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I. INTRODUCTIONThe study of black holes and their interactions is of great importance to physicsand astronomy. To the physicist black holes represent a rich laboratory for explor-ing general relativity. Dynamic spacetimes containing black holes will generally havestrong time dependent gravitational �elds, complicated horizon structures, and grav-itational waves. To the astronomer the formation [1] or collision [2] of black holesmay provide one of the strongest sources of gravitational waves. Coalescing blackhole binary systems will emit radiation as the orbit decays; eventually the black holeswill plunge together emitting a burst of gravitational waves. Radiation from such sys-tems should be observable by LIGO [3]. Unfortunately, due to the complex nonlinearstructure of Einstein's equations, no general analytic techniques are available for ob-taining strong-�eld, highly dynamical solutions in the absence of spatial symmetries.In such situations, the only recourse is numerical solution of the Einstein equations.In this study we employ the so-called 3+1 formalism developed by Arnowitt, Deser,and Misner[4] as a practical method for computer simulations of realistic relativisticsystems.We have recently developed an accurate, two-dimensional numerical relativitycode which solves the fully non-linear vacuum Einstein equations. This code is de-signed to compute axisymmetric spacetimes consisting of black holes and gravitationalwaves. To verify results, two completely independent codes that can be cross checkedhave been written (here we simply refer to them as \the code"). The code has beenthoroughly tested against results from a one dimensional code designed to evolvespherically symmetric spacetimes, and it has also been tested for accuracy and sta-bility in nonspherical spacetimes. The code has also been written in such a way thatdi�erent spatial gauges,time slicing conditions, and numerical evolution schemes can easily be imple-mented. These features and tests are described in detail in Ref. [5].In this paper we present an application of this numerical code to a spacetimeconsisting of a single black hole with a low amplitude gravitational wave present.The criterion by which we de�ne the amplitude of the wave is that the mass ofthe system measured by the area of the apparent horizon on the initial time sliceis typically within about 10% of the mass measured far from the black hole. Thisde�nition will be made more precise in Sec. IV. In this regime the gravitational waveis not necessarily considered to be anegligible perturbation on the black hole, but it is small enough that one wouldexpect the evolution of the spacetime to be dominated by the black hole. One of theaims of the present paper is to examine the range of validity of black hole perturbationtheory and to begin to explore the regime where nonlinear e�ects are seen. For certainsu�ciently large perturbations of a single black hole, we expect the evolution toresemble the late stages of a two black hole spacetime after coalescence has occurred.Problems involving large amplitude waves, which may contain signi�cantly more massthan the black hole alone, as well as simulations of two black holes, will be considered2



in future papers.In what follows we discuss the code and its application to black hole-gravitationalwave interactions. In Sec.II we brie
y summarize the relevant mathematical andcomputational aspects of the code. A discussion of the gauge-invariant extractionmethod used for calculating waveforms and for code diagnostics then follows in Sec.III.The results from numerical simulations of black hole-gravitational wave interactionsare presented in Sec.IVwhich is divided into the following subsections: Sec.IVAwhichconsiders low amplitude perturbations and quasi-normal mode stimulation, Sec.IVBwhich presents a stringent code test where the full two-dimensional nonlinear codeis compared with perturbation theory, and Sec.IVC which discusses some results inthe regime where the initial gravitational wave has a moderate amplitude, so thatnonperturbative e�ects begin to appear. In Sec.V we summarize our results anddiscuss future work to be done with this code.Finally, we provide some details of the waveform extraction method in the Ap-pendix. II. CODE SUMMARYHere we summarize the equations solved and the methods used in the calcula-tions. Our code describes an axisymmetric, nonrotating, equatorial plane symmetricspacetime with the metric written asg�� = 0BBB@��2 + �i�i ���� 0����0 	40B@AC 0C B 00 0 D sin2 �1CA1CCCA (1)where A;B;C;D;�; ��; and �� are functions of our coordinates �; �; and t (	 is afunction of � and � only). We use Greek indices to label 4-dimensional objects andlatin indices to label 3-dimensional objects on a given spacelike slice. We use unitssuch that G = c = 1 with m our unit of length (time). Here � is a logarithmicradial coordinate, chosen so that � = 0 labels the position of the isometry surface (orthroat) of the black hole, � is the usual angular polar coordinate, and the spacetimeis independent of the azimuthal coordinate � (there is an axial Killing vector @=@�).We write the extrinsic curvature in conformal formKab = 	4K̂ab; (2)The conformal extrinsic curvature takes the formK̂ab = 0B@HaHc 0Hc Hb 00 0 Hd sin2 �1CA ; (3)and the 3-metric 
ab is given by 3




ab = 	40B@AC 0C B 00 0 D sin2 �1CA : (4)The 3-metric components A;B;C, and D, and their corresponding extrinsic curvaturecomponents are evolved according to the 3+1 Einstein equations:@t
ab = �2�Kab +Da�b +Db�a; (5)and@tKab = �DaDb�+� [Rab + (trK)Kab � 2KacKcb] + �cDcKab +KacDb�c+KcbDa�c;(6)where Da is the three dimensional covariant derivative on a spacelike slice and Rab isthe three dimensional Ricci tensor on that slice. These equations are expanded outinto coordinate-component form and solved as described in Ref [5].Due to the coordinate invariance of the Einstein equations, the lapse � and theshift vector �a can be chosen arbitrarily as these quantities are related to our choiceof the spatial and time coordinates. For this work, the shift vector �a is chosen sothat the o� diagonal component C of the three metric vanishes. This has been foundto be crucial in maintaining stability on the symmetry axis de�ned by � = 0. Thelapse � is determined by using the maximal slicing conditiontrK = 0: (7)As described in Ref. [5], our spacetime consists of an Einstein-Rosen bridge [6]connecting two asymptotically 
at sheets. We impose an isometry between the twosheets of the black hole spacetime which yields boundary conditions at the throat(� = 0). Boundary conditions on the symmetry axis (� = 0) and on the equator(� = �=2) are determined by symmetry. For the results presented in this paper wehave placed the outer boundary far enough from the black hole that gravitationalwaves do not reach the edge of the grid. Since at large distances from the black holeour radial coordinate � is logarithmic in the Schwarzschild radius, this procedure isnot expensive in terms of computational resources. However, as we will discuss later,it causes some problems with wave propagation at large radii. We have recentlyexperimented with an outgoing wave condition which allows us to move the outerboundary in closer to the black hole. This condition, which improves the late timebehavior of the code, will be discussed in a future paper.Initial data are obtained by assuming a three metric of the form:ds2 = 	4 he2q(d�2 + d�2) + sin2 �d�2i ; (8)where the function q(�; �) must satisfy certain boundary conditions, but is otherwisearbitrary. This form of the three metric was originally considered by Brill [7] in his4



study of time symmetric gravitational waves. In our case, for q = 0, the hamiltonianconstraint equation for 	 has a Schwarzschild solution (in isotropic coordinates), andfor q nonzero the solution corresponds to the superposition of a gravitational waveand a single black hole. To facilitate calculation of initial data, we assume time-symmetry, Kab = 0, and solve only the hamiltonian constraint. We choose to takeq(�; �) in the form:q = Af(�) exp "��� + �0� �2#+ exp "��� � �0� �2#! : (9)The function q has three independent parameters A; �0, and � which specify itsamplitude, range, and width. Its angular dependence is given by the function f; whichwe usually choose to be sinn�, where n is some even integer. For a full discussion ofcode coordinate conditions, boundary conditions and evolution schemes see Ref [5].Given initial data representable by the parameters f(�); A; �0, and �, the evolu-tion equations, coupled with our choice of lapse � and shift vector �i, are used toadvance the system forward in time. Our code has been written so that the numericalevolution scheme can be easily switched between the MacCormack, Brailovskaya, andextrapolated leapfrog schemes [5]. The results in this paper are obtained from theleapfrog scheme. III. WAVEFORM EXTRACTIONA general problem associated with the extraction of physically relevant informa-tion in numerical relativity is that the dynamical variables employed in computer sim-ulations are generally tensor components, which are coordinate dependent, whereasone is primarily interested in calculating physically meaningful quantities such as thegravitational wave amplitudes h+ and h� or the total energy radiated by the sys-tem. A further complication arises because one wishes to consider the full nonlinearevolution of the Einstein equations for strongly relativistic problems, yet the theoryof gravitational radiation is best understood in the context of linear perturbationsof Minkowski space. One needs to identify quantities computed from the evolvedmetric functions at �nite radii with solutions for linearized gravitational waves in theradiation zone.The problem of radiation \extraction" has been treated in number of ways in paststudies. One approach to extract gravitational wave information, developed by Smarr[2], involved the calculation of a frequency averaged Bel-Robinson vector. This wasmotivated by its formal similarity with the Poynting vector of electromagnetism. Wewill attempt to evaluate the e�cacy of the Bel-Robinson vector and other curvaturebased quantities as radiation indicators in a future paper. Other possible techniqueshave been proposed but not explored in detail in full general relativistic simulations.Schutz [8] derived a method for calculating the quadrupole moment from projectionsof Riemann tensor components in the near-zone. Anderson and Hobill [9] found a pos-sible technique for matching an analytic solution on null cones to an interior numerical5



solution on spacelike slices enabling calculation of the Bondi \news" function. Oneof the most practically useful advances [10] was the construction of metric variablesin certain spatial gauges (quasi-isotropic and radial) which asymptotically approachthe gravitational wave quantities h+ and h�. Unfortunately, it is not always possibleto devise useful radiative variables for all gauge choices. Also, by themselves, theradiative variables are not adequate for radiation extraction in many circumstances;due to the �nite spatial extent of the numerical grid these variables always containnear-zone information and gauge e�ects.In this work we will use a gauge-invariant waveform extraction technique that can,in principle, be applied to any spacetime with a isolated wave source. The methodused in this paper, a slight variant of one of the techniques detailed by Abrahamsand Evans [11], makes use of the fact that the spacetime surrounding a perturbedstar or black hole is basically spherical. If the energy carried by the gravitationalwaves is small compared with the mass of the star or black hole, as will usually bethe case, the radiating system can be considered as one where gravitational waveperturbations are propagating on a spherical spacetime background. Thus, while thenumerical code evolves the fully nonlinear spacetime, when extracting informationfrom the numerically generated metric we may examine the system from the pointof view of perturbation theory of spherical spacetimes [12]. This perturbation theorycan be applied to any spacetime dominated by a static monopole moment, whether itis a vacuum spacetime or one containing matter. It is, of course, necessary to performthe waveform extraction in a vacuum region of the spacetime. In the present case theentire spacetime is in vacuum.We assume that the numerically calculated spacetime metric can be split asg�� =og�� +h��; (10)where og�� is spherically symmetric and diagonal:og��= 0BBB@�N2 0 0 00 A2 0 00 0 R2 00 0 0 R2sin2�1CCCA (11)with N = N(t; r), A = A(t; r), and R = R(t; r), and where t and r are the time andradial coordinates. (Here r may be any radial coordinate.) The most general sphericalbackground metric would have a nonzero ogtr component. Although such a shift vectoris present in our gauge, this term vanishes for a spherically symmetric spacetime; anycontribution to this term is considered a nonspherical perturbation from the point ofview of the waveform extraction method. In principle spherical contributions to thisthis term can be included as well. We assume that we are dealing with axisymmetric,non-rotating, systems which leads to a general even-parity metric perturbation tensorof the form: 6



h�� = 0BBBB@N2H0Y`0 H1Y`0 h0Y`0;� 0H1Y`0 A2H2Y`0 h1Y`0;� 0h0Y`0;� h1Y`0;� R2 �K +G @2@�2� Y`0 00 0 0 R2 �Ksin2� +Gsin�cos� @@��Y`01CCCCA(12)where the Regge-Wheeler perturbation functions (H0;H1;H2; h0; h1;K;G) are allfunctions of the radial and time coordinates (r; t) only, and the Y`0 = Y`0(�) arethe usual spherical harmonic functions of order `;m, with m = 0. For this studyof even-parity radiation, we are restricted to even values of l by equatorial planesymmetry.Our �rst step will be to extract from the numerically generated metric g�� the per-turbed metric quantities (H0;H1;H2; h0; h1;K;G), as these represent the nonsphericalpart of the metric, and hence contain all the information on any gravitational wavespresent in the system. This extraction is done by projecting the full numerical met-ric onto the perturbed metric by performing integrals over a coordinate two-spheresurrounding the source. The precise prescription will be given in the Appendix. Asthese are metric quantities, dependent on gauge choice, they do not directly yield theactual wave perturbation of the spherical spacetime. However, following the work ofMoncrief and Gerlach and Sengupta [12], we can construct quantities from linear com-binations of these metric coe�cients and their derivatives which are gauge-invariantin the sense that they are invariant under general in�nitesimal coordinate transfor-mations which leave the background coordinate system �xed. In the case where thebackground coordinate system is Schwarzschild, this construction of gauge-invariantquantities immediately gives a function  which obeys the Zerilli equation describingthe propagation of even-parity gravitational waves on a Schwarzschild background. Ifthe background coordinate system is time dependent (e.g., a spherical vacuum space-time sliced in an arbitrary way), generalizations of the Zerilli function and Zerilli waveequation can be found. However, in our numerical code, the coordinate conditionsare such that the spherical part of the metric closely approximates the Schwarzschildmetric in the region where the waveform extraction is done. (See Sec. IVB). In theanalysis that follows we assume a static Schwarzschild background metric. In thiscase the areal radius R(t; r) in Eq. (11) and (12) is the same as the radial coordinater, easily calculated from the code coordinates. The full set of gauge-invariant pertur-bation equations on a general time dependent spherical background have also beenworked out but will not be presented here. See Gerlach and Sengupta or Seidel [12]for details.The Zerilli function  can be de�ned in the following way: Once the Regge-Wheeler perturbation functions (H0;H1;H2; h0; h1;K;G) have been extracted fromthe metric (see the Appendix) one follows Moncrief [12] and de�nes the followingquantities: 7



k1 � K + SrG;r�2Sr h1; (13)k2 � H22S � 12S 12 @@r �rS� 12K� ; (14)where S = 1 � 2M=r. Then the quantity de�ned by �vuut2(` � 1)(` + 2)`(` + 1) (4rS2k2 + `(` + 1)rk1)� ; (15)where � � �`(` + 1) � 2 + 6Mr � (16)satis�es the Zerilli equation, valid for any ` value, which is@2@t2 � @2@r2� + VZ(r) = 0: (17)The gravitational scattering potential isVZ(r) = �1 � 2Mr � 1�2  72M3r5 � 12Mr3 (` � 1)(` + 2)�1� 3Mr �!+ `(` � 1)(` + 2)(` + 1)r2� ! ;(18)and r� is the tortoise coordinate de�ned by r� = r + 2M ln (r=2M � 1), t is theSchwarzschild time coordinate, and r is the areal radius. With our choice of normal-ization given by Eq. (15), the asymptotic energy 
ux carried by the gravitationalwave is given by dEdt = 132�  @ @t !2 (19)for all ` modes. With this scaling, one can compare plots of  for di�erent runs anddi�erent ` modes and see directly the relative strengths of the signals.The function  is the fundamental radiative quantity that can be extracted fromthe numerically generated metric g��. It represents the generally small wave-like partof the metric, separated from the numerically dominant roughly static mass monopolepart, that will be radiative at large radii. In addition to providing a clear way oftracking the the propagation of gravitational waves, it can provide important tests ofthe accuracy of the code. Since its evolution equation (17) is known, it can be usedas a check on the code's ability to correctly propagate the waves as a perturbationon a curved background. Also, since it is the same function ordinarily used in the8



analytic calculation of black hole normal mode frequencies [13], one can extract theoscillation frequencies of the black hole determined from  and compare directly withanalytically known results. These procedures will be discussed in the next section.It is also possible to use  calculated as a time-series at a �nite radius to eliminatelinear near-zone �eld contamination of the waveform and calculate a waveform validin the local wavezone. This is done [11] by solving (17) approximately in a weak-�eld region for a given l�mode as a functional of the appropriate l�pole momentand its time derivatives. Solution of an ODE yields the asymptotically radiative(r�1 dependent) part of the �eld. Although we could perform this separation in thewaveforms shown in the next section, it is not of major consequence for a radiatingblack hole because there is no weak �eld near-zone. See discussion in Sec.IVA.IV. GRAVITATIONAL WAVE - BLACK HOLE INTERACTIONSMost previous studies concerned with actually solving the Einstein equations forblack hole spacetimes involve perturbation theory. Generally, an analytic black holesolution such as Schwarzschild or Kerr is studied, and perturbations are explicitlyadded, either directly into the spacetime metric or with source terms which are con-sidered small so the stress energycontribution to the spacetime is neglected. The original aim was to examine thestability of black holes under small perturbations. Although it was relatively easyto establish stability for Schwarzschild (see, for example Moncrief [12]), it was notuntil recently that rotating black holes were shown to be stable [14]. Through thesestudies it was discovered that black holes also have a characteristic set of normal modefrequencies under in�nitesimal perturbations, where gravitational waves are emittedas the black hole returns to a spherical, unperturbed state. Subsequently a numberof studies[1,15] based on this perturbation formalism detailed the process of excitingthe black hole normal modes by orbiting particles, plane waves, or stellar collapse.In the present study we are able to treat essentially arbitrary amplitude Brillwaves interacting with a black hole. For low amplitude waves, we should be able toreproduce the results known from black hole perturbation theory by analyzing thespacetime using the techniques discussed above. For larger amplitude waves, we cango beyond perturbation theory and look for nonlinear e�ects. For example, at linearorder in perturbation theory the `-modes are completely decoupled, so that they maybe treated separately. At higher order the di�erent modes will mix. This phenomenonwill be explored in a future paper.A. Excitation of Normal ModesAs discussed above the physics of a slightly nonspherical spacetime around a blackhole can be described by a single wave equation, e.g., the Zerilli equation (17). Thisrather simple looking equation describes a rich physical system, with a wide spectrumof normal modes and wave scattering properties. This physical information is encoded9



into the function V (r), known as the curvature potential, which has a maximum nearr = 3M . This potential barrier partially transmits and partially re
ects incidentwaves. For waves of certain frequencies, a resonance occurs where the transmissioncoe�cient becomes singular. This condition gives rise to a normal mode of the blackhole, and is equivalent to waves \originating" at the potential peakand moving away from the black hole on one side, and down the black hole onthe other side. If the Zerilli function is assumed to have a de�nite frequency !, thenthe Zerilli equation can be regarded as a time-independent Schr�odinger equation withenergy !2. The calculation of these quasinormal mode frequencies can be viewedas a solution to the energy eigenvalues of the Schr�odinger equation when outgoingboundary conditions are imposed. For a nonrotating black hole, at each ` value thereare presumed to be an in�nite number of normal mode frequencies !n, and thesefrequencies, which depend on the mass of the black hole, are independent of theazimuthal mode m. (The degeneracy is split if the black hole is rotating.)If a black hole is perturbed in an arbitrary way, one expects its normal modesto be excited. This e�ect has been seen in a number of studies over many years,where normal mode excitation is seen from perturbations due to processes rangingfrom infalling or orbiting particlesto nonspherical collapse of a star to a black hole [1, 15]. In the present studywe perturb the hole with a gravitational wave. This process should then produce awaveform far from the black hole with two distinct regimes: 1) There will be a pre-cursor waveform which contains a mixture of information from a number of processes:a) The initial distortion of the hole, which is related to the shape and amplitude ofthe incident gravitational wave, b) the re
ection properties of the potential, and c)the normal mode excitation process itself; 2) After the precursor emerges, one willbe left with radiation composed of the spectrum of normal mode frequencies of theblack hole as it rings down. One might expect this to be a complicated shape since inprinciple it may contain a superposition of a large (possibly in�nite) number of thenormal mode frequencies. However, the fundamental frequency !0 is signi�cantly lessdamped (i.e., it has a smaller imaginary part) than the higher overtone frequencies!n, so any contribution from higher modes will be quickly damped out [13]. There-fore, one expects to see a precursor waveform containing details of the perturbationitself followed by a waveform dominated by the fundamental black hole normal modefrequency.With the above considerations in mind, we present numerical results for grav-itational waves interacting with a single black hole. We have chosen a number ofrepresentative runs which explore three di�erent gravitational wave-black hole inter-actions (see Table 1). For the �rst set of runs, labelled Run 1a-1e, we held the shapeand position of the wave �xed while changing only its amplitude. Cases 1a-1d repre-sent fairly low amplitude waves, and will be discussed in this section, while case 1eis a much higher amplitude wave, and will be discussed in Sec. IVC. In Run 2 wechose a much broader initial Brill wave pro�le, while for Run 3 we chose to place a10



narrow wave packet much farther from the hole, in the spirit of simulating a particlefalling into a black hole. For each of these runs we list in Table 1 the initial Brill waveparameters: the amplitude A, the width �, the radial position �0, and the angulardependence parameter n (see Eq. (9)). The grid resolution is listed as well. We takeour high resolution runs to have 201 radial � 53 angular zones (�� = �� = 0:03)and low resolution runs to have 101 radial by 27 angular zones (�� = �� = 0:06).To perform high resolution runs to t = 100 m (m is the scale parameter de�ningour units) requires requires about 7000 time steps, or 8 hours, and 4 Megawords ofmemory on the NCSA Cray-2, while low resolution runs require about 3500 timesteps, or 1 hour, and 1 Megaword. All the runs presented in this paper use theangular dependence parameter n = 4. We have also used n = 2, but in this case thereis very little admixture of the ` = 4 wave mode present in the extracted signal. Thefundamental transverse variable has the angular dependence sin �@�(sin�1 �@�P`) fora given `-mode. For the n = 2 initial data there can be coupling to higher `-modesonly through nonlinear e�ects. This phenomenon will be studied in future work.We also give the total mass of the initial slice, computed from the ADM formula[4] E = � 12� I1ra	dSa: (20)Evaluating this in (�; �; �) coordinates over a 2{sphere of radius � and assumingaxisymmetry gives MADM = �12p2m e�=2 Z �0  @	@� � 	2 ! sin�d�; (21)Note that in practice this quantity can only be computed at a �nite radius (at theedge of our grid). We have chosen the scale parameter m to be unity. When nogravitational wave is present, the mass of the system is MADM = m = 1.Finally, the ratio of the mass of the apparent horizon, (i.e. the outermost trappedsurface) [16], to the total mass, MADM , provides a measure of the size of the initialblack hole and the strength of the perturbation. The mass of the apparent horizon,de�ned as MAH = qArea16� , must be less than or equal to that of the event horizon.The apparent horizon has the computational advantage that it can be calculatedfrom data on any slice of spacetime, whereas knowledge of the event horizon requiresknowledge of the global spacetime structure of the system. We use the method ofCook and York [17] to �nd the apparent horizon numerically on each spacetime slice.If this ratio, MAH=MADM , is very close to unity, essentially all the mass energy is inthe black hole initially. A systematic study of the initial data sets is presented in [18].In Fig. 1a-c we show the extracted Zerilli function  on the initial hypersurfacefor the three distinct families of runs listed above. This function shows the shape andlocation of both the ` = 2 and ` = 4 gravitational wave on the initial time slice. Inall cases the numerical grid extended out to about r = 200m. The extraction is done11



only for r > 2m. The function shown in Fig. 1a gives the shape of the initial wavefor the runs 1a-e; in these runs only the amplitude of the initial wave was changed.In Fig. 1b we show the initial wave for Run 2, which has a much broader pro�le.Finally in Fig. 1c we give the initial pro�le for a wave considered in Run 3 which hasbeen chosen to be a localized wave packet, cleanly separated from the hole, so thatwe could study the collision of a wavepacket with a black hole.As mentioned in Sec. III, although the Zerilli function  is gauge-invariant, itdoes contain near zone information. As shown earlier[11], this near zone contributionto the gauge-invariant �eld  can easily be removed if desired. However, for black holespacetimes, for which the characteristic reduced wavelength is �� = 16:8M=2� = 2:7M ,the near-zone e�ect will be small, about 5%, even at r = 15M (see Eq. 25 in Ref. [11c]).For this reason, we have not performed this correction to the waveforms presentedin this paper. However comparisons of these extraction methods with those obtainedusing the near zone methods con�rm that the near zone e�ects are indeed small.Furthermore, as we discuss in the next section, we have used the Zerilli equation toevolve the function  , which includes the near zone e�ect, as a test of our code. Forthis integration we must use  itself without removing the near zone e�ect. Thewaveforms presented here, which have been extracted at r = 15m, approximate thosewhich would be observed in the wave zone to within a few percent.In Figs. 2-7 we show the results of some of the evolutions listed in Table 1.These �gures show the time development of the Zerilli function  at a �xed location,as calculated by our numerical gravitational wave \detectors." These detectors aretypically located at r = 15m, r = 30m and r = 60m. In practice, these pointsare actually located at �xed positions in our radial coordinate �. In principle thesecoordinate positions are time dependent and fall towards the black hole. However, inpractice this drifting of radial grid points is very small (less than 2%), so the detectorsmay be regarded as being at a �xed radius r.Now we will examine in detail the series of simulations labelled Runs 1a-d wherethe shape and location of the wave were held �xed; only the amplitude was varied.In Fig. 2a we show the ` = 2 Zerilli function  extracted at a radius r = 15m asa function of time for Run 1b, while in Fig. 2b we show the ` = 4 Zerilli function.We consider this as our �ducial run which others in this series are compared with. Ineach �gure we also show the appropriate normal mode for a black hole of mass m asa dashed line. Note that the time t is also measured in units of m. The normal modecurves are matched to the extracted waveforms by simply adjusting the amplitudeand phase of the fundamental mode of the black hole, whose wavelength and dampingtime are known from perturbation theory. For the ` = 2 waveform, the matching wasdone at the peak near t = 42m, while for ` = 4 the matching was done at the peak neart = 35m. On the whole, this match is excellent. Note that this matching procedure isperformed at only one point; the agreement is not a result of a \best �t" performedover an extended region of the waveform.However, the waveforms show some di�erences from the known fundamental nor-12



mal mode of the black hole. As discussed above, at very early times we do notexpect the waveform to match the black hole normal mode waveform. This partof the waveform is dominated by the initial shape and amplitude of the Brill waveand by the excitation process of the normal mode. After this early precursor phase,the fundamental normal mode of the black hole is fully excited by about t = 30m.From this time until about t = 60m, the match is extremely good, but after t =60m, the wavelength of the extracted wave has begun to increase. This lengtheningof the wave can be understood as an artifact of our spatial resolution. Althoughthis run was computed with 201 radial zones, as we showed in Ref [5], this radialresolution reproduces the Schwarzschild background less accurately beyond about t= 50m. Therefore there will be a phase shift in the extracted wave due to the factthat the wave is essentially propagating on a background which di�ers somewhat fromtrue Schwarzschild. Secondly, the inaccuracy of the background spacetime will causethe e�ective gravitational scattering potential V (r) to be di�erent from the actualSchwarzschild case. Since the normal mode generation depends sensitively on theshape of the V (r), we can expect small deviations from the expected frequency. Ine�ect, the code is generating the normal modes of a somewhat di�erent backgroundspacetime. Note that the late time e�ects cannot be due to an admixture of higherovertones of the fundamental normal mode frequency. Although they are probablyexcited, they would be damped to a negligible level at late times. It would be interest-ing to study the excitation of the higher modes at earlier times, say before t = 30m inthese �gures. Higher overtones may partially account for the shape of this early partof the waveform, although at very early times the waveform will be dominated by theinitial Brill wave. (See, e.g., Leaver [19] for a discussion of higher mode excitation).Next, in order to test the e�ect of grid resolution, we considered identical initialdata parameters on a grid with half as many radial and angular zones. In Figures 3aand 3b we show a comparison of waveforms extracted at r = 15m for Runs 1b and1c. For these simulations, all parameters were the same except for grid resolution. Atearly times the waveforms agree fairly well with each other, but at later times thereare two e�ects which can be seen. First, there is a phase shift which occurs due tothe di�erence in resolution. Note that the e�ect of the lower resolution is to increasethe wavelength. This lengthening was already discussed above for high resolution,but the problem has been exaggerated at this lower resolution. Second, at late timesin the low resolution run there is a higher frequency signal present in both the ` =2 and ` = 4 extracted waves. This is a result of backscatter of radiation o� of thegrid at larger radii. We have con�rmed that this is indeed the cause of this highfrequency component by examining the times at which this signal is seen in variousdetectors. For the lower resolution run, the signal is seen �rst at the outer detector,and propagates inward to the inner detector at the speed of light. Although the gridis chosen to have ��= const, because of the logarithmic nature of this coordinate theinterval of the Schwarzschild-like radial coordinate �r increases with increasing valuesof �. Eventually the separation of the areal radius grid points becomes large enough13



that the outgoing waves su�er some re
ection. The lower the resolution, the closerthe re
ection occurs to the detectors. This e�ect is also present to a much smallerdegree in the high resolution run. Note also that at low resolution the ` = 4 wavehas a slightly lower amplitude than in the high resolution run, even at early times.As one would expect, high resolution is clearly required for accurate generation andpropagation of gravitational waves.Next, we verify that these waves are in the linear regime by checking the scalingof the extracted waveform with the initial wave amplitude. In Figures 4 a,b we showthe ` = 2 and ` = 4 waves extracted for Run 1a, along with the normal mode match.In this run, all parameters are the same as in Run 1b except that the amplitude ofthe Brill wave is reduced by a factor of 5, from A = :05 to A = :01. Notice that theshapes of the waveforms shown in these �gures are nearly identical to those shown inFig. 2a,b, and that the normal mode matches are extremely good in both cases. Thefact that the shapes are identical clearly indicates that these runs are in the linearperturbation regime. This is borne out by a comparison of the amplitudes for thetwo runs; for both ` = 2 and ` = 4, the waveforms scale by a factor of 5.0, as oneexpects in the linear regime.We now examine the e�ect of increasing the initial wave amplitude while main-taining the same shape. Consider now Run 1d, shown in Fig. 5a,b. It is againidentical to that shown in Fig. 2a,b, except that now we increase the amplitude by afactor of 10 to A = 0.5. Note that at �rst glance the ` = 2 waveform is very well �tby the normal mode match, even at late times, while the ` = 4 normal mode match isnot as good as that shown in Fig. 2b. These e�ects can be understood by consideringboth small, nonlinear physical e�ects, and also small errors in the calculating thebackground spacetime. First of all, we note that although the amplitude A of theinitial Brill wave has been scaled up by a factor of 10 (when compared to Run 1b), theresulting waveforms scale up by the smaller factor of 9.1. This indicates that we areentering the nonlinear regime. This e�ect can also be seen in the calculation of themass of the initial slice. In Run 1b, the ADMmass of the initial slice isMADM = 0.98,while for Run 1d the mass is MADM = 0.92. Therefore, the black hole has a smallermass than in the previous cases, and it should radiate with its own characteristicset of normal modes, which due to the slightly lower mass, will have slightly shorterwavelengths. Hence, we see clearly in Fig. 5b that the ` = 4 extracted wave has aslightly shorter wavelength than the fundamental ` = 4 normal mode for a black holeof unit mass. At late times the extracted wave \catches up" with the matched normalmode; due to the resolution e�ects discussed previously the wavelength is arti�ciallylengthened slightly at late times. The same e�ect is present in Fig. 5a, but becauseof the longer wavelength of the ` = 2 mode, the match simply appears better over alonger period of time. In this case we see a conspiracy of a small physical, nonlineare�ect and a small grid resolution e�ect which together cancel to �rst order. Notethat these e�ects would probably have gone unnoticed had we not analyzed the ` =4 mode as well as the ` = 2 mode. 14



In the discussion to follow, we show how the extracted waveforms depend uponthe initial shape parameters. Consider the evolution of the initial data shown inFig. 1b, listed as Run 2 in Table 1. In this case, the amplitude is again very small(A = 0.05), but the shape of the initial Brill wave has been changed dramatically.Here we have created a very broad initial wave, centered on the isometry surfaceof the black hole. The waveform extraction for this run is shown in Figures 6a,b.Note that the precursor region of the waveform (0 < t < 20m) has a very di�erentshape from all of the previous results, but the normal mode excitation is the sameas before. Thus, as expected, the fundamental normal mode of the black hole isexcited for each ` value independent of the kind of perturbation, and it dominatesthe waveform after the initial precursor. The shape of the precursor, on the otherhand, is very strongly dependent on the shape of the perturbing gravitational wave.In this particular case the wavelength of the precursor is signi�cantly longer than thenormal mode excitation, while for the each of the previous cases it was of the sameorder.Finally, in Fig. 7 we show the results of the evolution of the initial data shownin Figure 1c, labeled Run 3. In this case we created a narrow wavepacket cleanlyseparated from the black hole as initial data, in the spirit of dropping a particleinto a black hole. When this system is evolved, the initial wavepacket splits intotwo packets traveling in opposite directions. One packet moves to the right, awayfrom the hole, while the other moves toward and collides with the hole, perturbingit and causing it to radiate at its normal mode frequency. The initial wavepacket issharply peaked near r = 10m. Since we have extracted the waveform at r = 15m, the�rst narrow pulse in Figure 8, peaked near t = 5m, is actually the outgoing piece ofthis wavepacket. The ingoing wavepacket sets up the normal mode excitation, whichappears in Fig. 7 after t = 20m. This �rst broad peak is clearly not completelycharacterized by the fundamental normal mode of the hole; it has a complicatedshape which contains information about the normal mode excitation process, thescattering properties of the potential, and probably higher overtone modes of the hole.By about t = 50m the system is apparently oscillating at the fundamental normalmode frequency, but by this time because of grid resolution e�ects the waveform haswidened somewhat and the normal mode match is less accurate. At still later times,say for t > 80m, we again see the high frequency component of the wave, which isa result of backscattering of the initial outgoing wavepacket o� of the coarser gridat larger radii. With somewhat higher grid resolution we will be able to study thisnormal mode excitation process in more detail. This will be particularly interestingin the context of much largeramplitude gravitational waves as it will be possible toregulate the amount of wave energy one is putting into the perturbation by startingthe (ingoing) perturbing wave in the linear regime. This process will be studied inmore detail in a future paper.B. Evolution of Perturbations15



In the previous section our interest was in interpreting physical results in thecontext of what is expected from black hole perturbation theory. This is a codetest only to the extent that one expects normal modes to be excited, and the codeshould produce gravitational waves of the correct wavelength and decay constant ifthe initial gravitational waves have su�ciently small amplitude. As discussed abovethe precursor waveform and the amplitude of the normal mode excitation depend ina complicated way on the details of the initial Brill wave and its interaction with theblack hole. Furthermore, it is conceivable that certain kinds of perturbations wouldpreferentially excitehigher overtones of the black hole, leading to a more complicated waveform.We have not attempted to use perturbation theory to predict such details ofwaveforms to be expected from a given initial Brill wave.In this section we are interested in taking initial Brill wave data which may beconsidered a perturbation on the black hole, evolving it with the full numerical code,and comparing the results to an evolution calculated by perturbation theory. Asdescribed above in Sec. III and Sec. IVA, the Einstein equations reduce to a systemof background equations representing the spherically symmetric part of the system,and a set of equations representing the evolution of the perturbed quantities on thespherical background. Our gauge choices are such that the spherically symmetricpart of the �eld is essentially Schwarzschild in the region where we extract waveinformation, so we may approximate the system as the Zerilli function  propagatingon the Schwarzschild background through its wave equation Eq. (17). Therefore weshould be able to take initial data and evolve it with either the full two-dimensionalnonlinear code or the Zerilli equation and get the same results. The comparison ofthese two calculations provides a very strict code test. It simultaneously tests boththe accuracy of the waveform extraction method (since this procedure provides theboundary data to be evolved and the comparison data at the outer radius) and theaccuracy of the propagation of gravitational waves across the grid (since the wavesare propagated by both the Zerilli equation and the nonlinear code).In our code test, the integration of the Zerilli equation is most conveniently carriedout on ingoing and outgoing null cones with coordinates given by:u = t� r� and v = t+ r�; (22)where r� is de�ned above. In these coordinates the Zerilli equation becomes@2 @u@v + 4VZ(r) = 0: (23)This is shown schematically in Fig. 8. As the code runs, we extract data along atimelike line at along the left boundary at rleft = 15m which we will use as boundarydata for the Zerilli equation. Similarly we extract data at each grid point along the�rst outgoing null cone labeled u0 in Fig. 8 out to the end of the grid. This procedureprovides initial data for the Zerilli equation, which can then propagate the solution16
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to any point in the interior region of the �gure. We then compare data evolved withthe Zerilli equation in the interior along another timelike line at, say, rright = 30m, todata extracted from the two-dimensional numerical code at that same radius. If thesimulation runs from t = t0 to t = tf , note that we must provide data along the nullcone u0 all the way out to redge since in principle there may be ingoing waves that werebackscattered o� the background curvature. (This backscattering is a physical e�ect,unrelated to the backscattering due to a coarse grid discussed in the above section.)Our scheme makes no assumption that the waves are outgoing. Furthermore, we canalso predict through the Zerilli equation the value of the Zerilli function  in the timeinterval tf < t < tp, which is beyond the run time of the code. Note that this test hasnothing to do with black hole normal modes; it is a strict test of the code's ability toaccurately evolve initial data regardless of the waveform.In Figs. 9a and 9b we show the results of one such test. In this case we reexamineour Run 1a from the previous section, with Brill wave parameters A = 0.01, �2 = 1,�0 = 1, and n = 4. In this case we used the Zerilli equation to propagate extracteddata from rleft = 15m to rright = 30m. The wave extracted from our fully nonlinearnumerical code is shown as a solid line, while the results from our perturbation theorytest are shown as a dashed line. The data from the Zerilli test begin at t = 16:7m,and as we discussed above, we are able to propagate the solution beyond tf = 100mto tp = 117m: These are typical of all of our results at this resolution. This testindicates that both the extraction and propagation of waves in the system are veryaccurate.In Figure 10a,b we show results for the identical initial conditions, but evolvedon a low resolution (101 x 27) grid. In Fig 10a we see that the ` = 2waves are in fairly good agreement with the result of integrating the Zerilli equa-tion until about about t = 60m, after which time the signal is degraded. The highfrequency component appearing at late times is again a result of the backscatter o�of the coarse grid at larger r. Note that this high frequency wave also appears inthe Zerilli propagated waveform, but with a time delay of about 30m. This showsthat this signal really does represent ingoing waves coming from large r back intothe region of interest. In Fig. 10b we show the results for the ` = 4 wave.. It isimmediately apparent that the ` = 4 wave cannot be accurately resolved at this gridresolution. The reason the waveform shown in Fig. 11b appears to be so much worsethan the low resolution run shown in Fig. 3b is that here all waveforms are computedat r = 30m. At this radius, not only are the spatial zones spaced farther apart in thephysical radius r, but also the signal arrives at a later time when the code is knownto be less accurate. However, as shown by Fig. 10a, at high resolution such e�ectsare minimal. Furthermore, had we not gone to the ` = 4 extraction, we would nothave seen the extent of these e�ects at low resolution.C. Stronger Gravitational Waves17



We will brie
y examine results for an initial Brill wave which has an amplitudehigh enough that it contributes signi�cantly to the total mass of the system. Althoughwe defer a complete treatment of this problem to a future paper, we will provide anexample here to demonstrate the robustness of the code and to hint at what sortsof nonlinear e�ects one is likely to see in the strong wave regime. Run 1e, listed inTable 1, is a high amplitude version of theruns 1a-d discussed above. With the wave amplitude A = 1:5, the mass ofthe initial slice is MADM = 1:371. Since we expect that some of this radiation willpropagate away from the black hole during the evolution, the �nal state of the systemshould be a black hole with a mass less than the mass of the initial slice.We have also computed the mass of the apparent horizon, both on the initial sliceand during the evolution. As shown in Table 1, initially the apparent horizon has amass which is only about 59% that of the total mass of the slice. Although the eventhorizon has a larger mass than this, this is an indication that initially the black holecontains less mass than is present in the system. As the system evolves, the mass ofthe apparent horizon grows, leveling o� after about t = 30m to a mass of about 1.3m,indicating that the mass of the black hole has increased signi�cantly as it absorbsgravitational wave energy.In Fig. 11a,b we show waveforms extracted at r = 15m for both the ` = 2 and` = 4 Zerilli functions. For comparison, we have overlayed the waveform extractedin Run 1d. At �rst glance the waveforms appear to be very similar to those shownin Figs.2-5. However, note �rst of all that although the amplitude A of the initialBrill wave is larger than that for Run 1d (also shown in Fig. 5a,b) by a factor of3, the amplitude of the extracted waves is greater by less than a factor of 2. Whilethe low amplitude runs scaled linearly with the amplitude of the initial Brill wave,here it is clear that nonlinear e�ects are important. Next, we note that the scalingfactors for the two runs are di�erent for the ` = 2 and ` = 4 waveforms. Finally,we note that the wavelengths are signi�cantly longer for this higher amplitude runthan in any of the previous cases studied so far. In fact, for the ` = 2 waveform, wemeasure the wavelength of the signal to be �extracted = 22:8, whereas for a black holeof unit mass we would expect a wavelength �unitmass = 16:8. By taking the ratio ofthese numbers, we obtain an estimate of the mass of the black hole in this systemof M = 1:36m, which is consistent with the calculation of the mass of the initialslice. (In fact, since our study of low amplitude waves in Sec.IVB shows a slighttendency for the wavelength to increase arti�cially due to numerical e�ects, the massof the black hole is probably slightly below 1.36m.) This indicates that most of themass of the Brill wave was swallowed by the black hole, which then radiates at its(lower) quasinormal frequency. Furthermore, by comparing the damping time of theextracted wave with the known damping time for a black hole of unit mass, we obtainan independent estimate of the black hole mass M = 1:39m. A similar analysis ofthe extracted ` = 4 waveform shows that by comparing wavelengths, we estimate themass of the black hole to be M = 1:31m, while by comparing the damping times we18



�nd a mass M = 1:2m.These calculations are all reasonably consistent with each other, and with theapparent horizon mass measurements, and indicate that most of the radiation presenton the initial slice was captured by the black hole. But since the mass contained inthis radiation was a signi�cant fraction of the \bare" mass of the black hole, thenewly formed larger black hole radiates energy away at a lower frequency. This isa nonlinear e�ect in the sense that much of the initial wave, which is essentiallytransverse in nature, is e�ectively converted into longitudinal �eld as the black holeabsorbs the wave, increasing the mass of the black hole background. It should benoted that the radiation extraction method, which is valid only at linear order insphericity of the system, is still a good approximation in this regime where nonlinearphysical e�ects are seen since the majority of the wave is going down the hole.V. CONCLUSIONS AND FUTURE DIRECTIONSThere are several major results which we have reported in this paper. For lowamplitude gravitational waves impinging on the black hole, we �nd that after a briefprecursor waveform which depends on the shape of the ingoing wave pulse, the fun-damental normal modes of the black hole are strongly excited. This excitation isindependent of the shape of the incoming gravitational wavetrain. The waveformsextracted with the gauge invariant technique described in Sec.III above agree, withhigh precision, with those predicted by black hole perturbation theory for both fun-damental ` = 2 and fundamental ` = 4 modes. The adherence to analytic resultsthat we observe is an important test of the code in the strong-�eld regime. Witha systematic study of the waveforms, we have been able to identify and understandvery small discrepancies which arise due to both physical and code e�ects. Althoughthese e�ects are small, we believe that it is crucial to identify them as they may bemagni�ed when higher amplitude waves are considered.For larger amplitude perturbations we have found cases where apparently theincoming gravitational wave is adding non-negligible mass to the black hole, thuschanging the frequency of emitted normal modes. We have also taken data on anull-cone, propagated it with the Zerilli equation and compared it in detail withpropagation of the same wave computed using the full nonlinear, two-dimensionalcode. This compelling test showed that the code accurately propagates gravitationalwaves in the weak �eld region of the spacetime. It also demonstrates that the gaugeinvariant wave-extraction method is useful for code-diagnostics as it facilitates thecomparison of numerical results against perturbation theory.This code is a robust tool for studying black hole spacetimes in a variety ofcontexts. We have a number of projects underway. In future work we plan to use thiscode to study physics of large amplitude gravitational waves interacting with a blackhole. We have already evolved spacetimes where the mass of the system is many timesthat of the bare black hole. We are also performing a systematic study of variousscalar, tensor, and gauge-invariant quantities to be used for tracking radiation in19



regimes where the linearized waveform extraction may be inadequate. Furthermore,this code has also been modi�ed to study the evolution of two colliding black holes.These studies will be presented in future papers.ACKNOWLEDGMENTSWe would like to thank Robert Bartnik, Greg Cook, and Wai-Mo Suen for help-ful discussions. A.A. gratefully acknowledges the support of an NSF Division ofAdvanced Scienti�c Computing fellowship. The calculations were performed on theCray Y-MP and Cray-2 supercomputers under a grant from the National Center forSupercomputing Applications.APPENDIX A: PROJECTION OF METRIC FUNCTIONSIn this appendix we give details of the method used to project the metric functionsonto the spherical and perturbed metric. The total spacetime metric g��, which isgenerated numerically, is written as a sum of a spherical and a nonspherical part:g�� =og�� +h��; (A1)where og��= 0BBB@�N2 0 0 00 A2 0 00 0 R2 00 0 0 R2sin2�1CCCA (A2)represents the spherically symmetric part andh�� = 0BBBB@N2H0Y`0 H1Y`0 h0Y`0;� 0H1Y`0 A2H2Y`0 h1Y`0;� 0h0Y`0;� h1Y`0;� R2 �K +G @2@�2� Y`0 00 0 0 R2 �Ksin2� +Gsin�cos� @@��Y`01CCCCA(A3)represents deviations from sphericity. On the (t; r) submanifold the metric functionscan be easily projected using the orthogonality of the spherical harmonics Y`m. Forexample one can project the gtt component of the metric onto ogtt and htt by performingthe following integral over a 2-sphere of radius r:Z gttY`00d
 = 2� Z 2�0 ��N2p4�Y00 +N2H0Y`0�Y`00; (A4)so that 20



N2 = �12 Z �0 gttsin�d�: (A5)Similarly, one can compute A2 = 12 Z �0 grrsin�d�: (A6)Furthermore, one can also compute the true spherical areal radius, in the presence ofa perturbation, by computing R2 = 12 Z �0 g��sin�d�: (A7)The Regge-Wheeler perturbation functions H0, H1, and H2 can also be computedin the same way, but in the case of a Schwarzschild background, the functions H0 andH1 are not needed to compute the gauge-invariant function  (on a time dependentbackground they would be required.) The function H2 can be computed from:H2(`) = 2�A2 Z �0 grrY`0sin�d�: (A8)The functions H0 and H1 could be computed in a similar manner if needed.On a Schwarzschild background only h1 is needed from this "vector" part of themetric (the t� [��] and r � [��] part):h1(`) = �3 Z �0 Y`0;�gr�sin�d�: (A9)In the gauge used by our code for this paper, the 3-metric is diagonal so this termexplicitly vanishes. But note that the wave extraction method can easily incorporatea term like this if it is present.Finally one must compute the Regge-Wheeler functions G and K. Unfortunately,the tensor spherical harmonics used on the (�; �) submanifold in Eq. (A3) are notlinearly independent, so a slight change of basis must be used here. This part of themetric can be written in terms of orthonormal tensor spherical harmonics [20], andthen the functions G and K can be computed. Explicit expressions for G(`) and K(`)are: G(`) = 2�R2 Z �0 (g��sin2� � g��) (�cos�Y`0;� + sin�Y`0;��) d�(`(` + 1)(` + 2)(` � 1)) sin2� : (A10)and K(`) = `(` + 1)2 G(`) + �R2 Z �0 �g�� + g��sin2�� sin�Y`0d�: (A11)These Regge-Wheeler functions can also be written in terms of the pure orbitharmonics used in [11]. 21



REFERENCES[1] a) R.F. Stark and T. Piran, Phys. Rev. Lett. 55, 891 (1985); b) C.T. Cunningham,R.H. Price and V. Moncrief, Astrophys. J. 224, 643 (1978); 230, 870 (1979); 236,674 (1980); c) Y. Sun and R. Price, Phys. Rev. D 41, 2492, (1990); d) E. Seidel,Phys. Rev D 44, 950 (1991).[2] L. Smarr, in Sources of Gravitational Radiation, edited by L. Smarr, (CambridgeUniversity Press, Cambridge, England, 1979).[3] R. Vogt, to appear in Proceedings of the Sixth Marcel Grossmann Meeting onGeneral Relativity, (1992).[4] R. Arnowitt, S. Deser and C.W. Misner, in Gravitation: An Introduction toCurrent Research, edited by L. Witten, (Wiley, New York, 1962).[5] D.H. Bernstein, D.W. Hobill, E. Seidel and L.L. Smarr, in preparation.[6] A. Einstein and N. Rosen, Phys. Rev., 48, 73, (1935).[7] D.R. Brill, Ann. Phys. 7, 466, (1959).[8] B. Schutz, in Dynamical Spacetimes and Numerical Relativity, edited by J. Cen-trella, (Cambridge University Press, Cambridge, England, 1986).[9] J.L. Anderson and D.W. Hobill J. Comp. Phys. , 75, 283 (1988).[10] a) J.M. Bardeen and T. Piran, Phys. Rep. 96, 205 (1983); b) C.R. Evans, in Dy-namical Spacetimes and Numerical Relativity, edited by J. Centrella, (CambridgeUniversity Press, Cambridge, England, 1986).[11] a) A.M. Abrahams, in Frontiers in Numerical Relativity edited by C.R. Evans,L.S. Finn, and D.W. Hobill (Cambridge University Press, Cambridge, England,1989); b) A. M. Abrahams and C. R. Evans, Phys. Rev. D37, 318 (1988);c) A. M. Abrahams and C. R. Evans, Phys. Rev. D 42, 2585, (1990).[12] a) T. Regge and J.A. Wheeler, Phys. Rev. 108, 1063,(1957); b) F.J. Zerilli, Phys. Rev. Lett., 24, 737, (1970); c) V. Moncrief, Ann.Phys., 88, 323, (1974); d) U.H. Gerlachand U.K. Sengupta, Phys. Rev. D 19, 2268 (1979); e) E. Seidel, Phys. Rev., D42,1884, (1990).[13] a) S. Chandrasekhar and S. Detweiler, Proc. R. Soc. London A, 344, 441 (1975);b) E. Leaver, Proc. R. Soc. London A, 402, 285 (1985); c) S. Iyer and C.M. Will,Phys. Rev. D 35, 3621 (1987).[14] B. Whiting, J. Math. Phys. 30 1301, (1989).[15] a) M. Davis, R. Ru�ni, W. Press, and R. Price, Phys. Rev. Lett. 27, 1466, (1971);b) Y. Kojima and T. Nakamura, Prog. Theor. Phys. 71, 79, (1984).[16] The Large Scale Structure of Spacetime, S. Hawking and G. Ellis, (CambridgeUniversity Press, Cambridge, England, 1973).[17] G. Cook and J. York, Phys. Rev. D 41, 1077, (1990).[18] D.H. Bernstein, D.W. Hobill, E. Seidel and L.L. Smarr, in preparation.22



[19] E. Leaver, Phys. Rev. D 34, 384 (1986).[20] F. Zerilli, J. Math. Phys. 11, 2203, (1970).

23



FIGURESFIG. 1. The ` = 2 and ` = 4 Zerilli functions  are shown on the initial time slicelabeled by t = 0. (a) The gravitational wave is shown for Run 1b, described in Table 1.Runs 1a-e have the same shape parameters, but the amplitude is varied. (b) The initialwave is shown for Run 2. In this case a much wider initial packet was chosen. (c) Theinitial wave is shown for Run 3. In this case the parameters were chosen so that a localizedwavepacket would propagate in towards the hole.FIG. 2. The gauge-invariant function  , extracted at r = 15m, is shown for Run 1b.(a) The ` = 2 waveform is shown as a solid line, with the ` = 2 fundamental normal modefrequency, shown as a dashed line, matched to the peak near t = 42m. (b) The ` = 4waveform is shown as a solid line, with the ` = 4 fundamental normal mode frequency,shown as a dashed line, matched to the peak near t = 35m. See text for details.FIG. 3. A comparison is made of the extracted waveforms shown in Fig. 3 (Run 1b)with a low resolution run with the same run parameters (Run 1c). (a) The ` = 2 extractionis shown for high and low resolution. (b) The ` = 4 extraction is shown for both resolutions.In all cases, the extraction was done at r = 15m.FIG. 4. Extracted waveforms are shown for Run 1a, which is identical to Run 1b,except that the amplitude has been reduced by a factor of 5 to A = 0.01. (a) The ` = 2waveform, extracted at r = 15m is shown as a solid line, while the normal mode match,performed on the peak near t = 42m, is shown as adashed line. (b) Similarly, the ` = 4waveform, also extracted at r = 15m is shown along with the ` = 4 normal mode match.FIG. 5. The extracted waveforms are shown for Run 1d, which is identical to Run 1bexcept that the amplitude has been increased by a factor of 10 to A = 0.5. (a) The ` =2 waveform, extracted at r = 15m is shown as a solid line, while the normal mode match,assuming unit black hole mass, is shown as a dashed line. (b) Similarly, the ` = 4 waveform,also extracted at r = 15m is shown along with the ` = 4 normal mode match. In this runthe ADM mass MADM is somewhat lower than in the previous cases, causing a somewhatshorter wavelength than expected for a black hole of unit mass. See text for discussion.24



FIG. 6. The waveforms for Run 2, extracted at r = 15m, are shown as solid lines,while the normal mode matches are shown as dashed lines. The shape of the initial Brillwave considered here, shown in Fig. 1b, is very di�erent from the other cases considered sofar. (a) The fundamental ` = 2 mode is shown. (b) The fundamental ` = 4 mode is shown.FIG. 7. The ` = 2 waveform is shown for Run 3, extracted at r = 15m. This waveformresults from the evolution of the initial data shown in Fig. 1c, which represents a narrowwavepacket which collides with the hole. The �rst pulse in this �gure, peaked near t = 5m,results from the outgoing part of the initial wavepacket, while the later development resultsfrom the response of the black hole to the ingoing wavepacket. The dashed line shows thefundamental normal mode match to the peak near t = 50m. See text for details.FIG. 8. The method used to test the numerical code against perturbation theory isshown schematically. Data from the numerical code are extracted on the left boundarylabeled by rleft and also along the �rst outgoing null ray labeled by u0. These lines areshown in dark. The code is run from t = t0 until t = tf . The boundary data on thedark lines are provided to a numerical code written to evolve the Zerilli equation. Thedata evolved using the Zerilli equation are compared with data extracted from the full 2-Dnumerical code at the radius r = rright. Note that the boundary data supplied to the Zerilliequation allow us to extend the solution beyond the evolution of the full numerical code, toa time t = tp.FIG. 9. (a) A waveform extracted at r = 30m from the results of a fully nonlinearevolution (solid line) is compared to that obtained through perturbation theory (dashedline) as discussed in the text. These results are for an ` = 2 extraction. Note the excellentagreement. (b) The same test shown in Fig. 9a, but for an ` = 4 extraction. In both caseshigh grid resolution (201 x 53) was used.FIG. 10. (a) The same test shown in Figure 9a is performed here, but for the lowgrid resolution (101 x 27). The accuracy is signi�cantly less than in the high resolution runshown in Figure 9a, especially after t = 60m. (b) The ` = 4 code test is performed forthe low resolution grid. In this case the grid is clearly inadequate to propagate the higherfrequency mode, so that although the ` = 2 mode is reasonably propagated for part of therun, the higher frequency components are grossly inaccurate.25



FIG. 11. Extracted waveforms are shown for Run 1e as solid lines. This run had thesame initial data shape as Runs 1a-d, but a signi�cantly larger amplitude. For comparison,we have overlayed the waveforms for Run 1d as dashed lines. (a) The ` = 2 extractedwaveform is shown. As discussed in the text, the addition of the gravitational wave hascreated a larger mass black hole, which oscillates with a longer wavelength. The wavelengthof this signal is measured to be � = 22:8m, from which the mass of the hole is estimated tobe about 1.36m. (b) The ` = 4 extracted waveform is shown. The wavelength of this signalis measured to be � = 10:2m, which is consistent with the above measurement for the massof the black hole.
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TABLESTABLE I. Run parameters for various low amplitude gravitational waves incident on ablack hole. The radial parameters are the initial amplitude A, the width �2 of the gaussian,and the initial location �0 of the gaussian. The angular dependence of the gravitationalwave is given by sinn�, the total ADM mass MADM of the initial hypersurface, and theratio of the mass of the apparent horizon to the total ADM mass, are also listed, as is thegrid resolution. High resolution is 201 x 53 zones (�� = �� = 0:03), while low resolutionis 101 x 27 zones (�� = �� = 0:06).A �2 �0 n MADM MAH=MADM ResolutionRun 1a 0.01 1 1 4 .996 .999 highRun 1b 0.05 1 1 4 .979 .999 highRun 1c 0.05 1 1 4 .979 .999 lowRun 1d 0.50 1 1 4 .921 .916 highRun 1e 1.50 1 1 4 1.371 .591 highRun 2 0.05 2 0 4 .960 1.000 highRun 3 0.01 .2 3 4 .9995 .999 high
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