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A new mass formula for Kerr black holes is deduced, and is constrasted to the mass 

formula which is obtained by integrating term by term the mass differential and which 

consists of three terms interpreted, respectively, as the surface energy, rotational en­

ergy, and electromagnetic energy of the charged rotating black hole. A comparison is 

suggested between a rotating black hole and a rotating liquid drop which leads to a spec­

ulation that Kerr black holes may develop instabilities. 

The three-parameter, charged, Kerr solution 1 

of the Einstein-Maxwell equation represents a 

charged, rotating black hole. These parameters 

may be taken to be the total mass M, the specific 

angular momentum a= L/M, and the charge Q of 

the black hole, with the range 

0 ,;a2+ Q2 ,;M2. 

The surface of the black hole is the two-dimen­

sional surface formed by the intersection of the 

event horizon with a spacelike hypersurface. As 

Hawking 2 points out, the surface area of a black 

hole can never decrease. For a charged Kerr 

black hole the area is constant, given by the ex­

pression 

A= 41r[2M2 + 2(M4 _ L 2 _ M2Q2)1/2 _ Q2]. 

On inverting this relation, one obtains the mass 3 

as a function of area A, angular momentum L, 

and charge Q: 

M = [_;'!_ + 41rL 2 + Q2 + 1rQ4jI/2 

1611 A 2 A] . 

Let us use the mass differential dM to define 

three physical invariants of the black hole hori­

zon: 

dM= TdA + ildL +<I> dQ, 

where, following Christodoulou 4 and Bekenstein, 5 

we say T = effective surface tension, n= angular 

velocity, and <I>= electromagnetic potential. 

The main purpose of this Letter is to point out 

that the mass can be expressed in terms of these 

same quantities as a simple bilinear form 

M= 2TA + 2ilL + <I>Q. 

This striking formula follows by applying Euler's 

theorem on homogeneous functions to M, which 

is homogeneous of degree ½ in (A, L, Q
2

), 

Remarkably, T, n, and <I> can be defined and 

are constant on the horizon for any stationary, 

axisymmetric black hole. 6 Moreover, the dif­

ferential and integral mass formulas given above 

are formally similar to those derived for relativ­

istic stars from a variational principle. 7 Thus, 

one would expect that the result reported above 

can be extended from the charged Kerr black 

hole to more general situations with matter pres­

ent. In fact, this expectation has been confirmed 

by Bardeen, Carter, and Hawking. 8 

It should be understood that the above mass 

formula does not result from integrating the 

mass differential dM term by term. It is to this 

method for obtaining M that we now turn. 

Since dM is a perfect differential, one is free 

to choose any convenient path of integration in 

(A, L, Q) space. In particular, one can choose a 

path which will define for a charged Kerr black 

hole three energy components: the surface en­

ergy E
5 

by 

E = j·AT(A' 0 O)dA'· 
s O ' ' 'J 

the rotation energy Er by 

L 

Er= 1 Q(A, L', O)dL', A fixed; 
0 

71 



VOLUME 30, NUMBER 2 PHYSICAL REVIEW LETTERS 8 JANUARY 1973 

and the electromagnetic energy Eem by 

Eem = IQ<J.>(A, L, Q') dQ', A, L fixed. 
0 

These integrals may be directly evaluated using 

the variational definitions 

The result is most easily expressed in terms of 

a new parameter set 9 (17, (3, E) related to the set 

(A, L, Q) by 

17=(A/41T)112
, [3=a/17, E=Q/17. 

The integrated mass formula is then given by 

Er= ½1J[ (1 - (32)"112 -1], 

Eem = ½11f:2(1 -/32)"112, 

with 

M =E 8 +E, +Eem· 

Christodoulou 3 already has shown by a different 

approach that for an uncharged Kerr black hole 

the mass decomposes into an irreducible mass 

M;r = ½11 and a rotational energy M -Mi,· Here 

the decomposition is extended to the charged 

case. It is seen also that if T is interpreted as 

surface tension, then M;, should be interpreted 

as the surface energy of a black hole. 

It is of interest that if one defines the moment 

of inertia I of a black hole by I= L /n, then in the 

limit of small rotation (/3- 0) and small charge 

(E-0) 

E,~½1n 2
, 

Eem ~ ½Q217-1 + ¼Q2n217. 

The interpretation of T as surface tension and 

n as angular velocity suggests a comparison of 

general relativistic rotating black holes with New­

tonian rotating liquid drops. 10 By holding (1) the 

area of the Kerr black hole fixed, and (2) the 

volume, density, and surface tension of the liq­

uid drop fixed, while increasing the angular mo­

mentum, one may compare the two by their one­

parameter stationary equilibrium configurations. 

The qualitative behavior of the angular velocity, 

angular momentum, and ratio of surface energy 

to rotation energy for the two sequences is quite 
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similar. 11 

Furthermore, the Gaussian curvature 9 of the 

surface of a Kerr black hole develops in a re­

markably similar way to that of a rotating liquid 

drop. In both cases, as the angular momentum 

increases, the surfaces become flatter at the 

poles until zero Gaussian curvature occurs. 

Thereafter, the Kerr black holes acquire polar 

caps of negative curvature, while the rotating 

liquid drops acquire annuli of negative curvature 

centered on the poles. The endpoint of each se­

quence occurs when a topology change takes place 

for the surface. 

Now in the liquid drop sequence, both secular 

and dynamic instabilities occur before the Gauss­

ian curvature becomes zero on the poles. 10 The 

similarities discussed above, although giving 

only a qualitative analogy, suggest a speculation 

that instabilities may likewise develop for Kerr 

black holes when the ratio of angular momentum 

to mass is close to but less than that value where 

zero Gaussian curvature appears,9 namely 

L/M 2 = ½v':f ~ 0.866. 

Work currently in progress by W. Press and 

S. Teukolsky and by J. R. Ipser should settle 

this question definitely. 

I wish to thank J. Bekenstein, B. Carter, B. De­

Witt, L. P. Hughston, and I. Robinson for useful 

discussions. It is a pleasure to thank B. Bertotti 

for the hospitality of the Enrico Fermi Summer 

School and C. DeWitt for her hospitality at the 

Les Houches Summer School where portions of 

this work were completed. I appreciate the stim -

ulating conversations with my colleagues at The 

University of Texas at Dallas, Division of Math­

ematics and Mathematical Physics, and at the 

Princeton University Physics Department. 

*Work supported in part by the National Science Foun­

dation under Grant No. GP 32039. 
1R. P. Kerr, Phys, Rev. Lett. 11, 237 (1963); E.T. 

Newman, E. Couch, R. Chinnapared, A. Exton, A. Pra­

kash, and R. Torrence, J. Math. Phys. (N. Y.) _Q, 918 

(1965); B. Carter, Phys. Rev. 174, 1559 (1968). 
2S. W. Hawking, Phys. Rev. Lett. 26, 1344 (1971). 
3D. Christodoulou, Phys. Rev. Lett:25, 1596 (1970); 

D. Christodoulou and R. Ruffini, Phys. Rev. D 4, 3552 
(1971). -

4D. Christodoulou, Ph.D. thesis, Princeton Univer­

sity, 1971 (unpublished). 
5J. Bekenstein, Ph.D. thesis, Princeton University, 

1972 (unpublished). 
6s. W. Hawking and G. F. R. Ellis, The Large Scale 

Structure of Space-time (Cambridge Univ. Press, 



VOLUME 30, NUMBER 2 PHYSICAL REVIEW LETTERS 8 JANUARY 1973 

Cambridge, England, to be published); B. Carter, 

J. Math. Phys. (N. Y.) 10, 70 (1969), and "The Station­

ary Axisymmetric Black Hole Problem" (to be pub­

lished), and "The Electrical Equilibrium of a Black 

Hole'' (to be published). 

8J. Bardeen, B. Carter, and S. Hawking, to be pub­

lished. 

7J. Bardeen, Astrophys. J. 162, 71 (1970). 

9L. Smarr, Phys. Rev. D (to be published). 
10s. Chandrasekhar, Proc. Roy. Soc., Ser. A 286, 1 

(1964). 
11L. Smarr, unpublished. 

ERRATUM 

PHONON SPECTRA OF TETRAHEDRALLY BONDED SOLIDS. D. Weaire and R. Alben [Phys. Rev. 

Lett.~ 1505 (1972)]. 

Equation (1) should read 

V= ¾az][(uz -uuJ·r "'(l)]2+fs/3 2] [(Uz -UzL'.)·r Ly(l)+ (uz -iiu,,)·r "'(l)J2, 
IL'. 1{M!} 

and Eq. (3) should read 

(m. w2 
- 4 a,)a "'(l) =- a,( 6 a LY(l6.') - 3a "'(l6.) ]. 

""""' 
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