Summing the values for I=2, 3,4, one
finds the fully relativistic caleculation yields
dE/dw=5.9m? for y=4 and dE,/dw=13,5 m? for
y=6. My BEq. (2.18) gives dE,/dw=4.9m? and
12.9m% respectively. This indicates very close
agreement as v-1.

Turning finally to the total energy radiated as
#~1, one finds from Ref, 11 that w,~(2M)™" in-
dependent of »,. Presumably this is because the
characteristic collision time is determined by the
large black hole whose radiua is 2M. Using this
w, to multiply (2.18), I find the limit as v—1

A
AE~0.2(%}?) yme?, (3.5)

[
m
3
=
T
o
Lt
bl
e
on
h=
B
-G
_?e L) o L o ! o
) 45 20 t35 180
_8_...

FIG. 5. Log(dEy/dwdR) versus # for a head-on col-
lision of two particles with m | «m, andw=0.1, 0.75,
0.99. The units for dE,/dwdst are m .
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FIG. 6. Same as T'ig. 5, except "=,

which means the radiation efficiency A£ /yM <1
since ym<<M by assumption, The y? dependence
predicted analytically by the ZFL is seen to agree
well with the numerical results graphed in Fig, 2
of Ref, 11.

Since the ZFL seems to give good agreement in
the m, «<<m, Himit, I now consider the m, =m, case.
The low-v limit is essentially as above. In the
high-velocity limit of Eq. (2.19), one finds that not
only is there no sharp forward peaking, but that
instead the angular distribution tends to an iso-
tropic pattern'® {(see Fig, 6). This is due to the
sum and interference of two patterns like Fig, 5,
gince now both particles contribute equally, The
v~1 limit of BEq. (2,20} yields the ZFL of the spec-
trum

. 2,2
%*4y“m , (3.6)

a factor of 3 greater than for the above case with
Wy

Until recently, there has been no ealculation
available with which to compare this ZFL resuit.
Adler and Zeks'? have calculated the time-rever-
sed version of two equal masses flying apart from
a central object initially at rest. The technigue
they use, the purely clasgical approach as given
by Weinberg,® is completely equivalent to the ZFL.
They thus agree exactiy with Eq. (3.6}, To esti-
mate the total energy radiated one has to estimate
w,, the catoff frequency. Dimensionally w, goes
as m~'. H energy conservation is not to be grossly
violated, the efficiency AE/2my must be less than

unity, This, together with the fact that the char-
acteristic scale is my, leads to w, ~(Kmy)™L.
This gives an efficiency estimate of

_,__._&E _(ééﬂl) (___wc )w_z.mugﬁ (3 T)
2my  \dw 2myl WK K :

These calculations lead to the following specu-
lative picture of the high-speed collision of two
equal-mass black holes. As they approach each
other at roughly constant velocity (v, ~1), they
see each other’s gravitational field Loreniz-con-
tracted®' from spheres inte plane waves with ax-
ial symmetry in the plane. As the plane waves
collide, they tend to focus themselves somewhat,
althcugh not nearly as severely as homogeneous
plane waves,?? and become outgoing gravitational
waves with roughly isotropic distribution. Since
most of the energy is in the initial kinetic energy
of the holes, this gets converted, with on the or-
der of unity efficiency, into escaping radiation
leaving the small rest-mass energy behind in the
final spherical hole.

Penroge®™ has shown, by finding trapped sur-
faces in the initial data for a speed-of-iight col-
lision, that if “cosmic censorship” holds {no
naked singularities form) then the efficiency must
be strictly less than 50%. The ZFL estimate,

Eq. (3.7), shows there is a chance that this hypo-
thesis is violated {if K <1.3), but since the ZFL
cannot determine w, exacily it cannot decide the
issue. Forfunately, since the above discussion
was submitted, D’Eath,* using an elegant and in-
genious perturbation method, has been able to
calculate the detailed structure of high-speed col-
lisions,?® He finds that cosmic cengorship is not
violated since K~2.8, i.e., the efficiency is ~25%,
Furthermore, his calculations confirm the ZFL
prediction [Eq. (3.6) and Fig. 6] that the angular
distribution becomes isotropic as v.-1. This re-
sult is important because it demonstrates that the
ZFL method can accurately discriminate between
situations where beaming occurs (bremsstrahlung)
and where it does not {collisions). Also, the above
case shows the ZFL can predict certain aspectis
of the radiation before complicated calculations
are made.

Note that the hyperbolic collision {u.=1) is qual-
itatively different from a parabolic one {(v,=0}). In
the former situation, the gravitational radiation
is produced by the field far from the black holes,
and the efficiency is determined by the asymptofic
trajectories. The black holes play little role in
either the generation or propagation of the main
part of the radiation, Just the opposite seems to
be the case for a parabolic or bound collision,
Here the ZFL fails precisely because the detalls
of the interaction region determine the radiation.
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Thus, it seetns that detailed study of the hyper-
bolic collision will not shed light on the parabolic
case and vice versa, In particular, the upper
limit on the efficiency for hyperbolic ccllisions
(50%) obtained® by use of the Hawking black-hole-
area-inerease theorem,® is within a factor 2 of
the real efficiency, whereas for the parabolic case
the actual efficiency seems to be orders of magni-
tude lower?® than the Hawking®” upper limit of 29%.

V. SUMMARY

In summary, I have shown that the very simple
analytic procedure of calculating the exact
dE,/dwdQ at zero frequency reproduces the main
qualitative, and in most cases quantitative, fea-
tares of fully relativistic numerical calculations
for which this procedure is appropriate. Because
one is concerned only with very long wavelengths,
the details of the scattering process are irrele-
vant, and only the asymptotic trajectories need be
considered. There is a great enhancement at low
frequencies, and the spectrum 4E/dw is flat (in-
dependent of w) as w—-0. Thig means that an egti-
mate, good to order unity, of the tofal energy
radiated, as well as its angular distribution, can
be cbtained by estimating the cutoff frequency w,
and multiplying it by the ZFL of dE /dwdf.

The procedure is useful whenever the asymptotic
trajectories have constant velocity, at least one
of which is nonzero. Thus, it works for both high-
velocity {r—1) and low-velocity (v -0) distant en-
counters, where the scattering is through a2 small
angle. It also works for head-on collisions when
the velocity at infinity v.—1. Even for low v, it re-
covers most of the qualitative features. It is found
that beaming may {distant encounters) or may not
{head-on collisions) oceur, even though the ampli-
tude for the emission of gravitational radiation
from a single particle trajectory is nof beamed
for high ». From a quantum viewpoini, this is
because one sums the amplitudes (2.1) for emis-
gsion from all lines and then squares the result to
obtain (2.3), thus intreducing interference terms
which cause the beaming. From a classical view-
point, the difference can be understood by con-
sidering Loremiz-frame transformations. Inthe
distant-encounter case, one can go to a frame in
which the velocity is small (the moving-particle
frame) and the angular distribution is quadrupocle,
‘When one transfers to the fixed frame in the
laboratory, a strong headlight effect occurs, In
the head-on collision, there is ne frame in which
the acceleration is small, 80 there is no large
velocity shift hetween frames and consequently no
beaming,

An intriguing aspect of the ZFL method is that it

can be applied even when the interaction occurs in
a strong-gravitational-field region, e.g., a head-
on collision of two black holes. It will be inter-
esting to see if there are cther examples of strong-
field high-velocity problems which can be treated
using the ZFL.
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APPENDIX

Because the main references!=® for the funda-
mental ZFL equation (2.3} are quantum mechani-
cal, the following classical derivation was worked
out in cellaboration with Robert Bontz and Richard
Price. Let us consider the metric perturbation
k), induced at the field point x by a particle with
4-velocity u, at a point x* on its trajectory. Since
we are interested in the long-wavelength limit,
we assume that the field point is far from the par-
ticle and that spacetime is nearly flat there. In
the particle’s rest frame the perturbation is that
due fo the gravitational field of a static particle of
mass M. From Ref. 14 (MTW), p. 441, this means
that

M

HuU:_'-l;:_’ EOJ=HJJ!=0 ! (Al)
where &, = hy, = 31,7, However, we need the
perturbation in the rest frame of the observer,
By a Lorentz transformation one finds

M uptiy,
Eyﬂ: “Bew " (A2)

The denominator occurs because in the particle’s
rest frame

TR RN S Ll EP (A3)

where k =%, {1, fi) is the null vector joining the
point x and x',

The energy flux through a 2-sphere of radlus »,,
is glven by [MTW equation (35,23)]

dE _ ?rgtz

Fadl 32 (RTTRET w (A4)

where the TT gauge implies only hgp, hog, and kg 4are
nonzero. Using the polarization tensors defined
by Eq. (2,8), this can be rewritten as



2076 LARRY SMARR 15

dE _ Frett 01 n e
Tdi 32 el P el V), (45)

Define the amplitudes &1 and their Fourier trang-
forms By{w) by

&157‘1}& e,
O | b G dwt
Bz [Tt Be
noting that B (-w)=B% (w) since &, is real. Par-

seval’s theorem then allows us to rewrite Eq. (AS5)
as

(A6)

%=;'5f12f dt|@ |3_1’m Ef | B {w) |*dw.

(AT)
The ZFL then yields
dE Fret
2on L Jret H
dQde 1675 Bi(0})* . (48)

The final step is evaluating B,(0):

B (0)= f ®, dt

\7-'———[‘3;(3=+°°)'(31(f=*—°°ﬁ
?.-

737 FApeel ey o — (hp € Ne_al.  1A9)
Here it is explicitly seen that the ZFL depends
only on the asymptotic (f~#«) trajectories (through
R;p). Plugging in Jy, from Eq. (A2) gives

a
A, I&Z ( Z”N 4;) fo Ejfy) (A10)

dwdﬂ 167 5
where the 7, and P% are as defined in Sec. IL
Since k=7 {1, 1) =rew™'q, where ¢=w(1,7), Eq.
(2.9) follows immediately.
Weinberg’s classicalderivation®leads him to the
following formula (his eguation 10.4.22):

dE _Gw Z (Py - Py _%m”zm“’,
deﬁfJ 2172 NM (PN * q)(PM " Q) ’

(A11)
where the 5, 7, are dropped for convenience,
Here the two polarization states have been summed
over, but it i not apparent that his resualt is
equivalent to my Eq. (2.3) summed over 1. How-
ever, as shown below, if one assumes momentum
conservation

Zpﬂzo)
N

the two formulas are identical.
First, split Py into orthogonal pieces:

(A12)

2’”=P%E+_f’~

=Plu+Py +B}. (A13)

My notation is that an arrow over the letter de-
notes a three-vector, while an underline denotes

a four-vector. The time axis lies in the direction
of u and the spatial part of By is split into a piece
in the direction of g: Py = @- P, )i and a piece
transverse to q: Pr=P,-P%. Now since Py - g=w
(P% +]|B} ), Eq. (A13) can be rewritten as

Pu={w Py~ g~ | B Nu+ Py + B . (A14)

Weinberg requires us to consider (2, « PyF or

(By PyF=[-(w Py g BN B, - ¢ =P )

+P% B+ By - BEI2, {A15)
Expanded out, this is a sum of terms each containing
four momenta. Every time aterm involving £y - ¢
appears in the numerator of (All) it cancels an
identical term in the denominator, leaving one term
involving a piece of Py and two P,. The sum N
then vanishes by momentum conservation [Eq,
(A12)], For instance, atypical term is

(WP - P3Py By
v (Pu-gdPyrg)

=wulzx:ﬁ-zn:l—Ll—LPq a.

Py g

(Al16)

Thus, we can drop all terms in Eq_ (A15) involving
Py+ ¢. Further, the terms Pe - P =B |PY can-
cel the terms —|PY (| PY), leaving only

(far . .EM) =(P; ) P.u) (A17)
if momentum conservation (A12) holds. Similarly
one can show that

(mymy Y= [Py l® |Pg)? . (A18}

To make the final step, sum over polarization
states in Eq, (2.3), By introducing the basis set
in Eq. (2.8) one finds

Phee, - P = (PP - (£Y],

{A19)
PV - PY VT PI PR
and a short calculation demongtrates that
Z(ZPN°€ P”)( Do P¥.¢- P”)
T N ]
=2 By ByP ~ 2B 1 PEIF), (a20)
N. ¥

where Py = Pi8, + P58,. This completes the proof
of equivalence. In practice, it seems much easier
to use the ZFL equation (2.3) than Weinberg’s Eq.
{A11) and one obtaing polarization information
automatically.
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