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We develop a flexible computer code to study axisymmetric black hole spacetimes. The code 
is currently set up to evolve the fully nonlinear Einstein equations in azimuthal and equatorial 
plane symmetry. The initial data for this code generally consists of a combination of one black hole 
and an arbitrary amplitude, time symmetric gravitational wave. We present a discussion of the 
mathematical framework for the problem, various coordinate and time slice choices, and a battery 
of code tests. 

PACS number(s): 04.25.Dm, 04.30.Db, 95.30.Sf, 97.60.Lf 

I. INTRODUCTION 

A. Overview 

In this paper we report on a computer code developed 

to study the fully nonlinear Einstein equations for ax­
isymmetric spacetimes. This code represents an essen­

tial step in a longer term program to develop codes for 
solving the Einstein equations in the absence of any sym­

metries. The motivation for such a project is severalfold. 

(1) Such codes will be required to perform calculations of 
fully relativistic sources of gravitational waves. Calcula­
tions of this nature will be important for a theoretical 

understanding of gravitational wave astronomy, which 
promises to provide a new window on the astrophysi­

cal Universe [1). Currently there exist no analytic tech­
niques for computing waveforms expected from promising 

sources of strong gravitational waves, such as the coales­
cence of rotating black holes. Computational methods 
are currently our only recourse for computing such wave­

forms. (2) The study of general relativity itself as a fun­
damental theory of physics is a difficult undertaking, due 

in part to the complicated, nonlinear nature of the equa­

tions. Of all the analytic solutions found in the past 75 
years of study only a relatively small number correspond 
to astrophysically interesting situations and these are 

usually very idealized, e.g., the Schwarzschild and Kerr 
solutions. The study of these solutions and their pertur­
bations has been extremely fruitful, helping to shape our 

understanding of the theory as a whole. However, not be­
ing strongly dynamical, they represent only a small part 
of the "solution space" of general relativity. The study 
of the strongly dynamical regions should provide new in­
sights into the nature of the Einstein equations. (3) In 
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the past decade the power of the fastest single proces­
sor vector computers has increased by perhaps an order 

of magnitude, while the next 5 years should witness an 

increase of 1000 times in overall power due to the de­
velopment of massively parallel machines. If the current 

state of numerical relativity is used as a guide, this ac­
celeration in the power of supercomputers should make 
possible the computation of complex, strongly dynami­

cal, astrophysically realistic spacetimes. It is hoped that 
the study of the Einstein equations, a complicated set 

of hyperbolic and elliptic equations, can act as a driving 
force to develop accurate numerical techniques suitable 

for this new generation of machines. 
In this paper we discuss a suite of codes which has been 

developed at NCSA over the past 5 years. The codes are 
specialized for the computation of axisymmetric, equato­

rial plane symmetric spacetimes and have been applied to 
systems consisting of a single oscillating black-hole and 
the head-on collision of two equal mass black holes. Over­

all the metric, numerical methods, and spacetime analy­
sis tools used to compute and analyze the data for these 
two systems are exactly the same. Where the codes dif­

fer is in the boundary conditions, initial conditions, and 
the computational grid used to match the geometry of 

the different topologies. Here we will refer to this suite 

of codes as "the code" with the understanding that the 
results obtained by one code are not significantly differ­

ent from those obtained by the other codes. (A mod­
ified version of this code has been used to evolve the 
collision of two equal mass black holes, as described in 
Ref. [2).) The emphasis in this paper is on the numerical 

algorithms used and various tests of the code's accuracy, 
convergence, and stability. Companion papers [3,4) are 
devoted to other aspects of this system. In [3,5,6), we 
discuss many details of the initial-value problem for this 
system, which consists of a time symmetric gravitational 
wave superimposed on a black hole. For completeness, 
some details of the distorted black hole initial data are 
provided in Secs. II C and II D, but a full discussion ap­

pears in Refs. [3,5). In another paper (4) we discuss the 
evolution of low and moderate amplitude gravitational 
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waves in the black hole spacetime. An overview of the 

project, details of the numerical code, and a complete 
version of the code itself are being published in [7]. 

The paper is organized as follows. In Sec. II we de­

scribe the mathematical framework of the calculation, in­
cluding a briefreview of the 3+1 formalism used to evolve 
the Einstein equations, the metric form we use, bound­
ary conditions, and choices of time slicing and spatial 
gauges. In Sec. III we discuss the numerical algorithms 
we use for both the hyperbolic and elliptic equations in 

the system. In Sec. IV we present a series of code tests, 
including stability and convergence tests, and comparison 

with a carefully tested code which computes the solution 
assuming spherical symmetry. In Sec. V we summarize 
and outline future work planned for this code. 

II. MATHEMATICAL DEVELOPMENT 

In this section we describe the mathematical frame­
work for the calculation of our black hole spacetimes, 

including a brief summary of the 3+ 1 formulation of gen­
eral relativity, the specialization of this formalism to our 

axisymmetric system, the boundary conditions provided 
by the symmetries in our system, a discussion of the ini­

tial value problem, and coordinate conditions used in our 
code. 

A. The s+1 formalism 

The 3+1 [or Arnowitt-Deser-Misner (ADM)] formal­
ism of general relativity is a common starting point for 
many numerical relativity calculations. The formalism is 

reviewed in many places [8] and we refer the interested 

reader to those references. In this section the essential 
features of the formalism are summarized. We use ge­

ometrized units, in which Newton's constant G, and the 
speed of light c, are equal to unity. Greek indices will 
run from O to 3, latin indices from 1 to 3. 

The central idea is to view spacetime as a foliation 

of three-dimensional spatial hypersurfaces, called slices, 

each labeled with a unique value of a parameter t, which 
may be identified as a time coordinate. Each hypersur­

face inherits a positive definite three-metric from the sur­
rounding spacetime and is endowed with an extrinsic cur­

vature tensor Kai» which describes the expansion of the 
unit normal vector field to the slice. The full spacetime 
metric is written in the ADM form [9] 

ds 2 = -(a 2 - f3af3a)dt2 + 2f3adxadt + 'Yabdxadxb, (1) 

where the lapse function a determines the foliation and 

the shift vector {3a determines how the slices are threaded 
by the spatial coordinates. These functions essentially 
determine the spacetime coordinate system and thus can 
be chosen freely. Various choices used in our code are 
discussed in Secs. II E 2 and II E 3. 

As with any other tensor, the Ricci tensor of the space­
time may be decomposed into its spatial and timelike 
components, and when the vacuum Einstein equation is 

imposed these reduce to the four constraint equations 

R + (trK) 2 - Kab Kab = O, 

Db(Kab - 'YabtrK) = 0, 

and the 12 evolution equations 

8t'Yab = -2a:Kab + Da/3b + Db/3a, 

(2) 

(3) 

(4) 

8tKab = -DaDba + a [Rab+ (trK)Kab - 2KacKcb] 

+/3cDcKab + KacDb/3c + KcbDaf3c. (5) 

Here Rab is the Ricci tensor, R the scalar curvature, and 

Da the covariant derivative associated with 'Yab• The Ein­
stein equations are contained in (2), (3), and (5), while 
Eq. (4) follows from the definition of the extrinsic cur­
vature. In our work the initial-value problem is time 

symmetric and the Hamiltonian constraint is solved on 

an "initial" hypersurface using the well-known conformal 
decomposition method developed by Lichnerowicz [10], 

studied by Brill [11], and Misner [12] in special cases 
and described in detail by York [8]. The initial data is 
then evolved forward in time using the evolution equa­

tions (4) and (5). 
If the constraints are satisfied on any hypersurface the 

Bianchi identities guarantee that they remain satisfied 
on all subsequent hypersurfaces. In a numerical solution, 

this may not be the case and the constraints have to be 

monitored carefully in order to ensure that the space­
times generated are accurate. Traditional alternatives 

to this approach involve solving the constraint equations 

on each slice for certain metric and extrinsic curvature 
components, and then simply monitoring the "leftover" 
evolution equations. This issue is discussed further in 

this paper in Sec. IV, by Choptuik in Ref. [13], and in 
more detail for the Schwarzschild spacetime in Ref. [14]. 

New approaches to this problem of constraint vs evolu­
tion equations are currently being pursued [15,16]. 

B. Form of the metric 

In general relativity it is common practice to assume a 
special form for the metric components in terms of other 

functions of the spacetime coordinates in order to facili­
tate or simplify calculations within the theory. In numer­

ical relativity, where one is attempting to find general so­
lutions with few or no spacetime symmetries, lengthy cal­
culations are difficult to avoid no matter how one writes 
the metric. Here we choose to write the spacetime met­

ric in a general form so that a number of special gauge 
choices can be tested easily. For a nonrotating, axisym­
metric spacetime one may write the three-metric in the 
most general form in spherical polar coordinates as 

dl 2 = Adr 2 + 2Crdrd£J + Br 2d£J2 + Dr 2 sin 2 £Jdq,2 , (6) 

where A, iJ, C, and iJ are functions of r, 9, and t. The 

metric functions 'YBt/> and 'Yrtf> must vanish because a non­
rotating axisymmetric metric must not change under the 
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operation </> -t -</>. For numerical reasons ( discussed 
below) we introduce the coordinate.,, by 

m 
r = -e 11, 

2 
(7) 

where mis a general length scaling parameter and r is an 
"isotropic" radial coordinate. In the ( T/, 0, </>) coordinates 
the spatial line element becomes 

m2 
dl 2 = 4 e277 (Adr, 2 + 2Cd.,,d0 + Bd0 2 + Dsin 2 0d<f>2 ). 

(8) 

In solving the initial-value problem we use the confor­
mal decomposition method mentioned above and we have 
chosen to leave the three-metric in conformal form for the 
entire calculation, giving it the final form 

(the factor e277m 2 /4 has been absorbed into '11). 
The full spacetime metric thus appears as 

For numerical reasons we have chosen to write the ex­
trinsic curvature tensor Kab in similar conformal form 

(11) 

This choice simplifies the evolution equations slightly. 
(It is, however, not the standard form used in the York 
method. Fortunately this is unimportant since we are 
not solving the momentum constraint.) 

This leaves us with eight dynamical variables A, B, 

C, D, HA, HB, He, and Hv and three gauge quantities 
a, 1311_, and 139 • The conformal factor \JI is chosen to be 
time independent. It could be absorbed into the initial 
data for the three-metric 'Yab, and then it would not ap­
pear in the evolution equations. However we have chosen 
not to do this, evolving the conformal three-metric and 
extrinsic curvature components instead. Because of our 
use of the T/ coordinate, the spatial interval between ra­
dial grid points gets quite large at large radii, and this 
is reflected in steeply increasing metric components far 
from the black hole. All of this information is encoded 
into the conformal factor \JI, leaving the conformal met­
ric functions A, B, and D to approach unity far from the 
hole. We have found the numerical solution to be better 
behaved if we evolve functions that asymptotically ap­
proach unity, such as A, B, and D, instead of evolving 
the full three-metric variables that have the conformal 
factor \JI absorbed into them. 

For our problem the Einstein equations are broken into 
11 equations for the 8 dynamical variables; 8 evolution 
equations and 3 constraint equations. In this work the 

constraints will be solved only on the initial slice, after 
which the evolution equations alone will be used to com­
pute the solution. The three gauge quantities (i.e., the 
lapse and the two shift vector components) will usually 
be determined from two elliptic equations (Secs. II E 2 
and IIE3). 

C. Boundary conditions 

For practical reasons we have given the spacetimes 
equatorial plane symmetry as well as axisymmetry, hence 

the region 7r /2 ~ 0 ~ 1r is identical to the region 
0 ~ 0 ~ 1r /2. (The details of this section apply mainly 
to the black hole plus gravitational wave spacetimes. 
The boundary conditions for the two black hole space­
times are very similar, but not identical, and will be dis­
cussed in Ref. [2].) As discussed in detail in Ref. [3], 
we have used the Einstein- Rosen bridge construction to 
form a black hole from pure geometry, as in the text book 
Schwarzschild solution, but it has been generalized to a 
nonspherical, nonconformally flat black hole. However, 
the Einstein-Rosen bridge topology still allows the use of 
an isometry which maps the metric exterior to the isom­
etry surface onto the interior, providing boundary condi­
tions for the metric components at the isometry surface. 
The boundaries of the computational grid are, therefore, 
the axis of symmetry (0 = 0), the equator (0 = 1r/2), an 
"outer" boundary in the asymptotically flat region of the 
spacetime, and the isometry surface. The isometry sur­
face may be chosen to lie on a constant radial coordinate 
surface which we have designated as T/ = 0. 

On the axis, equator, and isometry surfaces, boundary 
conditions for the three-metric and extrinsic curvature 
components can be determined from symmetry condi­
tions. As an example consider the boundary condition 
at the throat. Here we assume that the region T/ < 0 
is isometric to the region .,, > 0 and hence that there is 
a transformation r,'(r,,0) and 0'(r,,0) which preserves the 
form of the three-metric, where r,' is the radial coordinate 
in the region T/ < 0. If we assume a form for this trans­
formation then boundary conditions at the throat on the 
three-metric components will result. The simplest such 
transformation is r,' = -"l, 0' = 0 and this combined 
with the usual tensor transformation rule and continuity 
of the first derivative gives ( e.g., for ')'11) 

8')'111 =0. 
a.,, 11=0 

(12) 

Since 1'l1 = '114 A we may evidently choose the boundary 
conditions for IJI and A independently as long as they 
satisfy (12). We have chosen the simplest possible con­
ditions whereby W is symmetric through the throat (as 
in the Schwarzschild solution) and this requires A to be 
symmetric through the throat as well. It can easily be 
seen that the components Band Dare also symmetric, 
while the off-diagonal component C is antisymmetric. 

The same reasoning can also be used at the axis and 
equator (due to axisymmetry and equatorial plane sym-
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metry 8 ➔ -8 and ¢ ➔ 1r - <f, are also isometry op­
erations) and thus the boundary conditions on all three 
surfaces for the metric components are 

(13) 

(14) 

The symmetry of the extrinsic curvature is not com­
pletely determined by the isometry of the upper and 
lower sheets; one can choose the "isometry sign" of the 
extrinsic curvature (note that the constraint equations 
do not determine the isometry sign of Kab, see [17]). 
However an inspection of the evolution equations, specif­
ically (4), shows that the lapse function must have the 
same isometry sign. For example, if one specifies that 
K 11 be antisymmetric through the isometry surface then 
so must the lapse function. Requiring the lapse to be 
antisymmetric through the isometry surface will prevent 
any evolution of the three-metric there (in the absence of 
a shift vector). This choice has been made in the study of 
two colliding black holes [2,18,19]. Here we have chosen 
a positive isometry sign for the extrinsic curvature. This 
choice, together with the conditions above, gives the con­
formal components of Kab the same symmetry behavior 
as their three-metric counterparts: 

(18) 

(19) 

(20) 

(21) 

These imply 

Note that, because of the simplicity of the isometry 
transformation, not only are the two sheets isometric 
but also that their respective metrics are written in the 
same form. Hence the components of 'Yab and Kab are 
identical functions of 'T/ and 8 on all eight patches of the 
Einstein-Rosen bridge (up to sign for the off diagonal 
components). This naturally leads to boundary condi­
tions on the components of the shift. The radial compo­
nent fJ" is antisymmetric across the throat guaranteeing 
that it vanish there, preserving the coordinate position 

of the isometry surface. Similarly {39 is antisymmetric 
across 8 = 0 and 1r /2 preserving the coordinate position 
of the axis of symmetry and the equatorial plane. Hence 

(23) 

It can also be seen that 

(24) 

At the outer boundary one would like to have an out­
going wave condition, assuming the boundary is placed 
far enough away from the source that an insignificant 
amount of radiation is expected to be incoming there 
(e.g., from backscatter off of the background curvature). 
In this work we have usually chosen the outer boundary 
of the grid to be further from the isometry surface than 
radiation propagating off the initial slice could reach at 
the time the code is stopped. However, the spatial coor­
dinates we use can cause the waves to backscatter off the 
grid well before they approach the outer boundary ( see 
Sec. IIE 1). As discussed in [4] this effect can be reduced 
by running the code with a larger number of radial zones. 

Because of this situation the outer boundary condition 
has not proved crucial. We have used two types of outer 
boundary conditions, "static" and "outgoing." For both 
types one finite differences the metric and extrinsic cur­
vature components at the grid edge in the usual way by 
using a set value for the variable one zone off the edge 
of the grid. In the static condition these values are unity 
for A, B, and D, and zero for C and all of the extrinsic 
curvature components. For the outgoing condition these 
values are updated according to the scheme 

bAn+l. _An. 
.11. J - Jl (25) 

where bAn+l i is the value of the variable A located radi­

ally one ~'T/ from the grid edge and at angular grid point 
j to be used on time step n + 1. We therefore take the 
value of A on the grid edge at time step n and use this 
in forming the spatial derivative of A at the grid edge 
on the next time step. To account for the wave propa­
gation on a curved spacetime background we have also 
experimented with an outgoing wave boundary condition 
which should allow us to move the outer boundary in sig­
nificantly. This will be discussed in a future paper. 

1. 2 blaclc hole collisions 

An extensively modified version of this code has also 
been used to study the collision of 2 black holes [2,19,20]. 
The initial data set of Misner [12] for two time sym­
metric, axisymmetric Einstein-Rosen bridges connecting 
two identical asymptotically flat spacetimes can be writ­
ten directly in our coordinate gauge. Unfortunately, the 
usual spherical-polar and cylindrical (p,z) coordinate sys­
tems are not ideally suited to the symmetries present in 
the two black hole system, so a coordinate system devised 
by Cadez [21,22] to match the surfaces of black holes and 
to be spherical far from the holes can be introduced. We 
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have been able to evolve the collision and to extract the 
normal mode oscillation s of the final black hole, but these 
calculations are consi de ra bly more difficult tha n the dis­
torted black hole calculations . Fu ll details of the colliding 
bla ck hole system are presented in Ref. [2]. 

D. Initial data 

The ini tial data for the black hole plus gravitatio nal 
wave spacetime are descr ib ed exte nsively in Refs. [3,5] 
where many of its prop erties are discussed. In this sec­
tion we give a brief overview of the treatment of the 
initial -value problem and the form of the initial data. 
The essential fea ture of the data is that they consist 
of a tim e symmetr ic gravitational wave overlaid on an 
Einstein -Rosen bridge. In doi ng this we have superim­
posed two well-studie d vacuum time symmetric space ­
time s: the Schwarzsch ild soluti on, whose prop erties are 
completely known and for which several numerical stud­

ies in the 3+1 formalism have been done [23,14], and the 
Brill wave spacetime for time symmetr ic grav itational 
waves in which the initial -value problem has been ex­
tensively stud ied by Brill [ll] and other s [24,25 ], and its 
evoluti on studied by Eppley [26], Miyama [27], and Abr a­
hams and E vans (28]. 

Th e initial -value problem consists of finding a thre e­
metric and extrinsic curva tur e which satisfy the con­
str ain t equations (2) and (3). To date we have confine d 
our research to the study of spacetimes which contain a 
surface of time symmet ry. As is well known , the extrinsic 
curva t ure must vanish on a t ime symmet ric surface and 
hence the momentum constra int will be satisfied identi­
cally on it. 

This leaves us with only the Hamiltonian constraint 
R = 0, to be sat isfied by 'Yo.b· Using a conformal de­
composi ti on technique for finding an app ropri ate three­
met ric and wri tin g 'Yab in confo rma l form , ,ab = W4

1'ab , 

gives 

(26) 

where R and Ii are t he scalar cur vature and Laplacian 
associated with the conformal metric 'Yab• The Ham ilto­
nian constraint becomes the linear equa tion 

(27) 

At this point one may choose the con formal metric and 
solve (27) for the conform al factor . We work in the 
( 11, 0, cp) coordinates, in which the line element is chosen 
to take the "Brill wave" form 

dl 2 = '114 [e2q(d112 + d0
2

) + sin 28d¢ 2
). (28) 

As discussed in [3,4], the function q(r,, 8) can be cho­
sen freely , up to certain boundary and size conditio ns. 
T he choice q = 0 produces the Schwarzschild soluti on, 
while a nonzero, non spherical choice for q produ ces a 
disto rted black hole. The Hamiltonian constraint (2) is 
transfor med into 

8 2 w 82 w 8w 1 1 ( 8
2q a2q) 

8112 + 80 2 + 80 cot 9 - 4 w = - 4 W 8112 + 80 2 • 

(29) 

This equation is written as a finite difference equation 
and solved using techniques described in Sec. III B . 

In this work we have given q the form 

q = !(8)9(11), 

where g is an "inversion symmetric Gaussian " 

with 

and 

TJ + 1Jo 
9+ = - -, 

w 

T/ - T/o 
g _ = -- , 

w 

f = sin"() 

{30) 

(31) 

(32) 

{33) 

with n an intege r . The angu lar function f must vanish 
on, and be symmetri cal through, 0 = 0 , hen ce n must be 
even. T he radial function g has three independent pa­

rameters a, TJo, and w which specify its amplitude, range , 
and width. 

As mentioned above we have chosen the conformal fac­
tor to be symme tric through the the axis, equator, and 
throat . On t he oute r bou ndary we employ the Robi n 
condi tion (29], which elimi nates the monopole te rm in 
the asymptotic expansio n of W, so t hat the erro r on the 
outer boundary is only of order r- 3 . T he condition is 

{34) 

or using the radial coordinate 1J 

(35) 

Note t ha t in sphe rical symmetry the Hamiltonian con­

straint has the exact solution 

W = v'2mcosh(17/2), (36) 

which is just the sta ndar d Schwarzschild solution written 
in these coordinates (14]. For numerical reasons we will 
usually facto r \JI into the form 

w = v'2m cosh (r,/2) w', (37) 

and solve the Hami ltonian constraint for iI!'. 

E. Kinematics 

In numerical relativi ty th ere are two rather disti nct 
aspe cts to the construction of spac et ime coordinate sys­
tems. T he first is the problem of how to lay down spa­
tial coordinates on the initia l slice , and the second is 
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the construction of subsequent slices and the mapping of 
these spatial coordinates onto them. The two problems 
are somewhat intertwined in the sense that both involve 
physical as well as numerical and computational consid­
erations. 

1. Spatial coordinate• 

Despite the freedom inherent in the shift vector, the 
choice of spatia l coordinates on the initial slice is impor ­
tant because often one does not employ a shift or because 
the shift is used for other reasons, not directly related 
to the kinematics (as is, in fact , the case in this work). 
Hence the se coordinates must be chosen with some care. 

As an example we look at two possible choices for 
the spatial coordinates in the black hole plus Brill wave 
spacetime. The first are the usual spherical polarlike co­
ordinates in which the spatia l line element appears as 

dl 2 = w'4 (A'dr 2 + B'r 2 d02 + 2C'rdrd0 

+D'r 2 sin 20dq,2), (38) 

and the second are the coordi na tes ( T/, 0, </>) 

dl
2 = '114 

( AdT/2 + Bd0 2 + 2Cd"7d0 + D sin 20d</>2) • (39) 

These systems both have the numerically desirable prop­
erty that the isometry surface is a constant coordinate 
surface, r = m/2 and TJ = 0, respectively . Reflection 
through the isometry surface is assumed to be of the form 
r ➔ m 2 /4r and TJ ➔ -TJ. The isometry operator deter ­
mine s the inner boundary condition for the three-metric 
components ( as discussed in Sec. II C) and for a con­

formally flat three-metric in the (r,0,</>) coordinates the 
boundary condition on IJ1 [determined in the same way 
as Eq. (12) ] turns out to be 

( aw+ IJ,)I = o. 
8r m r=m/2 

(40) 

This "anti-Robin" condition causes problems in solving 
the Hamiltonian constraint (29]. It is "anti-Robin" be­
cause the "outward" pointing unit normal is pointing into 
the computational domain (unlike the situation on the 
outer boundary). 

Another issue is associated with the finite difference 
solution of hyperbolic equations . It is a general rule of 
thumb that in order to propagate the solutions most ac­
curately the computat ional grid zones should be of uni­
form size. That is, the zones should be as near to square 
as possible and all of the same area in the computationa l 
domain. In abiding by this rule we should choose fl.r 

or tl.TJ to be as close to fl.0 as possible. Now, on an 
asymptotically flat slice both IJI' and A' will tend toward 
unity at t he outer edge of the grid and so points evenly 
spaced in r will also be evenly spaced in proper distance. 
This means that a relatively large number of zones will 
be used to cover the region near the grid edge and if the 
grid points are evenly spaced in r this coverage comes 
at the expense of coverage in the interior where we ex­
pec t most of the interesting dynamics to occur. This is 

overcome by the use of the logarithmic coordinate TJ in 
which the proper distance between points evenly spaced 
in T/ increases exponentially as T/ increases. Hence a grid 
covered with such evenly spaced points will have a larger 
proportion of the total number of points in the dynam­
ically interesting region than a grid evenly covered with 
points in the r coordinate. 

This in turn suggests a drawback to the T/ coordinates. 
Evans [30] has cited a figure of 50 zones per wavelength 
needed to accurate ly propagate a wave. Since the grid 
zones are being stretched in proper length as T/ increases, 
there will be a critical value of T/ at which the number of 
grid zones spanning a wavelength will drop below 50. The 
specific three-metric of a particular slice will determine 
exactly where this happens , but for an asymptotically flat 
three-metric we may make an approximation as follows. 
In the wave zone the number of zones per wavelength, 
n = 'Ji./ fl.r, in the r coordinates will be constant no matter 
where the wave is and on a grid evenly spaced in fl.TJ we 
have n = 'Ji./rfl.TJ. Therefore the r value where the wave 
spans exactly n zones over a grid evenly spaced in T/ is 
'Ji./n fl.TJ. Currently our "high resolution " runs are done 
with 200 radial zones with an out er boundary at TJ = 6 
hence fl.TJ = 0.03. If we desire 50 zones per wavelength 
the outer limit for very accurate propagation of a 'JI. = 
17 M wave (roughly what we expect from a black hole of 
mass M ) is about 15M. By r = 50M, we are down to 
15 zones per wavelength. This loss of resolution at lar ge 
radii can lead to poor propagation and reflection of the 
waves, as noted in Ref. (4] and shown here in Fig. l. In 
practice, at this reso lu tion , good propagation is seen out 
to about SOM, where degradation of the waveform begins 
to occur. See (4) for more details. 

Another disadvantage of the concentration of zones 
near the isometry surface in the TJ coordinates is con­
nected with the phenomena of "grid sucking" associated 
wit h most singularity avoiding lapse function choices. 

0.10 

0.05 

0.00 

-0.05 

-0.JO 

0 20 

Resolution Study 

- Higll Reso lution (200x53) 
........ Low Resolution (100x27) 

40 60 80 100 

Time(M) 

FIG. 1. This figure shows the same waveform as the pre­

vious figure but at 100 and 200 radial zone reso luti on. The 

lower reso lu tion calculation suffers from oscillations at la te 

times, as discussed in the text. 
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This is the problem whereby zones are pulled through 
the event horizon due to the gravitational focusing of 
time like geodesics. The problem is that in the T/ coor ­
dinates more zones as a percentage of the whole will be 
sucked through the event horizon than if the hypersur­
faces were evenly covered in the r coordinates. These 
zones are effectively gone from the calculation as far as 
the exterior of the horizon is concerned. For the max ­
imally sliced Schwarzschild solution with /34 = 0 about 
40% of the zones fall thro ugh the horizon in an evolution 
to t = 80M if the outer bou ndary is at T/ = 6. If the 
initial slice is covered in the r coordinates with the same 
number of zones this figure is reduced to 2%. This prob­
lem may be circumvented by using an apparent horizon 
boundary condi tion , where a shift is used to maintain a 
fixed coordinate position for the horizon [31). This ap­
proach has worked well in spherical symmetry, and work 
is underway to extend this technique to more general 
space times. 

2. Slicing conditions 

Given the absence of rotation and electric charge, we 
expect that the black hole plus Brill wave spacetimes each 
have the same singularity structure as the Schwarzschild 
spacetime. That is , they contain a spacelike singularity 
in the future of the initial slice. The initial slice always 

contains a trapped surface [3J and so it will also contain 
an event horizon assuming cosmic censorship holds [32]. 
A singular ity avoiding slicing condition is essential if we 
allow the slicing to intersect an event horizon and we 
insist on computing the region of spacetime inside th e 
horizon. 

We have used maximal slicing almost exclusively to 
foliate the spacetimes. Maximal slicing has been used 
extensively in numerical relativity for several reasons: 
considerable analytic work has been done delineating its 
singularity avoiding properties (23,10,33- 36), it was used 
in early numerical work which centered on comput ing 
black hole spacetimes with Einstein -Rosen bridges, and 
it is conveniently computed from the three-metric and 
extrinsic curvature. Finally it can be encoded into a sta ­
ble numer ical algorithm. Here we give only a brief sketch 
of its use. 

Maximal slices (i.e., hypersurfaces with maximal vol­
ume) are characterized by the vanishing of their mean 
curvature 

trK = "Y4 b Kab = 0. (41) 

The evolution equation for trK may be computed from 
Eqs. (4) and (5) and the maximal slicing condition is 
obtained by setting trK = 8ttrK = 0: 

or, using the Hamil tonian cons trai nt, 

va DuOt = cxK"b Ka.b· 

( 42) 

(43) 

This latter form tends to be better behaved nume rically, 
and is the form used in the code. 

The properties of equations of this type have been ex­
plored at length elsewhere (37] and for our purposes it is 
sufficient to point out a few elementary things. K 0 b Kab 

is a positive indefinite quantity in t he spacetimes con­
sidered in this work. When this is the case it is known 
that solutions to ( 43) exist, are unique, and are in a sense 
well behaved [37). Also the equation is linear in o and 
the numerical solution of such equa tions has been studied 

extensive ly [38). 
Given an initial trK = 0 slice, a subsequent one may 

be constructed by specifying approp riate boundary con­
ditions on the lapse and solving (43). In this work we use 
the mixed von Neumann/Dirichlet conditions: 

80
1 = 0 0t{outer boundary)= tanh(Tf/ 2), (44) 

8Tf ')=0 , 

which determine the isometry sign across the throat (see 
Sec. II C) and the Schwarzschild-li ke behavior at the grid 
edge. 

3. Shift vector conditio ns 

Ever since the work of Smarr [39) and Smarr and Epp­
ley [18) on the axisymmetr ic two black hole collision it has 
been known that general three-metrics are prone to devel­
oping instabilities on or near the axis of symmetry . These 
instabilities have severely hampered progress on the two 
black hole collision; in fact the two black hole spacetimes 
of Smarr and Eppley were usually stopped after about 
40 - 60M off the initial slice because of numerical prob ­
lems caused by the uncontrolled growth of certain metric 
and extrinsic cur vatur e components near the axis (18). 
(Recent progress on this subject has been reported in 
Ref. (2).) Our initial at tempts to evolve the distorted 
black hole spa cetimes described above with a general 
three -metric of the form (9) also suffered from a simi­
lar instability along the symmetry axis (see Sec. IV B). 

As we detail in Sec. IV B this instability can be con­
tro lled somewhat by forcing the coordinates to remain 
spatially orthogonal at all times . This is accomplished 
by the introduction of a shift which makes , 12 vanish. 
Since our initial data is already of this form we need 
only introduce a shift such that 

Expanding the covariant derivatives and writing the 
equation for the contravari ant components we have 

8/39 8/3'1 
2aHc = B 

8
TJ + A 

80 
(46) 

(here we have already used C = 0). This gives us one 
equation to determine both components of /3". A fur­
the r restriction is made by requiring the shift to be the 
"gradient " of a "pote ntia l" fl, 

(47) 

which yields an elliptic equ at ion for fl: 
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a2n a2n 
2o:Hc = B or,2 + A a02. (48) 

T his equation is then solved in the usual way: by substi­
tuting finite difference approxima tions for the derivatives 
of n and using a linear system solver on t he result. Given 
the boundary conditions (23) and (24) it can easily be 
seen that n must be antisymmetric across the axis, equa­
tor, and throat. The condition n = 0 is used at the outer 
boundary where we have found that it makes both the 
shift and its gradients smoothly go to zero. The effects of 
this gauge on the instability are discussed in Sec. IVB. 

This method has proved to be convenient and suc­
cessful in evolving the black hole plus gravitational wave 
spacetime. However, an additional degree of freedom in 
the shift could be used for other purposes. For example, 
one could use the shift to keep the three -metric diago­
nal, as we have , and also enforce another condition. One 
choice would be to require the metric to have the "quasi­
isotropic" form [30), which in our system would requir e 
A = B. However when this condition is used in the 
Schwarzschild spacetime it produces an inward pointing 
shi ft which forces a large portion of the grid inside the 
event horizon j5). 

III. THE NUMERICAL ALGORITHMS 

In this section we will discuss the different algorit hms 
we have used for the evolution of the Einst ein equation s, 
and for the solution of the elliptic equations arising from 
our gauge choices. Following on the work reported in 
Ref. (14) we have implemented three different time ex­
plicit evolution schemes in the code: leapfrog with half­
time-step extrapolation, MacCorma ck, and Brailovskaya. 
We will summarize the three methods below in Sec. III A, 
and compare results of the methods in Sec. IV. In 
Sec. III B we discuss the solution of the elliptic equations. 

A. Hyperbolic equation (evolution) algorithms 

The evolution equat ions in 3+ 1 form are discussed in 
detail in Sec. IIA above. For brevity we will write them 
here in schematic form: 

8n = -2o:K (49) 

and 

(50) 

Th e symbols 'Y, K , and R are symbolic of the metric 
quantities 'Y<>b, K,.b, and the Ricci tensor, while v'v'o: 
represents the covariant Hessian of the lapse. The nu­
merical grid upon which the finite differencing is accom­
plished has fixed step sizes in both temporal and spatial 
zoning. In the finite differenced form of the evolution 
equations to follow, the spatial steps will be labeled by 
the letter i, while the time steps will be labeled by n. 

We start with the leapfrog method. This is perhaps 
the most commonly used method for evolving hyperbolic 
systems. The usual leapfrog method has the "momen-

tumlike" quantities (in this case Ka b) offset from the 
"fieldlike" quantities (,Gb) by 1/2 of a time step so that 
the time derivat ives are properly centered. Thus, one can 

write the evolution system (49) and (50) as 

n+l/2 n-1 / 2 2~nKn At 
'Yi = 'Yi - ..... i ..... (51) 

and 

K;'+l = K:' + {a:fl(Kf) 2 + R7+
1121- (v'v'a:)f}~t. 

(52) 

However, this introduces first-order errors due to the non­
linear term (Kf) 2

• This problem can be cured by extrap­
olating the quantity Ki to the time slice labeled by n+ 1 /2 
using the second-order accurate formula 

(53) 

Then t he second-order accurate, extrapolated leapfrog 
method can be writ ten as 

n+l/2 _ n-1/2 _ 2 nKn At 
'Y; - 'Y; a, ' ...., (54) 

and 

K7+1 = Kf + {a7 +1/2[(K; +1/2)2 + R7+1/2] 

, n+l/ 2 
-(v'v'a:) ; }~ t . (55) 

This method works very well, as we discuss in Sec. IV. 
Now we turn to two predictor-corrector methods, the 

Mac Cormack and Brailovskaya schemes. These schemes 
are discussed in Ref. [40) where they are applied to 
Burger's equation written in flux conservative form. Be­
cause the Einstein equations are not in this form, the 
standard analysis for the stability, dissipa tio n, and dis­
persion properties of th ese methods does not apply di­
rectly. The treatment of the time derivatives in the Ein­
stein equations can be carrie d over directly , but th e st ruc ­
ture of spatial derivatives is much more complex than 
found in Burger 's equation. These methods worked very 
well in spherical symmetry, as reported in Ref. [14]. In 
fact , they were found to be superior to the extrapolated 
leapfro g method described above. However, in spherical 
symm etry there is only a longitudinal part of the field; 
the transverse, or wave part, is absent. This extra de­
gree of freedom in the equations will pose some difficulty 
for the predi cto r-corrector methods as we will discuss in 
Sec. IV. 

Both of these schemes have two steps in the evolu­
tion to the next time slice. The MacCormack predic tor­
corrector scheme is written as 

(56) 

and 

k;+ 1 = Kf + {a:f l(K:') 2 + Rf ) - (v'v'a:)f}~t (57) 

constit ute the first, or predictor step, while 

'Yi+l = ½ [-yf + ,f - 2o:f .Kf ~t ) (58) 
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and 

K; +1 = ½[k;' + K;' + {of[(k;+1)2 + .R;"+1] 
- n+l 

- (v'v'o), }Llt] {59) 

constitute the second, or corrector step. T his method 
is somew hat different from other methods in that for 
the predictor ste p the first spat ial derivative s of the 
metric appear ing in the Ricci tensor and Hessian of 
the lapse can be determined by forward differencing: 

a,.,,r = hr+-1 - Ii)/ 617. In the corrector equations 
these derivatives are calcula ted using backward differ­
encing: a,.,,:;,= (,f - ,I'- 1)/617. An alternative method 
is to bac kward differen ce at the pr ed ictor level and for­
ward difference t he corrector equat ion. However , in t his 
code we have used centered der ivatives in both predic ­
tor and corr ecto r. Second derivat ives are always center 
differenced. We also note that in other app lica tion s [41) 
centered spatial derivat ives have been used in both the 
predictor and corrector steps with satisfacto ry results , as 

long as time step s were kept sufficiently small . Results 
from the MacCormack method will be discussed furth er 
in Sec. IV E. 

Fin ally we turn to the Brailovskaya predictor -correcto r 
method which we have also used to evolve the Einstein 
equatio ns. This metho d uses a centered differencing 
scheme for spat ial derivatives in both the predictor and 
corr ector equations: 

{60) 

and 

k; +1 = K[' + {of[(K:') 2 + Rf ) - (v'v'o);'}Llt (61) 

are the predictor st eps, while 

,,,n+l = -v!" - 2on Kn Ll t 
It. It 1 t. 

(62) 

and 

K;' = K;' + {of [(k;' +1
)
2 + .R;"+1

] - (v'Vo-)t
1

}Llt 

(63) 

are the correc tor steps. This method is formally first 
order in t ime and we sha ll see in Sec. IVE that it per ­
forms slightly less well than the leapfrog and MacCor­
mack method s. A full comparison of these met hods will 
be pres ente d in Sec. IVE . 

These explicit fini te differe nce methods for evolving hy­
perbolic syste ms requir e certain restrictions on the size of 
t he t ime ste p for st ab ility. In analogy to the second-ord er 
wave equa t ion in flat space, the Courant stability condi­
tion for a wave tra veling in the radia l direct ion would 
be 

(64) 

Th is condition generally applies to th e leapfrog scheme 
described above when considering a linear wave equa t ion, 
but mor e restrictiv e time step requirements are found for 

the MacCormack and Brailovskaya methods [41 ]. The 
Cou rant condition becomes more complicated when a 
shift vector is used. Furthermor e, the strict st abili ty 
analysis for complex non linear equations such as the Ein ­
stein equ atio ns would be very complicated , and has not 
been performed. 

In sp ite of t hese deficiencies in the analysis , t he stan ­
dard formula (64) can pro vide useful guidance in choosing 
a t ime step, as long as the shift vector remains small [31]. 
In practice , we have genera lly chosen Ll t = tl.17, which is 
usually far below the Courant lim it . Signi ficantly larger 
time steps can be used in some cases, altho ugh with re­
duced accuracy. An adaptiv e time step routin e using 
both t he Courant lim it and res tr iction on t ime deriva ­
tives of the metric functions as a guide could be used to 
make our code more efficient, bu t this approach has not 
yet been explored. The results quo t ed in th is paper and 
in [4] were obtained wit h tl.t = tl.17. 

B. Elliptic equation algorithm s 

The solution of the elliptic equa tio ns aris ing in this 
calculation is the most CPU intensi ve part of the numer ­
ical integration of the Einst ein equations. Our system 
requires that we solve the Hamil t onian constraint as de­
scr ib ed in Sec. II D for the initial data, and then during 
the evolution elliptic equations are used to provide both 
the lapse and shift functions, as described in Secs . II E 2 
and II E 3. Here we disc uss a variety of techniques that 
we have explor ed for solving these equations accurately 
and efficientl y. 

The equat ions for the lapse , a (43), and shift vector 
potential, n (48), and the conformal factor, '11 (29), are all 
second-order -linear elliptic partial differential equa tions 
tha t can be written in the genera l form 

82x 82x 82 x ax 
au 8712 + a12 87180 + a22 1)02 + ao1 817 

8x 
+ao2 

80 
+ aooX = b(rJ, 0), (65) 

where x(17, 0) is a sca lar function of the independent co­
ordinate variables. Th e coefficients a 11 , a 12 , etc ., are 
function s of both 17 and 0 and are dete rmi ned by the 
t hree-metric and various partial der ivatives of the thre e­
met ric with respect to the spa tial coordinat es. 

In order to solve ellipt ic equations nume rically, the 
usual approach is to approximate the derivatives with 
finite di fference operators and solve the resulting sys­
tem of simultaneous equa tions . Fortunately, our ellip­
t ic equations are linear, so th e resulting algebrai c system 
is also lin ear. (Nonlinearities are ty picall y handled by 
lineariz ing and it era tin g, so the technique is essent ially 
the same.) There are man y ways of writi ng finit e differ ­
ence operators, so t he resulting system is not a unique 
representation of th e elliptic equations. However using 
cent ral differences to represent firs t and secon d partial 
deriva tives, 

ax I - Xi+l,j - X, - 1,j (66) 
817 . . - 21:l.17 

'·] 
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82
x I X;+1,; - 2xi,i + Xi - 1,; 

8112 . . = (~11)2 
t,J 

(67) 

OX\ _ Xi,j+l - Xi ,j - 1 

89 i ,j - 2~9 
(68) 

8
2
x I x,,j+l - 2xi,j + Xi,j-1 

{)92 = (~9)2 ' 
i,j 

(69) 

the elliptic partial differential equation (PDE) leads to 
an algebraic equation at each of the N grid points (i,j) 
(where i labels 1/ nodes and j labels 9 nodes) that couple 
values of the function x at that grid point with the values 
of the function at the neare st neighbor grid points, 

anx ;+1,; + aexi,;+ 1 + acx;.; + awx;.; - 1 

+a sxi - 1,; = bi,j, (70) 

where an , as, ae, and aw correspond to the north, south, 
east, and west directions from the central poin t, ac, of 
the stencil on the grid: 

a22 ao2 
an = (~9 )2 + 2~9' 

a11 ao1 

ae = (~11)2 + 2~11• 

a11 a22 

ac = aoo - 2 (~1/) 2 - 2c~8) 2 , 

au ao1 

aw= (~11)2 - 2~11• 

a22 ao2 

as = (~9) 2 + 2~9' 

where all of the A's are evaluated at the central (i,j) grid 
point. All of the elliptic equations appearing in the code 

have a12 = 0. 
Th e standard form for a set of linear equations is that 

of a matrix equation Ax = b, where A is an N x N square 
matrix containing all the finite difference coefficients, x 

is a vector of N elements consisting of all th e unknowns, 
and b (the right -hand side) is a vector contain ing all the 
source terms and the given boundary values . By using 
a new index k = (i - 1) x (jm..,.) + j that counts grid 
points along successive constant grid lines we can order 
the equations such that they have this form. In t his way 
we generate a standard matrix form of the problem where 
A is now a very sparse matrix with diagonal structure as 
shown in Fig. 2. For details on this procedure see Press 
et al. (38]. 

Once the linear system of equations has been writ ten in 
the sparse matrix form we must solve the matrix equation 
for the unknown values of the scalar function . We have 
explored a number of different methods, includi ng direct , 
iterative , and multigrid methods. 

C. Numerical methods 

In this secti on we review the differen t methods used to 
solve the linear elliptic equations for the scalar functions 

FIG . 2. The sparsity structure of the coefficient matrix for 

the ordered set of equations arising from the elliptic systems 

is shown . 

a(17,9), 0 (17,9), and '11(17,8) and make comments about 
particular implementations of those methods and how 
they affect the overall performance of the code. 

1. Direct method• 

The great advantage of the direct solvers is that they 
obtain the solution in a fixed number of operations. 
These methods are well described by Pre ss et al. (38]. 
However , since we are considering large systems , these 
methods are subject to the accumulation of round-off er­
rors. Also, since we are considering massively parallel 
and/or vector supercom put er architectures, they suffer 
because the backward and forward substitutions implicit 
to theses methods are nonparallelizable, nonvectorizable 
operations and will execute at scalar speeds. For these 
reason s iterative solvers are more efficient in our case. 

A multifrontal method combined with incomple te fac­
torization of the coefficient matrix for solving large linear 
systems was used and its implementation was written by 
Boeing Computer Services , Inc. (BCS LIB-EXT ). 

2. Iterative methoda 

Since the advent of computers with sufficient memory 
to compute large prob lems, iterat ive solvers have under­
gone significant developmen t and many mature iterative 
methods are now available. Most of these techniques 
fall under the headings of relaxation methods or gradient 
(Kry lov subspace [421) methods. 

Relaxation methods can involve the simplest Jacob i or 
Gauss-Seidel techniques to more sophisticated simulta­
neous overrelaxation (SOR) algorithms (38]. These tech­
niques successively solve the system of equations for the 
unknowns using each solution as an approximation for 
the next iteration . While the relaxation methods can 
perform quite well, they do not have a finite termina tion 
criterion; they are only guaranteed to converge as the it-
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eration number approaches infinity. These methods are 
useful when combined with multigrid methods (see be­
low). 

Many of the gradient methods in use today are based 

on the conjugate gradient (CG) method of Hestenes and 
Steifel [43] for symmetric positive-definite systems (i.e., 

A is a symmetric matrix), or extensions of the CG 
method to apply to nonsymmetric systems. Essentially 

the conjugate gradient method minimizes a quadratic 
function of the form 

by calculating the gradient along a certain direction and 

then minimizing this quantity. This is equivalent to solv­
ing the original matrix equation. 

Some specialized conjugate gradient methods applica­

ble to nonsymmetric matrices are (i) conjugate gradients 
applied to the normal equations (CGNR), (ii) biconju­

gate gradients (BiGC) [44], (iii) (bi)conjugate gradients 

squared [(Bi)CGS] [45], and (iv) BiCGStab [46]. Other 
Krylov subspace methods include the generalized mini­

mal residual (GMRES) method [47] and the generalized 
conjugate gradient (GCG) method [48], but we have not 
applied these methods to our problem. 

A great advantage of the Krylov subspace methods is 

that they are guaranteed to converge in a finite number of 
iterations. Generally the maximum number of iterations 

will be the number of unique eigenvalues of the coefficient 
matrix A. However, the convergence rates of the various 

Krylov subspace methods can vary greatly, as can the 
memory requirements. The second advantage to these 
methods is that they can generally be implemented in a 

parallelizable and vectorizable fashion which makes them 

particularly appealing for use on parallel and/or vector 
supercomputers. 

Finally, all iterative techniques can benefit greatly 
from effective preconditioning. Here, the matrix equa­

tion Ax=b is modified to produce an equivalent system 

of equations of the general form 

(71) 

and then perform the iterative algorithm on the system 

My=d, (72) 

where 

M=QAP, (73) 

y = p-lX, (74) 

d=Qh. (75) 

The preconditioning is most effective when the matrix M 
is nearly the identity matrix, and when the procedure for 
implementing the preconditioning is not computationally 
expensive for the machine architecture being used. 

One of the Krylov space methods used was a general­
ized conjugate residual (GCR) method using modified in­
complete LU (MILU) decomposition as a preconditioner. 
This method is implemented by Scientific Computing As­
sociates, Inc., in its PCGPAK package and was the first of 

the conjugate gradient methods employed in the code. 
However, being a general method, there was a great deal 
of overhead associated with this particular implementa­

tion. It was not highly vectorized and ran at nearly scalar 
speeds on a vector processor. 

A BiCGS algorithm with a least squares polynomial 

(LSP) preconditioner was also used. This solver was writ­
ten as part of the ITPACK project of the Center for Nu­

merical Analysis at The University of Texas at Austin. 
The method was one of many included in the NSPCG 

package. 
The final conjugate gradient method to be used was 

a BiCGStab algorithm written by one of us (J.T.) at 

the National Center for Supercomputing Applications; 
the CG-based algorithm was developed by Henk Van der 

Vorst [46]. This is an advancement over the BiCGS al­

gorithm. However, no effective preconditioning has yet 
been used, although code development is currently under 

way in this area. 

3. Multigrid 

It is well known that iterative solutions to large ma­
trix equations obtained by the use of relaxation methods 

have the advantage that they reduce the high frequency 

components in the error but at the same time converge 
very slowly to a solution in the low frequency compo­

nents. Multigrid methods provide a means for overcom­
ing the slow convergence while taking advantage of the 

smoothing that results from the relaxation. Since the 
convergence of a relaxation method improves if the ini­
tial estimate of the solution is close to the solution itself, 

multigrid solves the problem on a less computationally 
intensive course grid and interpolates that solution onto 
the fine grid to provide a better initial guess. 

One begins with the matrix equation A hxh = bh, 

obtained from the finite differencing of an elliptic PDE 

Ax = b having a courseness h. (Here A represents the 
differential operator acting on the continuous function x.) 
This grid is generally of the same courseness on which the 

evolution equations are solved. Using a simple relaxation 
technique one can obtain a relatively smooth solution xh 
after a few iterations. A residual rh = b - A hx.h is calcu­

lated and this is restricted to a grid of greater courseness 

h' (generally h' = 2h} by the restriction operator Rf 
(rh' = Rf rh). The low frequency components in the 

error on the fine grid now become high frequency com­
ponents on the course grid and further smoothing using 

a relaxation method can be employed on the course grid 
to further eliminate the new high frequency components. 

A correction ch' is then obtained to the solution on the 

course grid and that can be interpolated onto the fine grid 
by the interpolation operator I~, to obtain a correction 

on the fine grid, ch = I~,ch'. The interpolated correc­

tion when added to xh can be smoothed by relaxation to 
obtain an improved fine grid solution xh. 

Multigrid therefore solves the problem on multiple 
scales and consists of three operations (i) smoothing, 
(ii) restriction (moving from fine to course grids), and 
(iii) interpolation or prolongation (moving from course 
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TABLE I. Timing results for black hole spacetime evoluti on. Data is for a 200 X 55 grid run to 

t = 100M on a single Cray Y-MP pro cessor . 

Time Zone Memory 

(min) Speedup MFLOPS (cy cles /sec) size (MW) 

GCR (PCGPAK) 280.5 1.0 

Dir ect (BCSLIB } 174.2 1.6 

NSPCG 120.5 2.3 

UMGS2 23.2 12.1 

BiCGStab 18.3 15.3 

to fine grids). Different methods for smoothing (J acobi, 
Gauss-Seidel, SOR) can be used as can different restric ­
tion (full-weighting, half-weight ing with injection) and 
interpolation (bilinear , cubic spline) methods. 

The multigrid method used with our code was provided 
by Steven Schaffer of New Mexico Technical Institute (49) 
(UMGS2). UMGS2 is a semicoarsening multigrid code. 
This differs from full multigrid as described by only per­
forming the coarseni ng along only one of the dimensions 
of the grid. This provides an algorithm that is much 
easier to implement, yet retains the efficiency of using 
multigrid . We perform the coarsening only along the B 

direction which since t he solution is more smoot h in that 
direction. 

D . Performance results 

Each met hod was used to solve the same problem, the 
numerical evolutio n of a black hole plus gravitational 
wave spacetime. The equations for the lapse o ( 43) and 
shift poten tial n ( 48) are solved on each time slice in the 
evolution. Since the coefficients in these equations are 
time depen dent, a different pair of elliptic equations is 
solved on each time step (i.e., the spatial dependence of 
each coefficient is different on each time step). 

1, P erforman ce statistics 

For the itera tive solvers, iterat ion ceased when the Eu­
clidean norm of the residuals reached a certain toleran ce. 
The Euclidean norm, or 2-norm , of the residuals is given 
by 

(76) 

The residual at the mth iteration is given by 

(77) 

where Xm is the approximation to x at the mt h iteratio n. 
Iteration stopped for the solution of each equation when 

21 4503 3.2 

36 7251 2.6 

176 10483 1.0 

73 54447 1.4 

213 69025 1.0 

was satisfied. 
Table I summarizes the performance statist ics of the 

code for each solver, showing the UMGS2 and BiCGStab 
algorithms to be the best for these particular equations. 
Th e numbers given are for a complete run of the entire 
code (which includes the solution of t he hyperbolic equa­
tions as well) for identica l problems to t = lOOM (6667 
time steps, i.e. , 13 335 elliptic equa tions are solved) with 
200 radia l zones and 55 angular zones. Th e codes were 
run on a single processor of NCSA 's Cray Y-MP4 /4 64. 
While t he MF LOP S (million floating point operations 
per second) rates for the different solvers vary greatly , the 
more important results are total run tim e of the code and 
zone cycles/second (a measure of how many grid points 
per second can be evolved). 

We have also begun to experiment with paralleliza­
tion of our code on the Cray arch itecture. As an ini­
tia l test the BiCGStab version of t he itera tive solver 
was rewritten to distr ibute the computationa lly int en­
sive tasks across multiple processors and our initial num­
bers are very encouraging . Table II shows the results for 
evolving the same spacetime as above, but with twice t he 
resolution (i.e., 400 radial zones and 106 angular zones). 
The concurrency is 3.92 (with a maximum of 4.00). Par­
allelization of the code will allow us to run the code in 
approximate ly one quarter the amount of time previously 
and means we have obtained a final speed up of approx­
imately 60 times compared to using GCR solver on a 
single process or. 

IV. CODE TESTS 

Any numerical code must undergo thoro ugh testing in 
various regimes where results are known, before it can 
be trusted to explore unknown territory. In this section 
we present a number of numerical results which provide 
tests of various aspects of the code. T he 3+ 1 formal ism 
of the Einste in equat ions naturally divides the problem 
into two parts: finding an initia l data set consistent with 
the constraint equations, and then evolving tha t data set 
forward in time . We discuss both aspects of our code 
here . 

TABLE II . Timing results for black hole spacetime evolution. 
tot= 25M on four Cray Y-MP processors. 

Data is for a 400 x 106 grid run 

CPU Elapsed 
time time 
(min) (min) Concurrency 

BiCGStab 95.0 24.2 3.92 

MFLOPS 
773 

Zone 
(cycles/ sec) 

99011 

Memory 

size (MW) 

3.1 
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A. Initial data 

The initial data set is computed by solving the Hamil­

tonian constraint, as described in Sec. II D and in much 

more detail in Refs. [3,5]. In Ref. [3] the convergence of 

the solution as a function of grid resolution is discussed. 

The system is approximated by using second-order accu­

rate finite difference approximations to the resulting el­

liptic equation, and solved using the techniques discussed 

in Sec. IIIB. As discussed in Ref. [3], the convergence was 

of second order in the grid spacing ( coordinate intervals), 

and errors were not very sensitive to the particular solver 

used since the tolerances were set very low. For more de­

tails on convergence rates and error measurements and 

for an analysis of the physical content of the initial data 

please refer to Refs. [3,5]. 

B. Code stability: Diagonal vs general three-metric 

Once initial data have been obtained, one can use 

the evolution equations along with the gauge condi­

tions to solve the full Einstein equations. As is typical 

with hyperbolic systems, however, the numerical solu­

tion is prone to developing instabilities. As discussed in 

Sec. II E 3, an instability associated with the axis of sym­

metry has hampered many efforts to compute axisym­

metric black hole spacetimes. Not surprisingly, the same 

type of instability is present in our code. 

In spherical polar coordinates, the axis of symmetry 

(0 = 0) is the location of a coordinate singularity. Since 

any small errors away from the regularity of the metric 

coefficients are multiplied by powers of (sin0)- 1 , near the 

symmetry axis care must be taken to obtain very accu­

rate solutions in the vicinity of 0 = 0. The first issue 

to resolve is where to place grid zones relative to this 

axis. We have tried two approaches. One is to place grid 

zones so that they straddle the axis, to avoid directly 

calculating sensitive quantities where coordinate singu­

larities exist. The other is to place a zone directly on the 

axis and treat it in a special way, by using l'Hopital's rule 

to derive a regularized set of evolution equations just for 

the axis itself. Separate codes have been developed for 

each of these approaches. In both cases, with a general 

axisymmetric metric, the instability is present. For a de­

tailed discussion of the nature of the instability, its rate 

of growth, propagation across the grid, etc., see [5]. 

The instability is rooted in certain delicate terms in 

the evolution equations that on casual inspection would 

appear to blow up on the symmetry axis. The most 

egregious of these terms appear in the expressions for 

the Ricci tensor (see Appendix A). Although some of 
these terms may blow up individually near the axis, suit­

able combinations will cancel analytically in the limit as 

one approaches the axis so that the evolution equations 
do not actually contain singularities. The difficulty is 

that slight numerical errors will ruin the delicate cancel­
lations. Small errors are divided by terms that vanish 

on the axis, leading to numerical instabilities. The off 

diagonal expressions contain the most damaging of such 

terms in the evolution equations. If we eliminate the off 

diagonal metric function C from the evolution equations, 

many of these terms will disappear. 
In our code we have eliminated the off diagonal three­

metric component C by implementing the shift vector 

discussed in Sec. II E 3. In the code this condition is im­

plemented by assuming C = 0 exactly in the evolution 

equations. If one allows C to evolve, the shift does not 

exactly cancel its evolution. The code is still unstable 

but the time scale for the instability to seriously degrade 

an evolution is shorter. With C = 0 enforced through­

out the evolution the code is stable. If one repeats the 

spherically symmetric runs described above then what 

one finds is a very small, smooth, shift potential which 

has a maximum of order 10- 11 M- 1 near r, = 1.5 and 

0 = 1f / 4. The extrinsic curvature component He is not 

smooth; it shows some erratic behavior near the axis. 

However, this behavior does not grow or propagate, re­

maining at very low levels (10- 9 M- 1 ) even to the end 

of a long (t = 100M) run. Note that with a shift vector 
the code is using spatial derivatives of He in the evolu­

tion equations. If one adds only a very small amount of 

angular dependence to the initial data (say a = 0.001) 

then He evolves normally and the erratic behavior is not 

visible in the solution. 

There are other approaches to solving problems cre­

ated by coordinate singularities. Evans has developed 

a method of "numerical regularization" [30]. Numerical 

regularization is a technique for eliminating instabilities 

caused by the improper finite differencing of variables on 

or near the coordinate singularities in spherical polar or 

cylindrical coordinates. Unfortunately a straightforward 

application of this method does not work for the metric 

components for the simple reason that all of the metric 

functions are either quadratic (A, B, and D) or linear 

( C) in their angular behavior near 0 = 0. For stan­

dard finite difference operators, one can show that the 

angular finite differencing scheme of second order repro­

duces exactly the required (regular) result near the axis. 
Since spatial derivatives of the extrinsic curvature com­

ponents are not present in the evolution equations with 

zero shift these have not been examined. Thornburg [50] 

has also examined irregularities along the symmetry axis 

and develops various regularization techniques that have 

not been tried in this code. 

C. Convergence tests 

The shift vector described in the previous section elim­

inates the axis instability only if the angular resolution is 

kept below about 50 zones. Once this limit is passed the 

code is once again unstable even if run with spherically 

symmetric initial data ( as described above). However one 

can perform convergence tests for resolutions less than 50 

angular zones and for these one gets satisfactory results, 
some of which are outlined in the next two sections. In 

this section we will give a prototypical example and com­
pute the convergence rate for the evolution part of the 

code. 

We compute the convergence rate for our evolution 
code by assuming the true value of some quantity Q0 

differs from the computed value Q via the formula 
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(78) 

where k is some constant independent of the grid spacing 
or time step, t::i..r, is the rad ial grid spacing, and u is the 
convergence rate. In practice this may not be strictly 
true , since k could have some dep endence on grid and 
time step parameters, and Q - Q0 is more generally a 
funct ion of t::i..t and t::i..0. Furthermore the converge rate 
is likely to depend on the actual location of the quantity 
being measured, as different features develop locally in 
these calculations and boundaries may affect the conver ­
gence rate as well. Our calcu lations are performed with 
Ar, = 60 = At in all cases which ma kes the anal ysis 
more straig htforward, but these effects can still compli­
cate the converge nce calculation. 

With these caveats , if one assumes the error term has 
the form given by (78), then one may easi ly compute the 
convergence rate u from the formula 

8ln(Q') 

u = 1 + 8ln(6r,)' 
(79) 

where Q' = 8Q/8!:lr, . Using the above formulas, if we 
run th e code at three different resolutions, we can com­
pu te the convergence rate u for various quantities. As 
our initial da ta and time evolution schemes are formally 
second order (except for Brailovskaya, which is formally 
first order as noted in Sec. III A), we expect to obtain 
convergenc e exponents u near 2 when second-order spa­
tial deriva t ives are used. In practice we have computed 
convergence rates at different locations on the grid , with 
a number of different indicat ors, such as metric functions , 
extracted waveforms, apparent horizon masses, etc . Th e 
convergence results we r eport here were obtained with the 
leap frog evolution scheme coupled with centered, second ­
order spatial derivatives . 

Since it is the metric that is being evolved wit h this 
code , we report convergence rates based on compar isons 
of various metric functio ns. We find that generally th e 
convergence exponent is near the expected value of 2. 
For example , we have run the code for thre e resolu tions 
of (50 x 14), (100 x 27), and (200 x 53) zones and 
compared the radial metric function A at each resolution. 
For geodesic slicing, we obtain u = 2 ( to within about 1 % 
over the entire gr id}, not j ust after a few time ste ps but 
even at late times in the evolution before the slicing hits 
the singular ity at t = 1rM. Th is shows that th e evolut ion 
equations in t he code achieve second- ord er accuracy. 

However , we point out that for maximal slicing the pic­
t ure is more complicate d , probably due to the fact that 
we must solve·a n elliptic equati on for the lapse a, whose 
second derivatives are import ant in the evolution of the 
system. While the maximal slicing equation is coded in 
a second-order manner, formally one loses accuracy wit h 
each derivative of this solution. Therefore althoug h ex it­
self has a second-ord er numerical solution, spat ial deriva ­
tives of ex can be less than second order. We find that 
in t he region of spacetime outs ide the peak th at develops 
we achieve u ~ 2, although inside th is region the results 
are not consistent with this value. (The results can be 
greater than or less than 2, depending on the time slice on 

which the convergence is comp uted .) We note that this 
is the region in which th e laps e ex has essentially frozen 
the evolution, and it is inside the hori zon. Furthermore 
this is a gauge condition, so in principle thi s result does 
not affect physica l results extracted from the simulations, 
such as waveforms and energi es radiated. We find simi­
lar results for othe r metric functions and at other times, 
and conclude tha t our code is second-orde r accurate , at 
least in the region of spacetime where physical results are 
derived. 

D. Evolution: Comparison with Schwarzschild 

At late times, any energetica lly bound black hole 
spacetime with no net angu lar momentum should re­
lax to a single Schwarzschild black hole. Multip le black 
holes will coalesce, and a distorted black hole will con­
verge and eventua lly radiate higher mult ipole disto rtio ns 
away, leaving a spher ical, single black hole spacet ime. 
For these reasons, the single spherical black hole space­
time was stu died in detail before moving on to the ax­
isymmet ric black hole spacet ime considered here. The 
study of the spherical black hole spacetime provid es a 
detailed test bed for the axisymmetric syste m. The ax­
isymmetric black hole calculation must be able to repro­
du ce the spherically symmetric results when given ini­
tial data which is sphericall y symmetric . Furthermore, 
at late t imes in the evolution of a distorted black hole 
the system again becomes Schwarzschild and again this 
spacetime must be accurate ly repr oduced. Fina lly, t he 
one-dime nsional (1D) code provides us with the ability 
to run with large numbers ofradial zones which would be 
impractical with the 2D code. In this way, we are able to 
see how many radial zones are required for accurate evo­
lution of the longitudinal part of th e grav ita tional field 
for a given length of time. 

Low Reso lution Radia l Metric Function A 

80 - 2Dresults / ~, I = IOOM 

- - - IDresults 

60 

< 40 

20 

Or 

0 2 4 6 

'1 

FIG. 3. We show the r adia l metric function A at int ervals 

of IOM for both the ID code (solid lines) and the 2D code 
(dashed lines). T he position of the appar ent horizon at each 

time is shown with a solid circle. The initia l data set was the 

spherically symmetric black hole solution. 100 rad ial zones 
wer e used in both cases. 
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High Reso lution Radial Metric Functio n A 

120! 
- 2DresuHs t = IOOM 
--- IDresuH s 

IOOr 

80 ' 

< 
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•OI 

20 ~ 

t 
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0 2 4 6 

'1 

FIG. 4. We show the radial metric function A at intervals 
of 10M for both the 1D code (solid lines) and the 2D code 
(dashed lines). The position of the apparent horizon is shown 
with a solid circle. The init ial data set was the spherically 
symmetric black hole solution. 200 radial zones were used in 
both cases. 

When the amplitude of the gravitational wave is set 

to zero (a = 0) the solution to the initial -value problem 

is t he Schwarzschi ld three-metric at t = 0 . This initial 

data set can be evolved and checked against the equiva­
len t results from the 1D code. Tes t result s are presented 

in Figs. 3- 6. These results all use the leapfrog evolution 

scheme with second -order spat ial derivative approxima ­

tions for both the 1D and 2D cases. In Figs. 3 and 4 

we show t he behavior of the radial metric function A on 

a number of different time slices for both the 1D and 

2D codes, given spherically symmetric initial data. The 

solid lines show resu lts from the 2D code, while dashed 

lines show resul ts from the 1D code . The 2D result s 
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FIG. 5. We show the lapse function a at intervals of l0M 

for both the 1D code (solid lines) and the 2D code (dashed 
lines). The position of the apparent horizon is shown with a 
solid circle. 100 radial zones were used in both cases. 
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FIG. 6. We show the lapse function a at intervals of l0M 

for both the 1D code (solid lines) and the 2D code (dashed 
lines). The position of the apparent horizon is shown with a 
solid circle. 200 radial zones were used in bot h cases. 

are taken along the equator (0 = 1r/2). Other O= const 

rays are virtually identical. Figure 3 shows resul ts for 

100 radial zones (t:i..71 = 0.06) , while Fig. 4 shows re­

sults for 200 radial zones (t:i..71 = 0.03). Note that there 
is good agreement between the two codes at both high 

and low resolutions, although there are clear differences. 

Furthermore, the 2D data remain essentially spherically 

symmetr ic throughout the evolution, as it should (but 
see remarks below) . In Figs. 5 and 6 we show the evo­

lution of the maximal la pse function for the same runs. 

We have plotted the position of the apparent horizon on 

each line with a solid circle. The horizon has been located 

with an apparent horizon finder based on th e method of 

Cook and York [17), described in detail in Refs. [3,19). (A 
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FIG. 7. We show the radial metric function A at various 
resolutions for the 1D code, from 100 radial zones (Ll.17 = 0.06) 
to 1000 radial zones (Ll.r7 = 0.006). Each graph is taken at 
t = 60M. As the number of radial zones is increased toward 
1000, the solution is converging to a very sharp peak. 
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full account of the dynamics of the apparent horizon for 
highly distorted black holes is given in Ref. [19].) Notice 
that the lapse quickly drops to very near zero inside the 
horizon, rising rapidly to a nearly constant value outside 
the horizon. 

While there is good agreement between the 1D code 
and the 2D code at a given resolution, one can see that 
there is a noticeable difference between the results at the 
two different resolutions. There is agreement up to about 
30M, but afterward the low resolution cannot maintain 
the steepening profile present in the high resolution case. 
For comparison, a series of 1D runs for the radial metric 
function A at 60M are shown for different resolutions in 
Fig. 6. This work is detailed extensively in Refs. [5,14]. 
Here we provide it for reference so that one may see the 
resolution required for an accurate solution to the longi­
tudinal part of the Einstein equations at late times (say, 
to t = 100M). Clearly, 200 radial zones is already unable 
to accurately resolve this peak by 60M. Beyond this time 
the longitudinal part of the field loses accuracy, and this 
can be interpreted as a change in the mass of the system, 
as noted in Ref. [4]. 

For truly accurate longitudinal evolution through t = 
100M, one can see that at least 1000 equally spaced 
radial zones are required, if second-order spatial differ­
encing is used. Significantly more accurate results can 
be obtained if fourth-order spatial differencing is used, 
but, such a scheme breaks down when large gradients 
develop. We have experimented with fourth-order deriva­
tives, and find that they work very well until gradients 
in the lapse and the radial metric function A become 
too large. The result is an instability, typically devel­
oping well before 100M, depending on various computa­
tional parameters. A more sophisticated treatment al­
lowing lower order derivatives in the region where large 
gradients develop might work, but has not yet been tried 
in our code. 

The problems associated with the peak in the radial 
metric function A result from several factors. First, our 
choice of maximal time slicing causes very steep radial 
gradients in both the lapse function a and the radial 
metric function A. As these gradients increase during the 
evolution, the number of grid zones required to compute 
accurate derivatives of these functions also increases. Re­

gardless of the number of grid zones present, at some 
time during the evolution the gradients will become steep 
enough that numerical derivatives will lose accuracy. An 
adaptive grid which would automatically add zones where 
required would be useful here, but we have not explored 
this technique yet. Another lapse can be chosen so that 
more gentle gradients are present. Bernstein [5] has stud­
ied many such algebraic slicing conditions that are similar 
in many ways to maximal slicing in the 1D case. Finally, 
an apparent horizon boundary condition that keeps the 
radial metric function A from growing can prevent this 
peak from developing altogether, but a full 2D imple­
mentation of this condition has yet to be fully developed 
[31,50]. 

We note that the 2D system evolved here is not truly 
spherical, although it appears very nearly so when ana­
lyzing different angular slices of the metric functions such 

as g.,.,. Our 2D gauge choice has not been altered for this 
test, so that both the fJ'I and (38 components of the shift 
are present, as is the off diagonal component of the ex­
trinsic curvature K.,e. These functions are not present 
in the 1D code, and in fact only the /3'1 shift is allowed 
in strict spherical symmetry. During the evolution these 
extra functions do remain small, although they do not 
vanish. They are required to maintain the stability of the 
evolution along the axis. If the shift is not used to main­
tain the diagonal three-metric condition, even spherical 
initial data will develop the axis instability, as described 
in Sec. IV B. However, when the shift is used to maintain 
this condition, the spherical evolution results of the 1D 
code can be very well reproduced with the 2D code. 

E. Waveforms 

Another major test of the code is provided by the dy­
namical evolution of a distorted black hole spacetime. As 
shown in Ref. [3] the initial data of the black hole plus 
gravitational wave spacetime can be chosen to p..-oduce a 
highly distorted black hole with smaller amplitudes pro­
ducing smaller distortions. The evolution of the high am­
plitude data sets will be a major focus of future research. 
Provided that the amplitude of the initial wave is low 
enough, the spacetime should be accurately described by 
black hole perturbation theory. Such data sets have been 
considered in detail in Ref. [4] where perturbation theory 
was used to analyze the evolution. In that paper it was 
reported that our gauge choices and numerical methods 
result in a stable evolution, and in all cases studied the 
normal modes of the black hole were excited, dominat­
ing the late time gauge-invariant gravitational waveform. 
Careful comparisons were made to both the wavelength 
and damping time expected for a black hole of a given 
mass oscillating at its quasinormal mode frequency, and 
to the actual evolution of the linearized Einstein equa­
tions (the Zerilli equation [4]). The agreement between 
our code results and these tests was generally within a 
few percent, and small discrepancies arising from both 
code errors and physical, nonlinear effects were analyzed 
in detail. For a discussion of the physics of these calcu­
lations, we refer the interested reader to Ref. [4]. 

Here we provide a comparison of the various algorithms 
discussed in Sec. III above, and their effect on the wave­
forms extracted from the numerical evolution. In Sec. III 
we discussed three different methods used to evolve 
the Einstein equations forward in time, the leapfrog, 
Brailovskaya, and MacCormack methods. As shown in 
Ref. [14] all three of these methods performed well in 
spherical symmetry, although the Brailovskaya and Mac­
Cormack predictor-corrector methods had a slight advan­
tage over leapfrog. However in the axisymmetric space­
times, where gravitational waves are present, we find that 
the leapfrog method is best able to reproduce the known 

quasinormal mode frequencies of a perturbed black hole. 
Figures 8(a) and 8(b) compare the f. = 2 waveform ex­

tracted from the same low amplitude spacetime evolved 
with three different evolution schemes. The waveform 
is measured over a shell of proper area 4'1T(15M)2 [this 
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shell is located at 1/ = 3.4 or about r = 15m , us­
ing (7), in the low amplitude spacetimes ). The meth­
ods are leapfrog, Brailovskaya, and MacCormack, each 
using second-order , centered spatial derivatives. Dif­
ferences between the Brailovskaya and MacCormack 
method and the leapfrog method are then plotted, to 
bring out the differences between the methods. The 
leapfrog and MacCormack methods give similar results, 
but the Brailovskaya method clearly shows some widen ­
ing and dissipation in the waveform at later times . T his 
same effect has been noted in Ref. [41) in studies of self­
gravitating scalar fields, and it can also be seen in simp le 
studies of the flat-space scalar wave equation in 1D. 

In Fig. 9 we show the waveform obtain ed with the 
leapfrog method plotted against a fit to t he quasinor­
mal modes of the black hole, known from perturbation 
theory (51). This fit to the waveform is determined by ad-
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FIG . 8. (a) This figure shows the waveforms obtained for 
the spacetime (amplitude = O.l, range=O, width=l) measured 
over r = 15m for the three evolution schemes. The grid reso­
lution used was (200 x 53). (b) This figure shows the differ­
ences in the l = 2 waveform for the same run. The leapfrog is 
the standard by which the other are measured. Tli.e difference 
between the leapfrog and the MacCormack is the solid line, 
and the difference between the leapfrog and the Brailovskaya 
is the dashed line. Th e leapfrog and MacCormack give similar 
results , while the Brailovskaya is more dispersive. 
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FIG. 9. This figure shows the l = 2 waveform against the 
least squares fit to the two lowest l = 2 quasinormal modes 
of the black hole for the leapfrog scheme from the last figure. 
The fit was done over th e range t = 25M tot = SOM. At late 
times the numerically computed waveform becomes slightly 
longer for reasons discussed in the text. 

justing the phase and amplitude of t he two lowest-lying 
(fundamental and first overtone) quasinormal modes for 
an l = 2 perturbation. T he compari son is excellent ex­
cept for the slight increase in wavelength at late times. 
This would be consistent with an apparent increase in 
mass of the hole which would be due to an error in com­
put ing the longitudinal part of the field. This error has 
been documented in Refs. [4,5) and has been discussed in 
Sec. III A. We know that the background is significantly 
more accurate if computed with the fourth-order spatial 
der ivativ es for t less than abo ut 70M . After this t he 
fourth -order solution s beco me unstable and break down 
(at 200 radial zone resolution ). We have also found that 
the waveform computed from the spacetime using th e 
fourth-order spatia l derivativ es shows a smal ler increase 
in wavelength at late times. Thi s influence of the lon­
gitudi nal part of the field on the waveform is also seen , 

and is stronger, in the l = 4 mode. 
Figure 1 shows a comparison of the same waveform 

when the resolution is doub led in both the radial and an­

gular directions . The l = 2 modes match up reasonably 
well for times less than about t = 50M after which th e 
low resolution signal shows a series of small growing os­
cillations . The same effect is seen more st rongly in t he 
l = 4 mode. An explanation for this is that the out­
going radiation is scatte ring off the increasingly coarse 
grid at large 11; some of the radiation is propagating in­
ward from a region outsider = 15m (about r, = 3.4) and 
this is causing a signal at the r = 15m detector. This has 
been confirmed by timing the arrival of the oscillations at 
different detectors in the spacetime. Recall (Sec. II E 1) 
that because of the increase in proper length of the zones 
ther e is a limit at which radiation will no longer prop­
agate well on the grid. Wh en a wave enters this region 
it is well known that some of it will be reflected ba ck. 
From Fig. 1 it appears that the r = 15M detector be-
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gins to receive this radiation at about t = 50M on the 
100 x 27 grid. If the radiation initially is emitted near 
r = 2M then this suggests that the backscattering lo­
cation is in the neighborhood of r = 34M or T/ = 4.2. 
At this location the number of grid points which would 
span a wave of wavelength 17 M is about 9 on the 100 x 27 
grid. This would indicate that in the number of zones per 
wavelength n discussed in Sec. II E 1 should be at least 
10 at this grid spacing, dTJ = 0.06. Using this figure 
we see that on the 200 x 53 grid the radiation will be­
gin to backscatter near r = 56m and so this radiation 
will not begin to affect the r = 15m detector until about 
t = 94M, well after the calculation was stopped. 

F. Energies 

Another measure of the accuracy of the code is the 
consistency and conservation of various indicators of the 
mass of a black hole. The total ADM mass of the system 
can be written as [4] 

MADM = --v2m e"I - - - sm0d0. 1 ~ /2111" (8\J! 'if!) . 
2 0 8TJ 2 

(80) 

Note that in practice this quantity can only be computed 
at a finite radius (at the edge of our grid), and because we 
choose to make the conformal factor 'iJ! fixed in time, this 
quantity does not change with time. However it does give 
us the mass of the spacetime for comparison with other 
measures, such as the mass of the apparent horizon. 

As described in Refs. [4,7] we have developed an ap­
parent horizon finder and various methods for comput­
ing energy fluxes of gravitational waves emitted by the 
system, including integrating the Zerilli function 'ljJ dis­
cussed in the previous section and the Newman-Penrose 
Weyl scalar 'iJ! 4. These measures provide useful ways to 
check the accuracy of the code, as well as a means of 
extracting important physics from the simulations. 

One useful quantity to monitor is the mass of the ap­
parent horizon of the black hole as a function of time. 
For a dynamical black hole, we expect this mass function 
to increase as gravitational waves fall into the back hole, 
and then settle down to a value less than the ADM mass 
of the spacetime. This quantity has been reported in de­
tail elsewhere [20], where it was shown that the apparent 
horizon mass increases and levels off to a level equal to 
the final mass of the black hole, but then begins to creep 
up rapidly at late times ( after t > 50M) as the peak in 
the radial metric function becomes too steep to resolve 
accurately. The error in this sensitive measure of the 
black hole mass can exceed 50% at late times, depending 
on the resolution. 

The measurements of the ADM mass and apparent 
horizon mass also provide a good "accounting" test of 
the code, as we can measure the energy leaving the black 
hole through some two-sphere outside the horizon. As 
the ADM mass represents the total mass of the space­
time, and the apparent horizon mass at late times (but 
before the artificial growth due to the effect discussed 
above) measures the final mass of the black hole, in prin-

ciple the energy flux of gravitational waves away from 
the black hole should make up the difference. Indeed, 
we are able to make these measurments with satisfactory 
results. For a typical simulation with run parameters 

(a,TJ0 ,w,n) = (1.5,1.0,1.0,4), we find MADM = 2.75 is the 
total mass of the spacetime and MAH = 2.45 is the ap­
proximate final mass of the black hole. As a check on 
the consistency of the final mass of the black hole we can 
perform a fit of known quasinormal waveforms, using the 
mass as a fitting parameter, to the extracted waveform 
obtained numerically. In this case we obtain a good fit for 
Mhole = 2.5, which is within a few percent of the horizon 
mass MAH· Finally, we find that three different mea­
sures of the radiated energy, using the Zerilli function, 
the Newman-Penrose function 'iJ!4 , and the Bel-Robinson 
Poynting vector [7] agree well with each other, producing 
a total energy output E,ad = 0.22. The overall account­
ing of the energies in the system is accurate to within less 
than 5%, and the largest uncertainty is in the final mass 
of the black hole. These figures are typical over a wide 
range of data sets. 

V. SUMMARY AND FUTURE APPLICATIONS 

We have presented a method for evolving axisymmetric 
black hole spacetimes with a numerical computer code. 
This code was built after extensive study of a spherically 
symmetric code designed to evolve the Schwarzschild ge­
ometry, and a number of comparisons have been made 
with results from that code. We have further tested the 
axisymmetric code for stability and accuracy under non­
spherical conditions. 

In a series of papers we will use this numerical code 
to explore the physics of axisymmetric black hole space­
times, and as a tool to test results from 3D black hole 
codes now under development. Future applications of 
this code include (i) an extensive survey of possible can­
didates for tracking gravitational waves in both the linear 
and nonlinear regimes. This will include an analysis of 
the radiation extraction techniques developed by Abra­
hams and Evans to extract gravitational waves in the 
linear regime, as well as a number of nonlinear measures 
of gravitational waves, using the Newman-Penrose de­
composition of the field, the Bel-Robinson tensor, the 
York tensor, and others. (ii) A detailed study of the dy­
namics of black hole apparent and event horizons (see, 
e.g., [20,52].) (iii) An exploration of the nonlinear col­
lision of a gravitational wave with a single black hole. 
Here we will be interested in exploring in detail the non­
linear aspects of the interaction between black holes and 
gravitational waves. This will be a necessary step in the 
development of the project toward (iv) the collision of 
two black holes [19], and (v) full, 3D numerical relativ­
ity. We have also begun to consider (vi) rotating holes, 
that can be treated by modifying the present scheme to 
include the additional metric components required when 
rotation is present. 
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APPEND IX A: THE COMPLETE SET OF 
EINSTEIN EQUAT IONS 

This appendix presents the "3+ 1" form of the Einstein 
equations used in our code. All the equations are writ­
ten explicitly in terms of the kinematic and dynam ical 
variables and their partial derivatives with respect to the 

The most general three-metric for an axisymmetric 
nonrotating system is given by 

( 

a,p4 c,p4 

1ij = 1P4 1'ij = C '1/;4 b '1/;4 

0 0 

and the most general extrin sic cur vature ten sor is 

4 ' 4 4 

(

Ha.1/J
4 

Hc'I/J
4 

0 ) 
Ki;='I/J Ki; = Hc1/J Hb'I/J O . 

0 0 Hd '1/;4 sin 2 0 

The kinematic variables include the lapse function a and 
t he shift vector with two nonzero components: 

With the addition of the notation 

8 = ab - c2 

th e intrinsic Ricci curvature tenso r for the three ­
dimensional spacelike hype rsurfaces is determined from 
the three-metric and has t he nonz .ero components 

2a 2 ; cot0 2ac~ cot0 a~ cot0 

R,,.,, = - o 'If; + o 'If; + o 

8
" c cot 0 

8"' a 8
" cot0 80 

2 a2 a2,i, 
~ 

2a 2 (;)2 4ac~!fi!; 

8 'lf;2 + 0 ,p2 

0
2

,i, 8
2

1/J .!t± 
2 a b a;;,- 2 a;;,- 4 a c 8 .,,80 

o'I/J - T + o'I/J 

ab8d ~ 
8"' 8.,, 

8 d,p 

a 2 ~ C ft!£_ 
80 8r, 

82 'If; 

28 

a 8c 8d 8a C 8d 8a 8d 8
3 

d ( 8d )2 C 8c 8d 
+ 0.,, 00 _ 0.,, 80 _ a 89 89 _ 0.,,2 + a.,, _ a.,, a.,, 

2 o d 4 8 d 4 o d 2 d 4 d 2 2 8 d 

8a 8d 8a b 8d 8
2

c 8
2
b 8 2 a ac 9,s. 8c 

+ 80 c a.,, + a.,, 0.,, + a 0.,,09 _ a lhi' _ a 7fii'F + 0.,, 80 

4 o d 4 8 d 8 2 8 2 8 82 

28 
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li 
4 ab 8"86 

+ 01/J 
2b 8c !bf,. 

F.i 8'1 

+ o'I/J 

~ cot() 
8'1 

2d 

a 8b 8d 8
3 

d 8b C 8d 8a b 8d 8c 8c 8a 8c 
+ 8'1 86 _ 8JJ86 _ 8" 8'1 + 86 8'1 _ 8'1 86 + 88 88 

4od 2d 4od 4od o 2o 
83 c 8b 8c 8 3 b 8 2

0 8a 8b 8a 8b 
+ C F,j'lfij + F,j F,j _ F,j> C _ 'lfij'f C _ F,j 89 + 88 F,j 

o 20 20 2 0 4o 4o 
ab 8c 8 c 

8JJ 88 

80 c cot() a 8
b cot0 

86 + - 8_'1 __ 

20 20 

2 bc~ 

o'I/J 

_ 2 ab ~ cot 0 2 b c ~ cot 8 :: cot 0 c 8 c cot() ~ c cot 0 a ~ cot() 

Re9 -- 01/J + o'I/J d 
86

0 + 2o + 2o 

2 ab 
8

'"' 2 ~ 2 ab ( !bP.)2 6 (!bP.)2 4b c !bf,_ !bf,_ ab 8 d !bP. 
_ ~ _ _flfL _ 86 + __J]p__ + 8" 86 80 86 

o'I/J 1/J o'I/J2 1/12 o1/J2 od'I/J 
b C 8d !bf,_ 

+ 8'1 89 

od'ljJ 

2 a b2 8c !bf,_ 
+ &,j 86 

£21/J 

b li 
4 C 8"89 

+ 0 'Ip 

2 8a b !bf,. 
89 89 

o'I/J 

80 b3 !bf,_ 8 3 d (8d)2 8c 8d 8b 8d 8b 8d 
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2
c b 8

2
b 8 3 0 b 
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88 86 

2c52 
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R,p¢ 4 ad ~ cot 0 4 c d ~ cot 0 
-si_n_2_0= --- 8~1/;~--+--8 -1/;- -

8d 0 ~ t0 a 
89 

cot c 8,,, co 

8 + 8 

8
"' d cot 0 86 

8 

ac Bed cot0 89 

ab fl£ d cot0 a &b cd cot 0 
+ 8 '1 - ~--'-~ - -

8"' b c d cot 0 a2 8b d cot 0 a Ba b d cot 0 8,,, a6 a6 
82 2 82 28 2 + 28 2 +~~ 2-82--

2a d (!bi!.)2 4 cd !bl!.~ 
_ 86+ 8,,, 
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81/; 
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8d) 2 Bd Bd Ba 8d 8c 8d a b 8c 8d a 8b C Bd 

+ a 86 _ c 811 a6 _ 86 86 _ a c 89 89 + a11 £Jo ~ 86 

4 8 d 2 8 d 2 8 2 82 2 82 4 82 

Ba b C 8d 2 fJb {Jd £Jo. b lJd b 8 2 d C 8
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2 8 282 28 2 48 2 482 48 2 48 2 + --r· 
Th e Ham ilto nian const rain t writ ten explicitly in terms of the extri nsic and int r insic curvature components is 

R,p,p 2R,,oc R,,.,,a Reeb 2 H;_ 4c H d H c 2 H aHb 2a H d H b 2b H dHa 

O = d1/;4sin2 0 - -W + 81/;4 + 81/J4 - -8- - 8d + 8 + 8d + 8d 

Exp licitly eva luat ing t he curvature scalar R of the 3D hypersurfaces yields 

8 a ~ cot 0 8 c ~ cot 0 2 a ~ cot 0 2 c ~ cot 0 

o = - 81/;5 + 81/;5 8dTP4 + 8d1/;4 

2 ~ cot0 ao 
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8,, 
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and the two components of the momentum constraint become, for H 1 = 0, 

and, for H 2 = 0, 

8bH ~ 8ab 2 H ~ 4 cH ~ 
c 8~ c 8~ b 8~ 

-f,-1/)--'- + f,21/) + f, 1P 

4ab cHi, ~ 2a 2 bHb ~ 6bH 0 ~ 

f,21/) + f,21/) + f, 1P 

2ab 2 H ~ 
Q 8~ 

3ab ~ Ha 
f,2 
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The evolution equations for the conformal three-me tr ic components are given as follows. The metric evolut ion for 

1'11 = a: 

8a 4 a {38 fJ'ljJ 4 a {3'1 IN 8{38 8a 8 8{3'1 8a ,, 
- = - 2cxH + - - -- +-- -+ 2 - c+-{3 +2a-+ - {3. 
8t 

O 

1/J 80 'ljJ 817 811 88 811 811 
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The metric evolution for -y22 = b: 

ob 4 b p8 &,p 4 b /311 O'lp 8{311 ap8 ob ob 
8t = - 2 0:Hb + T 89 + T Of/ + 2 89 c + 2 b 89 + 89 p8 + Of/ {311. 

The metric evolution for ')'12 = c: 
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11 
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8t c t/J 89 t/J 817 89 017 89 Of/ 817 89 

The metric evolution for -y33 = d: 
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Finally the equations that govern the evolution of the extrinsic curvature components are the metric evolution for 

Kn = Ha: 
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The metri c evolution for K12 = He: 
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