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The next decade will see the development of a number of new types of sensitive 
gravitational wave antennae which will probe the universe for a variety of new 
relativistic sources (see Thorne’ for an excellent review). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs a parallel program, 
computer programs must be designed that allow theorists to predict the gravity 
wave signatures of these expected sources. These programs will solve the full Ein- 
stein equations of general relativity (or other proposed theories of gravity), to 
build space-times containing colliding black holes or collapsing nonspherical stars. 

Over the years a number of approaches have been devised to investigate por- 
tions of these spacetimes. The beautiful analytic work of Hawking,’ Carter,’ 
Robinson3 and others has led to the result that the final stationary state of collapse 
or collision to form a black hole is a Kerr-Newman black hole. The early stages of 

the complicated nonspherical magnetohydrodynamical collapse with fully rela- 
tivistic equations (assuming only a slowly time-varying gravitational field) has 
been computer coded by W i l ~ o n . ~  The late stages of gyrations around a black hole 
or neutron star have been worked out extensively using linear perturbation equa- 
tions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoff the fully relativistic background.’ 

The only piece left is the fully relativistic, highly dynamic, nonperturbative, 
strong field interaction region in which most of the processes of interest to  gravity 
wave astronomy lie ( ix . ,  here is where the gravitational field comes into its own 
right as  the primary dynamical entity.) One would like to be able to use computers 
to follow this region in detail the way other classical field theories do,  e.g., hydro- 
dynamics, electrodynamics, aerodynamics, etc. Kenneth Eppley and I have written 
such a program for the axisymmetric vacuum Einstein equations. We, as well as 
others, are currently extending this to cases of matter coupling and fully four 
dimensional space-times (i.e., no spatial symmetry). This article will attempt to 
give an overview of what goes into and what comes out of such an endeavor. 

SPACE-TIME KINEMATICS 

When no strong gravitational fields are present, physics can be described by 
special relativity. Here the space-time metric has no dynamical freedom but is 
given by the globally Poincari-invariant Minkowski space-time. Because of the 
time and space translational invariance, there exist preferred time and space 
coordinates. I f  one defines a set of Eulerian observers as those timelike worldlines 

*This work was supported in part by the National Science Foundation. 
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normal to these flat time slices, then any matter evolution (say hydrodynamics) 
can be uniquely described by giving the history of variables (density, pressure, 
velocity, etc.) along these observers. Note that these preferred inertial observers 
are given zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAapriori and independently of any dynamics of the matter fields. The only 
choice left is whether to follow the matter variables along this given set of Eulerian 
observers, or whether to  choose a different set-say Lagrangian observers whose 
worldlines coincide with those of the fluid particles. Regardless of whether one 
uses some mixed Euler-Lagrange observers or not, time slices have been fixed in 
advance. 

General relativity introduces the complication of a dynamical gravitational 
field, which by Einstein’s theory means a dynamical space-time. Without time 
translation invariance there are no preferred time slices and no a priori Eulerian 
observers. One must choose which set of time slices to use to build up the space- 
time. The time slicing can be specified in one of two ways. The geometric proper- 
ties of the slices can be stated or the properties of the trajectories (Eulerian ob- 
servers) normal to these slices can be described. The former approach is more 
familiar to relativists, with its emphasis on differential geometry. The latter view- 
point may be more accessible to  astrophysicists who have had experience with 
hydrodynamics. 

Furthermore, now that the space-time is itself unknown (that is what we are 
solving for), one has to  build up  the space-time slice by slice as a Cauchy initial 
data problem. This means defining the trajectories of the Eulerian observers 
(space-time kinematics) simultaneously with the evolution of the gravitational 
field along these trajectories (space-time dynamics). 

The trajectories and time slices can be mathematically described as follows:6 
Given a time slice with a unit normal vector field zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn”, also equal to  the 4-velocity of 
the corresponding Eulerian observers, one must specify how far to evolve to  the 
next slice a t  each point on the slice. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA scalar function a ( x i )  on each slice deter- 
mines the lapse of proper time along each n p .  I f  far from the strong field region 
( r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA00) the time elapsed is A t ,  then a ( x ’ ) A t  is the proper time elapsed at  

the point xi.  Hence, the name “lapse function”’6$ for a. To generate the standard 
Minkowski space-time slicing, one starts on a surface t = 0 orthogonal to the time 
translation Killing vector and chooses zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = 1 everywhere. This moves one to  the 
next preferred time slice r = At, 

From the dual observer viewpoint, one has to  select the acceleration of the 
Eulerian observers at each event. These observers, while a t  rest in the chosen time 
slices, are no longer inertial, nonaccelerating, observers. Since the gravitational 
field attempts to  focus freely falling observers (a = I ) ,  to  remain “at rest” the 
observers must accelerate to  balance gravity. The acceleration 4-vector of the ob- 
servers normal to the time slices is given by: 

a, = aiIn(a), a’ = 0, (1) 

so one may refer to a as the acceleration potential. 

In sum, the fundamental complication of geometrodynamics over flat space- 
time hydrodynamics is that in the former theory one must choose the Eulerian 

$Often symbolized by N in the literature. 
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observers. Now the general covariance of general relativity implies that any choice 

is mathematically as good as any other, in a local region of space-time. From the 
space-time engineering point-of-view nothing could be more deceiving. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWe need to 
erect a global space-time coordinate system if  we are going to study the full 
dynamics of strong gravitational fields. One wants the time slices to go inside 
any black holes p r e ~ e n t , ~  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso that the horizon development can be studied, but one 
wants to slice far enough into the future so that radiation generated in the strong 
field region has time to propagate to the weak field regions far from the holes. 

Most choices of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa fail to meet these requirements. The simplest choice, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = I ,  
fails miserably as has long been known. This geodesic slicing develops coordinate 
singularities (the Eulerian observers focus to a caustic) in a free-fall time scale 
( t  - M for black holes). 

Lichnerowicz gave the way out  in his classic 1944 paper.' He pointed out that 

one can choose the time slicing so that no focusing of the Eulerian observers 
occurs. If 8 = V "nl, is the volume divergence of the Eulerian observers, then we 
can choose the acceleration potential a a t  each point by demanding 8 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 = 0. 
The differential equation governing the time rate of change along the Eulerian 
observers (Raychauduri's equation) reads: 

0 = aB2 - Aa + Ra (2) 

Where R is the Ricci scalar of the 3-metric in the time slice. The zero-convergence 
time slicing can thus be obtained by solving the elliptic equation 

for the acceleration potential on each slice. From the hypersurface point of view, 
each 0 = 0 time slice has maximal volume relative to nearby slices, so this slicing 
is often referred to as fhe maximal slicing condifion. (For a recent review see 
Choquet-Bruhat et ~ 1 . ~ )  

A very desirable feature of the maximal slicing is that it seems to  avoid hitting 
space-time singularities. I f  part of the slice is inside a black hole, then a quickly 
drops to zero in this region. This means that the time evolution halts automatically 
in regions of high enough space-time curvature, while allowing the slice to move 
forward to normal speed (a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN I )  far from this region. This behavior of a has 
been observed in maximal slicings of a Schwarzschild black hole,7 the two black 
hole collision,1° strong imploding gravitational waves," and model star col- 
lapses.12 There does not as yet exist a rigorous mathematical statement of how 
generic this strong field maximal slicing behavior is. 

Assuming we have chosen o u r  Eulerian observers by some condition on a, 
we still have the freedom to choose o u r  spatial coordinates to be constant along 
some other set of worldlines. This freedom is mathematically expressed by 
choosing the shift v e ~ r o r ~ ~ $  p', which gives the 3-velocity v'  of the coordinate 
lines, relative to the Eulerian lines, by 

§Often symbolized by N '  in the literature 
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As in flat space hydrodynamics, the coordinate observers could be chosen to 
comove with the matter worldlines or to form a mixed Euler-Lagrange system. 

I n  a pure gravity problem, there is a natural radiation gauge which minimizes 
the shear of the coordinate observer’s worldlines. This minimal shear condition14 
imposes the elliptic equation on the shift vector: 

A@’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAiD ‘ (DkPk)  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARia’ = Di[2a(Kij  - &Kyi , ) ]  ( 5 )  

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADi and A are the covariant derivative and the Laplacian of the 3-metric y i j .  

As a specific example of maximal slicing with minimal shear coordinates, 
consider the Kerr metric of a rotating black hole in the standard coordinates. 
The t = constant slices are maximal slices whose normal Eulerian observers are 

the so-called ZAMO observers of Bardeen: The r ,  8, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 = constant observers 
corotate with the hole, requiring a nonzero shift vector which turns out to be a 
minimal shear shift vector. Here it is pure differential rotation shear which is 
minimized. 

Of course, one may simply choose ai = 0, so that the coordinate observers 
coincide with the Eulerian observers. This simplifies the calculation considerably 
at  the expense of mixing inessential coordinate shearing with the physical gravita- 
tional wave shear. In any case, it should be clear that the choice of smooth non- 
singular time slices, or nonsingular Eulerian observers, by the choice of a, is the 
fundamental requirement, and that the choice of coordinate observers ( p i )  is of 
secondary importance.” 

SPACE-TIME D Y N A M I C S ~  

Let us now turn from constructing our  Eulerian observers to following the 
gravitational field along their worldlines. Again, one has no better source than 
Lichnerowicz.’ As he shows, the Cauchy evolution separates into two distinct 
problems: the initial value problem and the evolution of that initial data. This is 
very similar to electromagnetism, where Maxwell’s equations break into two 
kinds: equations of constraint ( D  - E = 4 r p ,  D. B = 0) and evolution equations 

To see this division in our present language, suppose we have chosen a cer- 
tain set of mixed Euler-Lagrange observers (a, p i )  with time slices labeled by r 
and spatial coordinates x i  = constant along vc = unfl + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp’. Then the 
4-metric, in these coordinates, can be written as? zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(6 + Q x & = 0,g - Q x @ = 4 r J ) .  

where y i j  is the 3-metric in the time slices. Just as (a,pi) are the kinemati- 
cal variables of the gravitational field, yi j  are the dynamical variables. The 10 
Einstein equations are a set of six second-order hyperbolic equations for the 
evolution of the six y i j ,  together with a set of four elliptic equations constrain- 
ing the initial data. 

Just as in Newtonian mechanics, it is convenient to introduce the “velocities” 
as independent field variables. From a geometric viewpoint, the appropriate object 
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dual to the 3-metric (first fundamental form) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis the extrinsic curvature (second 

fundamental form). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI f  one is evolving along the Eulerian observers zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn”, this is just 

the proper time derivative of y i j :  

whereie, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi s  the Lie derivative along n”. By moving to a mixed Euler-Lagrange 

system (8’ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA# 0), one picks up “convective derivatives” as well 

(8) 

where &, + a, is the geometric version of time derivative and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBADi is the 

3-dimensional covariant derivative. From the Eulerian observer viewpoint, the 

extrinsic curvature is exactly the negative of the expansion tensor 0,” of the ob- 

server congruence: 

(9) 
V,,n, = ePv - nrav = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa,,“ + h8ypv - n,a, 

where V, is the 4-dimensional covariant derivative and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8, a,, are as introduced 

in the last section. Note for a maximal slicing (8 = 0). 8,“ = bPv is just the 

shear tensor of the Eulerian observers. 

- 2 a ~ , ,  = (2, - e , ) ~ ,  = a,Yii - D , P ~  - D,P, 

Now the constraint equations are given by Lichnerowicz’ as: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
H R + K 2  - KiJKiJ  = 2p 

H I  D i K  - D , K , J  = Si (10) 

where the matter stress-energy tensor is decomposed by o u r  Eulerian observers 

into spatial pieces (S,n” = S,,n, = 0): 

(11) Try = pnpnp + S,n, + n,S, + S,, 

The evolution equations for the gravitational field are: 

(52, - & f i ) y I l  = -2aKi j  

(&, - S @ ) K i j  = -2aK,iKj” + a K K i ,  + aRiJ - D i D j a  

- asij + h ( Y ( - p  + S,”’)Yij (12) 

These must be supplemented by matter evolution equations, such as given by 

Lichnerowicz’ shows how to convert the nonlinear constraint equation H 

into a quasilinear elliptic equation. This method has since been used by many 

authors. York and O’Murchadha have completedi7 the program by showing how 

onecan specify the unconstrained data i n  a physical way (a “first guess” at yiJ 

and K I J )  and then complete this data by solving four uncoupled quasilinear elliptic 

equations.’*.i9 Eppley and I have developed computer codes to solve these equa- 

tions numerically, so in practice one can now “solve” the initial data problem 

(i.e., give y i j ,  Kii to solve the constraint equations) for any given physical 

situation. 

One sees explicitly from the evolution equations that Einstein’s gravitational 

field equations can be regarded as  describing a “dynamic space-time,” i.e., that the 



574 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA n n a l s  N e w  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAYork Academy of Sciences 

dynamics is contained in the time history of the changing intrinsic and extrinsic 
geometry of a time slice. However, one can equally well regard it as a time history 
of the separation and shearing of our Eulerian observers who have been sent in to 
record the gravitational field by its influence on the observers. In either case, the 
kinematics of choosing the succesive time slices, or the acceleration of the ob- 
servers, is clearly separated from the dynamics by use of  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(a ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApi, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy i j ,  K j j ) .  

The only remaining task is to evolve numerically the initial data by Equa- 
tion 12. This was suggested by Lichnerowicz* in 1944 and reinterated by DeWitt 
and Misner" in 1957. The following sections detail the implementation of that 
program. Before giving the numerical techniques used it is useful to recast the 
evolution equations as a fully first order set of quasilinear hyperbolic equations. 
This can be achieved by introducing the auxiliary variables: 

Dijk akyi j  (13) 

This allows us to  rewrite the evolution equations in the form2': 

a,r + A i a j r  + F(r) = o (14) 

where I' = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( y i j .  Ki j l  Di jk )  is a vector with in general zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 6 , 6 ,  18) = 30 independent 
components of ( l ,  x'). The three matrices A' have components which depend on 
(a ,  p', y i j )  but not on derivatives ( K i j ,  Dijk), and F is a vector whose components 
contain the nonlinear terms in ( K j j ,  Di jk ) .  Because this form is so similar to 
ordinary hydrodynamics or to a wave equation, it is very useful for numerical 
work; in  fact, it was essential i n  order for us to be able to develop a stable 
numerical scheme. 

NUMERICAL METHODS 

The Einstein equations can be solved by the method of finite differences.22 That 
is, one converts the space-time continuum to a space-time lattice and the differen- 
tial Einstein equations to  a set of differenced evolution equations. The spatial grid 
merely labels the observer's worldlines and so can be thought of as lattice labeled 
by ( i , j ,  k ) .  The metric functions ( a ,  b', yi,, K i j ,  Dijk) have specific values a t  each 
lattice point and vary as  a function of time. In this manner the grid is fixed and 
does not evolve with time. The time development of the metric functions tells 
how physical distances and time intervals between grid points change. This is in 
keeping with o u r  notion that the Eulerian observers are keeping track of com- 
ponents of the gravitational field while they sit a t  rest in  their time slices. 

For the remainder of the discussion, I will specialize to  axisymmetric space- 
times so that all metric functions depend on only two space variables (say z and p )  

and time. The generalization to three space dimensions is straightforward. Let the 
rectangular background lattice spatial variables be 7 and [ with even spacing 
AT and At.  It generally is the case that one wishes the (z, p )  coordinates to have 
variable spacing. For instance, one may wish a stretching of the ( z ,  p )  coordinates 
as one moves away from the strong field region. Then, one has a map z = z(q ,  [) 
and p = p ( q , [ )  to define the physical grid. When differencing a field quantity, 
say A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(1, [), to represent derivatives, one uses the chain rule: 
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where the Jacobian coefficients dzV, etc. are stored at each spatial lattice point and 

are independent of time. This has the advantage that the differencing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 8 , A  etc.) 

occurs on a uniformly spaced grid, while leaving the flexibility to stretch ( z , p )  or 

match physical coordinates to boundaries. 

Typically, one has to  solve elliptic equations (for a, p' )  on each time slice and 

then advance the field quantities ( y i j ,  Ki j ,  D i jk )  by hyperbolic equations. The 

elliptic equations are covariant and therefore have all derivatives present with 

coefficients functions of (z, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp ) :  

where is the Christoffel symbol constructed from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAyij. Eppley" and I have 

successfully solved this using standard techniques23 such as Simultaneous Over- 

Relaxation (SOR). The value of a ( x ' )  at  time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt is used as a first guess for a ( x ' )  

at time t + A f .  The only problem we encountered is that simply solving Equa; 

tion 3 on each time step does not guarantee that the divergence B = - K i j y J J  re- 
mains zero. Eppley I/ has devised several schemes that keep B small by adding 

extra terms to Equation 3. 

Usually when one has hyperbolic equations, one is very concerned numeri- 

callyz3 about the formation of shock waves or very steep gradients i n  the field 

quantities. For this reason, many numerical methods contain artificial viscosity 

which spreads this steepness over several grid points. Because our earlier methods 

encountered numerical instabilities, Eppley and I experimented last summer at 

Lawrence Livermore Laboratories (LLL) with various differencing schemes. We 

found that a simple generalization of Lax's methodz3 gave us a stable differencing 

scheme for the hyperbolic system." This is the method we used to evolve the two- 

black-hole collision. Unfortunately, any method involving artificial viscosity adds 

dissipation to the system. As will be seen later this dissipation severely damps 

outgoing gravitational radiation. Following conversations with Chin, Leblanc, 

and Wilsonz4 at  Livermore, we turned to the classic staggered-mesh method. The 

point is that we see no tendency for steep gradients to form in the vacuum space- 

times we have looked at, so there seems to be n o  need to introduce artificial vis- 

cosity. In the staggered scheme one centers yi j ,  K ,  and Dijk in space and time 

so as to preserve second-order accuracy: 

I1C. W. Misner, Isenberg, J . ,  and Eppley, K .  R. are working on new methods of formu- 
lating "Computational Einstein equations." 
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That is, there are three interwoven space-time lattices, one for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy i j ,  and one each 
for the first space and time derivatives: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAKij and Dijk. This method has no artificial 
viscosity and thus does not dissipate the gravity waves. We used this on the evolu- 
tion of pure gravitational radiation with beautiful results (see below). It is now 
being implemented on the two black hole code. 

It should be recognized that solving systems of partial differential equations in 
two or three space variables requires much more “black magic” than solving one 
dimensional problems.23 There is no unique or preferred difference representation 
of a differential equation. Because of storage and time limitations on even the 
largest computers, one in practice can never take a grid fine enough so that the 
solution to these various differenced versions of the same differential equation 

converge (see for instance Emery2’). Each differenced equation has its own ac- 
curacy, dissipation, and dispersion which mix with the inherent dissipation and 
dispersion (e.g., red shift) in the Einstein equations. There are ratios such as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ax/Mor zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAx/X, where X is the wavelength of the radiation, which are of order 
unity on coarse grids. This means higher frequency parts of the actual solution 
are suppressed. Thus, one must be extremely cautious about believing the result 
of any such numerical simulation without first having performed many consis- 
tency checks and physical arguments about what the solution “should” look like. 

A great help in all this is the use of graphic displays. Whenever possible, I 
have tried to present functions of lattice points as  two-dimensional surfaces seen 

in perspective. That is, consider A (7, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA() to be a surface whose vertical value at  
point (7, () is given by A ( q ,  E ) .  This surface can then be “viewed” at  any angle with 
the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(q, E )  grid superimposed on it. Alternatively a contour map of the func- 
tion may be presented. Movies of these functions were generated using Jeff Rowe’s 
computer program DISPLAY at  Lawrence Livermore Laboratories. 

GRAVITATIONAL RADIATION 

Assume that one uses the method described above to construct a space-time 

lattice with (a. p’, y i j ,  K i j ,  Dijk) a t  each point. How does one then determine the 
gravitational radiation which escapes from the strong field region? At  present there 
is no rigorous method known which is practical for computer use. I will briefly 
describe several methods Eppley and 1 have used as first attempts to  solve this 
problem. 

The vacuum four-dimensional Riemann tensor Rasya can be decomposed rela- 
tive to our Eulerian observers into “electric” and “magnetic” type componentsz6: 

where t a Y r  = t71ropn@ and yov = gsv + nvns.  These “physical components” can 

then be used to build up other quantities of interest.6 The four space-time invari- 
ants, for instance, are given by: 



Smarr: Computer -Genera ted  Space-Times zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA517 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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J = + iR*asr6]Rvd‘vR,,as = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 Was Wrs W y a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(18) 

where Was = Eas + iBas.  Computationally, Eas and Bas are useful be- 

cause they can be built locally (at each lattice point) out of our dynamical vari- 

ables? zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
E‘J = -R‘J - KKIJ + K,‘K.” 

BIJ = DrnKn(iCmnJ) 

E’P = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABoo = 0 (19) 

where R‘j is the 3-dimensional Ricci tensor built out of yij and Qjk . 
Since along an outgoing null hypersurface the Riemann tensor of a gravita- 

tional wave falls off as r - ’ ,  one might expect to “see” waves by looking on space- 

like hypersurfaces a t  the function rZI at  large distances from the source. This 

indeed happens as I show below. T o  get a more detailed picture of the radiation 

field one would like a local “Poynting vector” for this radiation. The above split 

immediately suggests the spatial vectorz7(n - P = 0): 

(20) pY E c8T6B“ 
a0 6 

as an analog with electrodynamics (E x B). This is in fact just a particular pro- 

jected piece of the Bel-Robinson tensor: 

Tayf16 = h [ R a c , v  Ryf6Y + * Ratflu* Ryf6Yl (21) 

namely 

P @  = ypaTrrsy6nPnvn6 (22) 

Because this vector has units of (length)2 times physical momentum flux, it ob- 

viously is not a local physical momentum vector for gravitational radiation and 

therefore does not contradict the view that gravitational energy-momentum is 

nonlocalizable.28 Nonetheless, as  will be shown below, it is very useful for “find- 

ing” gravitational radiation in  our space-time lattice. 

Once “found,” we want to measure the mass-energy being carried by the radia- 

tion, as well as its angular distribution and Fourier decomposition. This is much 

more difficult since even the theoretical tools to use have not been sorted out. 

Presumably one could computerize Isaacson’s p r e ~ c r i p t i o n ~ ~  for splitting radia- 

tion off the time changing background field and then Brill-Hartle average this 

radiation over several wavelengths. Such a method has not yet been devised for 

the computer. 

Alternatively, i f  one has future null infinity zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4+) conformally mapped onto 

the space-time lattice, then one could use the Bondi mass-loss formula3’: 

Here the mass-loss is obtained by integrating over angles (dQ) on a 2-sphere of 

constant Bondi retarded time u at  4+. The integrand is the modulus squared of the 

“news function” 7, i s . ,  the u derivative of  the asymptotic shear of the 2-sphere. 
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As zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa first step, Eppley and I have used a modified version of the Bondi mass- 

loss idea.# Consider a timelike hypercylinder r = ro = constant surrounding the 
strong field region (see FIGURE 1). Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAma, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHa be two complex null vectors span- 
ning the 2-sphere cross sections S formed from the intersection of this hyper- 

cylinder with the f = constant slices normal to our Eulerian observers (na). If 
r,, is a form such that ranu = ruma = rama = 0, then the outgoing null vector 
field to these 2-spheres is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt,, = n, + r,,and the shear u of these 2-spheres is 
defined as 

u = mam@Va 6 (24) 

We define our  “news-function” as = - i r2au/a t  a t  fixed r = ro and the mass- 
loss as  in Equation 23 except d R is replaced by d S ,  the proper surface element of 

strong field 

1 * 
“constant 

t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L, 

u-constant 

t = constant 

I 

FIGURE I .  In a dynamic 
space-time, gravitational radi- 
ation is generated near the 
bounded strong field region 
and propagates out along a 
null cone (u = constant). A 
time slice ( f  = constant) inter- 
sects this cone on a 2-sphere S. 
This 2-sphere can also be con- 
sidered as the intersection of 
the f = constant slice with an 
r = constant { hypercylinder. 
The normal vectors to these 
surfaces are shown as .e ,,, nu, 
r,, with g , = na + r , .  

our 2-spheres. Specifically, the space-time line element is: 

ds2 = - a 2 d t 2  + yr,dr2 + 2yredrd8 + YeedO2 + y++dd2 (25) 

so our null vectors are chosen as: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4s = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(-.,(y‘r)-1/2,0,0) 

and our calculation of u yields: 

#The following discussion was worked out in collaboration with Paul Sommers. 
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(27) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-&{ree-l[~ee + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAroer( fr ) -1’2~ - y,,-i[K,, + rMr(yr)-1’2]]  

By numerically keeping track of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb at  r = r,, we obtain a history of the radiation 
pattern dM/dR dt. While i t  is not theoretically justified that this procedure will 
measure the mass-loss, as a first attempt it seems reasonable. Currently research is 
underway to relate it rigorously to the true Bondi mass-loss a t  9”. 

An immediate question is what relation this energy flux has with the covariant 

flux of the Bel-Robinson vector $P - d S  through the same 2-sphere. I can only 
answer this for the case of monochromatic waves (-eiw‘) in Minkowski space-time 
linearized theory. There one finds the energy flux to be3’ : 

where aJ4 is the Newman-Penrose complex component of the Weyl tensor zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(CPvaa) 

which becomes asympt~tically’~: 

The carets (i, 6, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd)  refer to  an orthonormal tetrad (8  = rdt9, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 = r sin 0d4,  f = 

dt). From the spinor form of the  Bel-Robinson tenor33 one finds that asymptoti- 
cally 

(30) para - 2 I *4 I 

So finally we have the asymptotic ( r  ---* a) relations: 

(We note in passing that for an axisymmetric nonrotating space-time, both 9 and 
44 are real.) These expressions will be used below to estimate the mass-loss in our 
space-time lattices. 

BRILL WAVES-A PURE RADIATION SPACE-TIME 

In  order to test out the methods outlined above, Eppley and I have constructed 
space-times containing only gravitational radiation. Unlike exact plane wave solu- 
tions, these space-times have finite energy and describe the time evolution of a 
‘‘cloud’’ of gravitational radiation. The initial data for such space-times, assuming 
axisymmetry, were described by Brill” in 1959 and discussed extensively by 
Wheeler’’ in 1963. Since Brill demanded that the initial data lie on a hypersurface 
of time symmetry (Kij = 0), the past of this surface is the time reverse of the 
future. 

The character of the future evolution depends on the initial “density” of the 
cloud. For very weak waves, the cloud disperses to null infinity, presumably** 

**Stanley Deser (private communication) stresses that there is no analytic proof that this 
will happen. 
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leaving flat space behind it. But for a cloud of waves strong enough, the non- 
linearity of  Einstein’s equations can lead to self-coupling and formation of a 
black hole. The details of the evolution depends on the initial wave packet selected. 
These two properties are codified in the initial 3-metric by the wave profile zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 and 

wave amplitude A .  

ds2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= +4(eA‘7(dp2 + dz2)  + p2dd2]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(32) 

where q(z,p) is chosen at  will. Then $, the conformal factor, is solved for 
numerically from the equation 

A+ + @+ = 0 

with A being the flat space Laplacian in cylindrical coordinates. I n  a numerical 
study of Brill’s initial data, Eppley“ picked the simplest zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq subject to  the necessary 
symmetries and fall-off criteria: 

q = p2(1 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr n ) - ’ ,  n 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(34) 

He and I then evolved many space-time for different values of A .  

Most of our results are for A = lo-’. For such a weak wave, one should be 
able to use the Einstein equations linearized off of flat space. Perhaps a clever 
choice of q would even lead to  an analytic solution of the linearized problem. 
(S. Teukolsky-private communication-has made recent progress on a pure 
quadrupole Brill wave). We used our full code with the nonlinearities in to  test the 
whole system. Because the wave is axisymmetric as well as reflection symmetric 
across the equator, we have only to evolve one quadrant of the (z, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp )  plane. Typi- 
cally, we “stretched” the z and p coordinates so that (Az, Ap) is smaller near 
the center and coarser further away. The results shown below are for a spatial 
(z, p )  lattice 4 0  x 4 0  (1600 points), with 120 time levels calculated into the future 
of the initial slice. The runs were made a t  Lawrence Livermore Laboratories on 
their CDC 7600. Computation time was about 1 millisec/zone-cycle or about 
15 minutes for the full space-time. 

First, we investigated the space-time curvature scalars I and J built from the 
Rieman tensor (Equation 18). Since the space-time is axisymmetric with no rota- 
tion, both I and J are purely real. We plot r21  as a function (a 2-surface) over 
the (z, p )  grid a t  each time step. This generates a movie of the time development 
of the function. FIGURE 2 shows r 2 f  a t  the initial moment. Note the peak would 
be much higher a t  the origin except for the factor of r 2 .  As one moves to  the future 
this peak drops very rapidly, and the wave packet becomes a series of outgoing 
pulses. FIGURE 3 shows r2f a t  t = 5.40. One can clearly see a precursor followed 
by several larger peaks. Note that the peaks are highest on the equator and fall off 
rapidly as one moves toward the z-axis (see the contour plot FIGURE 4), just as  one 
would expect for quadrupole radiation. The pictures for J look similar. 

To compare with this, one can plot the Bel-Robinson vector. On a time slice, 
this vector field can be plotted in the obvious way: the magnitude of the vector is 
proportional to  and the direction is that of P. At t = 0 this vector is 
zero since B ,  is zero initially from Equation 19. At t = 5.40 (FIGURE 5) we see 
the Bel-Robinson vector has the same structure as the scalar invariant I. 
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Finally on a 2-sphere zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.6 ,  we measured our modified Bondi mass-loss 

(Equation 27). The radiation pattern on the 2-sphere dM/dOdt  is shown a t  two 
times (t = 4.80 and t = 5.10) in FIGURES 6 and 7. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI have scaled the overall size 
of the pattern by the logarithm of the integrated power, dM/dt ,  a t  that instant. 
One sees that a t  maximum power the signal is mainly quadrupolar, but a t  nodes of 

that piece, higher multipoles (“spikes”) show up. The graph of the instantaneous 
mass loss is shown in FIGURE 8 .  It is surprising over how many orders of magni- 

FIGURE 2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA plot of the quadratic Riemann invariant zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI ( z ,  p )  times r2 = p2 + z2  a t  r = 0 
for the Brill gravitational wave initial data. The z-axis is to the right, and the p-axis is 
to the left. The vertical distance represents the functional value r21  at the grid point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(z ,p ) .  Note the initial “cloud” of radiation is concentrated near the origin and shows 
no wave-like characteristics. The stretched grid plotted is the actual grid used in the com- 
puter evolution. 

tude o u r  crude use of the Bondi mass-loss formula seems to  give smooth answers. 
One sees clearly the precursor, the main pulses, and finally an exponentially 
decaying tail. We are not sure that the tail is real since there is no “storage ring” 

for P r e s s - G ~ e b e l ~ ~ . ~ ~  black hole ringing in near-flat space. Either this tail represents 
radiation which at  t = 0 was incoming far from z = 0 and then bounced off the 
symmetry axis at later times to become outgoing, or it is the sort of thing which the 
Isaa~son-Bri l l -Hart le~~ method averages to zero. The total mass-loss through r = 



FIGURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe same quantity as in FIGURE 2 except at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5.4. The “cloud” has dis- 
persed into an outgoing wave train of gravitational radiation. Note there are four pulses, 
with the middle two the largest. 

FIGURE 4. A contour plot or zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr2f as shown in FIGURE 3. This clearly shows the 
quadrupolar nature of the radiation, which should have angular dependence -sin4@, 
where 0 = 0 on the z-axis. 

582 
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ro, is plotted as  a function of  time in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFIGURE 9. Note that a t  late times this con- 
verges to AM zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA* 7.3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx lo-’. 

Taken together these pictures give a complete qualitative view of radiation dis- 
persing from a bounded source. Quantitatively, the problem is more difficult. Be- 
cause the wave is so weak, the original mass is quadratic in A and must be picked 
out of the numerically derived conformal factor $. Eppley has investigated many 
ways of calculating the coefficient zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp in M = p A 2 ,  and to date his best value is 
p = 0.014. This is consistent with the Bondi mass-loss result since all of the 
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FIGURE 5.  Bel-Robinson vector Pi for the same time as FIGURES 3 and 4. The length of 
the arrow is proportional to a norm (Pipi ) ’ / *  and the direction is the direction of 
the vector P. This calculation shows convincingly that the Bel-Robinson vector field is able 
to ‘‘locate’’ gravitational radiation in a space-time. 

original mass should pass through the 2-sphere during the clouds dispersal. The 
value for the Bel-Robinson flux (FIGURE 10) is somewhat lower, leading to a 
AM * 6.7 x again consistent with the order of magnitude. The wave- 
length X = 2 m - ’  used in Equation 31 must be taken from the news function q 

which is, ofcourse, the distance between every other peak of d M / d t  in FIGURE 8. 
The real problem here is to select a small number accurately. The qualitative pic- 
ture is impressive, but more hard work needs to be done to get a firm quantitative 
result. 
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FIGURE zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 .  The radiation pattern, dM/drdR,  as measured on a 2-sphere a t  ro = 3.6 at time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f = 4.8. The z-axis is again horizontal, and the equatorial plane (p-axis) is vertical. At 
any angle, the radius vector to the pattern is proportional to  the flux of radiation at  that 
moment. The overall scale of the pattern is the logarithm of the instantaneous power 
dM/dt .  Note that a t  this time (near the maximum power in the fourth pulse) the pattern is 
largely quadrupolar. 

T w o  BLACK H O L E  COLLISION 

Having shown that one can evolve a space-time numerically and obtain useful 
information about gravitational radiation, I now turn to a more astrophysically 
interesting scenario. The collision of two black holes is often envisioned as an 
observable source of gravity waves, the event usually being thought of as occurring 
in dense nuclei of galaxies or quasars. In general, such a collision would be a near- 
miss encounter, followed by orbital capture, then a spiraling in, and finally a 
coalescence. Unfortunately, to calculate this process requires a full three-dimen- 
sional dynamical computer code, something which may be achieved in the next few 
years. As of now, the best we can do is study the head-on axisymmetric collision of 
two nonrotating black holes (axisymmetric rotation can be added fairly easily). 

The most important astrophysical question is: how much gravitational radia- 
tion is generated by this time-changing strong gravitational field? Before finding 
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the actual answer by solving for the space-time, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI attempted to estimate the radia- 
tion that might be generated.6 To lowest order one can approximate the collision 
by two point particles attracted toward each other by Newton’s law of gravity 
and obeying Newton’s law of motion. This picture is grossly in error when the 
relative separation approaches zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 G M / c 2 ,  where M is the total mass. Therefore 
I will follow the motion only up to that point. The time dependence of the quad- 
rupole moment for the system, p r 2 ( r ) ,  where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp is the reduced mass, can be put 
in the Landau-Lifshitz weak-field theory t o  obtain the energy radiated in gravita- 
tional waves. I have done this calculation analytically, assuming the particles 
start at rest with separation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALo. The total energy radiated from r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= Lo to  r = 

2 M  is: 

For the case of infinite initial separation this reduces to the formula derived by 
Zerilli.38 He was interested in it because the limit in which one particle is much less zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

6 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
9. 

2 .  

0 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P 

-2. 

-4 . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-6 . ’  

Z 

FIGURE 7 .  The same as FIGURE 6 except at t = 5.1. The “spikes” are the higher multipoles 
which appear when the quadrupole radiation goes through a node. Note they carry a very 
small portion of the total energy. 
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FIGURE 8. The instantaneous power dM/dt, as a function of time I ,  through the 2-sphere 
in FIGURES 6 and 7 integrated over angle. The mass loss here is calculated using a modifica- 
tion of the Bondi mass-loss formula (Eq. 27). Note the four main pulses, as seen in FIG 
URES 3-5, are seen here followed by a ringing down. 

massive ( p )  than the other (M) should be a first approximation to  the fully rela- 
tivistic problem of dropping a test particle radially into a Schwarzschild black 
hole. This problem was solved using perturbation theory by Davis, Ruffini, Press 
and Price39 in 197 I .  They found 

- -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA E  - o.oIo(;)* Lo = m, 
Mc2 

approximately one half the amount predicted by the Newtonian calculation. In  a 
followup paper Davis, Ruffini, and Tiomnom and later Chung41 calculated the 
mass loss from the problem. It is shown in FIGURE I I .  Whereas the Newtonian 
calculation has an ever rising dE/df as r - 2 M ,  the relativistic calculation finds 

several peaks. 
The above suggests that as a first guess for the two equal mass collision we put 

mI = m2 = 4M in Equations 35 and 36. The result is that the Newtonian freefall 
radiation efficiency for parabolic infall of two equal masses is estimated as6: 

- N 0.0012 (Newtonian) 
Mc2 

3 0.0006 (Semi-Relativistic) (37) 
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Now something like this much radiation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmusf be produced by the two black hole 

collision. The big question is: does the interaction of the finite size of the horizons, 
which was not present in the Davis zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAef calculation, produce a larger amount 

of radiation than this? 
I n  a sense, the preceding argument is designed to put zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa lower bound on the 

gravitational radiation produced. Upper bounds may also be established if one 
makes a crucial assumption about the evolution of the initial data. This hypothe- 
sis, called Cosmic C e n s o r ~ h i p , ~ ~  states that any singularities that form to the future 
of a singularity-free initial data set, must occur inside black holes. If this is true, 
then Hawking4j proved that the total surface area of black holes must not decrease 
with time. I f  the area were able to remain constant during a collision, then the 
maximum amount of radiation would have gone to  infinity, while any increase in 
surface area decreases the radiation reaching infinity (part of it goes down the 

holes). 
The problem is, as Thorne"and others have argued, that Cosmic Censorship 

is most likely to be violated precisely in  dynamic, highly nonspherical, strong 
field collapse or collision space-times. Therefore, it is imperative actually to  evolve 

FIGURE 9. The total mass loss, A M  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= so' i d  T,  through the 2-sphere of FIGURES 6-8, as a 
function of time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf. Note that at late times this levels off. This value (upper arrow) should 
equal the total mass (middle arrow) a s  measured on the initial data. The fact that these d o  
not agree has been traced to  an inaccurate numerical preparation of the initial data. The 
lower arrow indicates the estimate of the mass loss provided by the Bel-Robinson zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAflux 
(FIGURE 10). This evolution will be refined in future work until these three methods 
converge. 
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FIGURE 10. The estimate of the instantaneous mass loss using the Bel-Robinson vector 

(Eq. 31). Note that it agrees qualitatively with the Bondi mass (FIGURE 8). but quantita- 
tively it is 10 times lower. The reason this curve is not as  smooth as FIGURE 8 is that we 
numerically evaluated the Bel-Robinson vector less often than the Bondi mass loss. 

such space-times, using only Einstein’s equations, to  see whether the surface area 
actually increases. If it does, o r  alternatively if the radiation reaching infinity is 
much less than the Hawking upper limit, then this vital hypothesis will have passed 
a crucial test. 

For the time being let us assume the standard picture is correct. Then the upper 
limit4’ to the energy radiated by gravitational radiation during the collision of two 
nonrotating black holes dropped from rest a t  infinity is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 . 2 9 M c Z .  This upper limit 
comes from assuming the process is reversible in the thermodynamic sense, i.e., 
that the surface area remains constant during the collision. (It is now well estab- 
l i ~ h e d ~ ~ . ~ ’  that black hole surface area zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis entropy.) However, it is clear that some 
radiation will go down the holes during the coalescence phase; this is irreversible 
and will increase the surface area. A simple calculation shows that the efficiency t 

for producing radiation goes as: 

where Afand A i  are the final and initial surface areas, respectively. I f  A, = A i ,  

then e = 0.29 .  If A/ = 2 4 ,  the efficiency drops to zero. Therefore, the question of 
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the efficiency of colliding black holes for producing gravitational radiation can be 

stated as: how close does the surface area come to doubling during the collision? 

Let me now describe the details of the numerical evolution. Since the theoreti- 

cal framework of this problem has been extensively reviewed” recently, I will only 

briefly mention the major points. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs initial data we use Misner’s analytic solu- 

tion4* of the constraint Equations 10. Metrically the 3-geometry is conformally 

flat (unlike the Brill data Equation 32) and time symmetric zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( K , ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0), i.e., the 

holes start at rest. Topologically, it consists of two Einstein-Rosen bridges49 join- 

ing two identical asymptotically flat 3-spaces. I n  a realistic astrophysical model, 

these bridges would be replaced by two pockets of matter’ inside their event hori- 

zons. However, since the details of what is inside the black hole cannot affect the 

outside, the results on gravitational radiation should be very similar. 

There is one dimensionless parameter in the Misner initial data: the separation 

Lo of the throats (narrowest part of the bridge) in units of the total mass of the 

system zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM. Eppley and I have evolved the initial data for two values of L o / M ,  
namely 3.88 and 6.60. These values of L o / M  can be used in Equation 35 to esti- 

mate the Newtonian radiation for this bound system. 

The apparent horizons (outer boundary of trapped surfaces) are at the nar- 

rowest part of the two bridges on the initial time surface, whereas the event hori- 

zon (the surface of the black holes) lies somewhere outside of the apparent hori- 

zons. While one cannot locate the event horizon without knowledge of the full 

space-time, the apparent horizons can be located on each time slice. Gibbons and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N 

E 

20 10 0 - 10 - 2 6  

( r * -  t ) /  M 

FIGURE 11. The instantaneous mass loss (right-hand scale) due to a small particle zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( p )  

falling into a black hole ( M )  as  calculated by Davis, Ruffini, and T i ~ m n o ~ ~  and Chung.41 
I have scaled this to two equal masses by regarding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp as the reduced mass and M as the total 
mass (m = p / M + i ) .  Note the vertical scale corrects an error of a factor of 10 in 
the original publication.4° 
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FIGURE 12. The dots are the actual grid points used in the numerical evolution of two 
colliding black holes. The horizontal axis is the z-axis, while the vertical axis lies in the 
equatorial plane (p-axis). The apparent horizon of the black hole at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf = 0 lies on the 
innermost circle of dots. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs time progresses the horizon moves outward with respect to 
the grid points. To estimate the location of the horizon, we assume that t h e  final area of the 
horizon is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA / -  2 A i  (i.e., almost no radiation escapes to infinity). Then at each value 
of time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( T / M )  there is a coordinate 2-sphere (solid line) which has area 2 A i .  Note the 
spherical state as late times. 

Schutz’’ and Cadei5i*22 have used the area of the apparent horizons to put upper 

limits on the efficiency of gravitational radiation generation by the collision of 
these two bound holes (FIGURE 18). 

The time slicing we used was the maximal condition, Equation 3. Because of 
the existence of the throats, boundary conditions on the acceleration potential zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 

must be specified not only at spatial infinity on the upper sheet but also on the 

throats.” We chose a = 0 there because this mimics as  closely as possible the 

standard t = constant slices of Schwarzchild. Note that since the event horizon is 

outside of this boundary initially, it will evolve on the region outside of the 

throats. 

The question arises: how far in time does one need to  evolve the data? As a 

first guess. I used the Newtonian freefall time from Lo to  r = 2M: 
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which is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIM for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL o / M  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.9 and 17M for L o / M  = 6.6.  We carried our evolu- 
tion to  I = 22M for the former case and I = 3 I M for the latter, so we should 
have safely integrated past the collision time. 

To  “see” the actual collision one would like to  solve for the location of the 
apparent horizon on each time slice. Even more ambitiously, one could track null 
rays through the space-time lattice and find which ones escape, thus locating the 
actual event horizon. Although both are numerically feasibles3 we have not yet 
had time to implement these procedures. However, there is a poor man’s guide to 
watching horizon development. Assume that AErad/McZ << I and that A ,  * 
2Ai. (This will be justified below). Then at  each time we can ask which coordinate 
2-sphere has proper area A,. 

Eppley and I did this, and the result for L o / M  = 3.9 evolution is shown in 
FIGURE 12. The grid points represent the lattice sites at which quantities were 
evolved. The initial apparent horizon with area A i  is shown at t = 0. Until 

t * 5M, the surface labeled “ t  < 5” has area 2Ai. After t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN SM, the 2-surface 
of area 2Ai begins moving out with respect to the grid. This outward motion is 
just what one finds for the maximal slicing of a Schwarzschild black hole’ (“the 
grid is sucked down the hole”). 

Now it would be useful if one could actually locate the apparent horizon at  
late times, since it would be very near the actual event horizon and its surface 
area A,could be used to  measure the gravitational radiation loss (Equation 38). 
Unfortunately, I feel this will never be a quantitative help. FIGURE 13 shows the 
radial proper metric function a t  late times ( I  = 20M). The initial conformal 
factor in the line element has been factored out so that this metric function was 
unity (flat) at I = 0. The peak is characteristic” of the proper radial metric zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

29.5266162 

-0.2’500000 

FIGURE 13. The relative change in the radial metric function zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg,, at late times zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( T  - 
2 0 M .  Note the peak which is approximately spherically symmetric. The arrow shows where 
the horizon is for a similar evolution of a single spherical black hole. This agrees quite 
well with FIGURE 12. 
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FIGURE 14. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA contour plot of the radial component of the Bel-Robinson vector at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 
20M for the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL o / M  = 6.6 collision. Note the similarity in the pulses of outgoing radia- 
tion with those in FIGURES 4 and 5. The dotted lines represent outgoing radiation, the solid 
lines ingoing radiation. The location of the 2-sphere on which mass-loss was measured is 
shown by an arrow. 

function for maximal slicing of a spherical Schwarzschild black hole. In that calcu- 
lation one knows where the horizon is-it occurs slightly outside the peak. The 
arrow points to  the coordinate 2-sphere whose area is 2Ai at  this time. Its loca- 
tion is quite consistent with our experience from Schwarzschild. However, i f  the 
actual horizon is on the 2-sphere just one radial grid line inward, its area is 
sufficiently less than the efficiency from Equation 38 would be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5% instead of 0%. 
Since the actual efficiency seems to be <<1%, it is unlikely that locating the horizon 
numerically will be accurate enough to measure the mass loss reliably. 

To attempt to get an estimate of the efficiency, Eppley and I first evaluated 
the Bel-Robinson vector field for the collision space-time. In particular, since the 
energy flux depends only on the radial component zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP', Equation 3 I ,  this quantity 
was evaluated at each grid point. If only the physical red shift were present, then 

$Pa d S  would presumably decrease as one followed a wave outward from its 

formation close to  the strong field region, until the integral reaches a steady value, 
proportional to h?, in the wave zone. Unfortunately, the inherent numerical 
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dissipation in our differencing scheme begins to damp out the waves a s  they 

enter the wave zone, and thus zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$Pe d S  decreases as  the waves propagate outward. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A contour plot of the logarithm of P’ is shown in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFIGURE 14 for the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALo/M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 

6.6 collision. One “sees” very clearly the gravitational waves which have already 
been generated (compare FIGURE 4 for Brill waves). Since this “snapshot” is at 
t = 20M, just about the expected time of collision from Equation 35, this illus- 
trates that some of the radiation is generated before the collision, i.e., during 

freefall. I n  the movie containing this frame, one can also observe the time de- 
velopment of the central region. Very little of interest occurs until collision time, 
at which point the “jet” of heavy contour lines boils out of the coalsescence 
region. This “splat” represents a region in which the P’ is inward pointing. 
Presumably, the near-zone features are rather coordinate and slicing dependent, 
but at least this feature seems related to the physical collision. 

We used several coordinate 2-spheres to measure the Bel-Robinson flux and 
the modified Bondi mass-loss. The most useful quantitative information seemed to  
come from a 2-sphere whose areal radius r = -was 8M at t = 0 (shown 
by arrow in FIGURE 14). This was chosen because it was close enough in that 
most of the waves propagated out to and through the 2-sphere by the time our 
calculation stopped, and because the numerical dissipation was not as  strong here 
as it is further out. The problem is that r = 8M is still fairly close to the holes 
so our  use of Equation 31, which gives the energy flux at  r = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa, probably has 
errors of order unity. 

In any case, FIGURE 15 shows the energy f lux derived from the Bel-Robinson 
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FIGURE 15. The instantaneous mass loss as a function of time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( T I M ) ,  through the 
2-sphere shown in FIGURE 14, given by the Bel-Robinson vector. 
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flux using Equation 31. The wavelength X was estimated to  be zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAh zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN 2 4 M  from the 
Bondi mass flux zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(FIGURE 16). To obtain the Bondi mass-flux a trick was required. 
Because the 2-sphere was a fixed coordinate 2-sphere, its area changes with time. 
In particular, its area decreases as the maximal slicing with zero shift vector 
forces the radial coordinates t o  be sucked into the hole (FIGURE 12). As the 
2-sphere falls through the gravitational field, it picks up a false octupole radiation 
pattern (FIGURE 17). For this reason, I assumed a sin48 quadrupole pattern for 
the real radiation and used the news function on the equator, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv ( 8  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= r / 2 )  to set 
the scale. This procedure applied to the Brill gravitational waves gave results for 
I$I essentially indistinguishable from the method of integrating the actual pattern 
over the 2-sphere. 

The result is shown in FIGURE 16. Note that the Bel-Robinson flux agrees with 
the Bondi flux as regards the timing of the main pulses, just as we found for the 
Brill waves. (The fine-structure difference is not real since an Isaacson average29 
should be done to  localize the energy.) Much more interesting is the basic agree- 
ment on the wavelength and s t r k t u r e  of pulses with the Davis et ~ 2 1 . ~ ~  calculation 
of a small particle falling into a large one (FIGURE 1 I). Quantitatively, the scaled 
Davis e f  calculation yields a larger number for M than either Bel-Robinson 
or Bondi, but all have zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk < for all t .  This would seem to imply that “in- 

flight” radiation6 is the dominant radiation produced by the two black hole 
collision up to t N 20 M. 
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FIGURE 16. The same as in FIGURE 15 except using the modified Bondi mass-loss for- 
mula. Note the very striking qualitative agreement with the scaled version of the unequal- 
mass perturbation c a l c ~ l a t i o n ~ . ~ ~  shown in FIGURE 11.  The quantitative dissagreement is 
mainly due to the artificial damping of our differencing scheme. 
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FIGURE 17. The radiation pattern, dM/dfdR, on the 2-sphere at fixed coordinate 
radius. Because this 2-sphere is “sucked toward the black hole” by the maximal slicing 
condition with zero shift vector, the proper radius of this 2-sphere decreases with time. Here 
at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT =  16.6M. for the L o / M  = 6 .6  collision, the  proper radius is -8.1 M. The 
octupole pattern is presumably caused by the  2-sphere falling through the gravitational field, 
while the pattern near the p-axis (@ = n/2) is caused by outgoing quadrupole radiation. 

Integrated over time, the values for the efficiency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt are  shown in FIGURE 18. 
These numbers must be treated as preliminary, because both our theoretical for- 

mulae and our numerical scheme are  somewhat shaky. Furthermore,  there pre- 

sumably is more radiation to come off the collision. Therefore, I have left a n  order  

of magnitude uncertainty above the higher answer given by either Bel-Robinson or 
Bondi. Nonetheless, I think it is clear that  the efficiency for generation of  gravita- 

tional radiation by head-on collision of nonrotating black holes is very low and  

consistent with the Newtonian calculation t % 

This is two or three orders of  magnitude lower than the Hawking-type upper 

limits which assume a reversible (no change of surface area) collision. Our calcula- 

tions indicate the collision is very irreversible with A /  % 2 A i  in Equation 38. 
Thereseem to be  several reasons why this is so. FIGURE 19 shows an isometric 

embedding diagram of the z - p plane of the 1 = 0 and t = 9 M  slices of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L o / M  = 3.9 collision. The  t = 9 M  diagram represents the geometry immediately 

after coalescence. As can be seen, there is very little dramatic  difference between 



596 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAnnals New Y ork Academy of Sciences 

FIGURE 18. Various tech- 
niques have been used here to  
estimate the efficiency for gen- 
erating gravitational radiation, 
AErad/M, from the head-on 
collision of equal mass black 
holes (mi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= m2 = 4 M). The 
horizontal axis is the initial 
separation of the apparent 
horizons Upper limits using 
black hole area theorems due 
to Hawking, Gibbons and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP 
Schutz, and Cadei  are shown. 
The estimate provided by the w zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Newtonian-Landau-Lifshitz a 
weak field, slow motion, 
method is given by the lower 
solid line. On the right, the 
limits for Lo/M- m are 
written including the scaled 
DRPPk result (see FIG- ,@ 

U R E  1 I ) .  Finally, the prelimi- 
nary computer results for the 
actual collision are marked in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 : EEL-  ROBINSON 

the shaded region. The an- 

swers obtained by the Bondi I 3 5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 9 I I  13 
and Bel-Robinson techniques L o / M  
are specified together with a 
guess at the probable error boxes. Subsequent computer evolutions will greatly improve 
the accuracy of these results. 

1 6 ~  

lo4 

x = BOND1 

10-6 

the two times. The neck stretches (as observed in the Schwarzschild maximal 
slicing) and it is constricting where the new horizon is forming around the two 
throats (see FIGURE 12). However, if  the coalescence were going to produce a 
large amount of gravitational radiation, it would be necessary for a rapid time 
variation of  the 3-geometry to occur . t t  This does not happen-the holes “ooze” 

together. 
Even i f  “radiation” were to be generated by the horizon coalescence, it would 

have to fight a tremendous gravitational red shift. I f ,  by the time the wave reaches 
r, = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 M ,  its wavelength is greater than - 1 6 M ,  then it will be reflected back 
into the hole by the curvature potential barrier which occurs in the perturbation 
 calculation^.'^ Since both of these arguments are somewhat generic, I believe that 
horizon coalescence in general will be a poor generator of gravitational radiation. 

There is a situation in which a head-on black hole collision is efficient a t  
generating gravitation radiation: an extremely hyperbolic collision ( v ,  I ) .  
D’Eath’’ has recently calculated the details of such a collision, and he finds 
t = AErad/2myC2 - 0.25 as v ,  - I .  This is consistent with the estimates made 
by applying a simple technique called the Zero Frequency Limit (ZFL).S6 Using 
D’Eath’s exact value for c ( v ,  = I )  to  fix the numerical factor in the cutoff fre- 

quency w,  of the frequency spectrum dE/dw, I find the following estimate of c, 

ttl thank Charles Misner for suggestions on  this interpretation. 
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using ZFL for hyperbolic head on c ~ l l i s i o n s : ~ ~  

597 

Evaluation of this formula (see zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFIGURE 20) shows that t drops below zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1% by the 

time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv ,  <, 0.5. For lower values of v, ,  the ZFL underestimates the actual effi- 

F I G U R E  19. These isometric embedding diagrams of the z-p plane were constructed at 
the Center for Relativity in Austin, Texas, using a program written by Tom Criss. They show 
the two black holes at i = 0 (lower) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 M  (upper) [or the L o / M  = 3.9 colli- 
sion. The shearing at  the grid can be seen clearly. The geometry stretches as in Schwarz- 
schild’ and constricts where the new horizon is forming. 
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FIGURE 20. Estimates on  
the efficiency, AErad/2myc2, 
for hyperbolic head-on colli- 
sions of black holes. The ver- 
tical scale is dimensionless 
while the horizontal scale 
gives the velocity at infinity 
v, /c .  The solid upper line, 
euppcr, is the upper limit ob- 
tained from using an area 
theorem. The lower line, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA€0. is 
derived by use of the ZFLS6 
technique. This should give the 
actual efficiency for v, /c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA> 0.5 
and underestimate it for lower 
v,.  The value of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeo = 0.25 for 
v,/c = 1 is due to D'Eath.53 
Notice that q, estrapolated to 
v ,  = 0 is consistent with the 
DRPP result for parabolic in- 
fall. The ratio of the actual ef- 
ficiency to the upper limit, 
eo/eupper, decreases rapidly 
with v, /c ,  which implies that 
the collision is more irreversi- 
ble for lower v, .  

0.2 0.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.6 0.8 1.0 

v, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA/ c  

ciency because the low frequencies no longer dominate the spectrum. Using in- 
stead a simple extrapolation of the to curve for high v, (FIGURE 20) one finds 
a result quite consistent with c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 

One can compare this estimate of the actual c with the upper limit obtained by 
a naive use of the Hawking 

for v, = 0. 

(Although this gives cupper - 1 as  v, - I ,  Penrosem has shown by use of method 
analogous to Gibbons and Shutz,S2 that cupper - 0.5.) In any case, if the black 
hole surface area did not increase during the collision, cupper would be of order 
-0.5 for any hyperbolic collision. Equation 40 above, however, indicates the 
actual efficiency drops rapidly for v, < 1. The ratio t / ~ ~ ~ ~ ~  (FIGURE 20) thus 
gives a measure of how irreversible the collision is. This tells us an important 
new fact: black hole collisions are more irreversible the smaller the velocity ( v , )  

is at  infinity. This is unfortunate for gravity wave astronomy, because it is un- 
likely that the more efficient hyperbolic collisions occur in nature. 
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OTHER SOURCES zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO F  GRAVITATIONAL RADIATION 

As mentioned earlier, head-on collisions will be very rare events, the more 
usual case being a spiral collision. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs the compact objects (neutron stars or black 
holes) orbit, they will radiate away the change of binding energy in gravity 
waves. This will continue until the objects collide, tidally disrupt, or reach an 
unstable circular orbit from which they plunge to a collision in less than one 
orbit. Recently, Clark and Eardley5* have analyzed such a scenario for two 
neutron stars. (For  a black hole-neutron star collision see Ref. 59). They find that 
typically the gravitational wave efficiency is c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 2%. Now the important point is 

that this high efficiency is just due to  the Newtonian binding energy, not an esoteric 
strong field effect. 

In fact, it seems likely to me that not much more will come out if two black 
holes are involved.a$$ The reason is that the holes probably plunge after the 
binding energy is -0.05 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMc’ .  The experience with gravitational synchrotron radia- 
tion6’S6’ indicates most of the plunge radiation also goes down the hole. Finally, 
if  my argument that horizon coalescence is inefficient is generic, then little will 
come off from the collision. 

There are four astrophysical situations where such spiral collision may be 
found. First, normal binary systems may evolve to  contain two compact objects 
(such as  PSR 1913 + 16), and then this system may decay63 to a spiral collision64 

on a time scale of - lo8 years. Second, i f  relativistic clusters of collapsed ob- 
jects form in galactic nuclei or quasars, the  capture^^',^^ of compact objects may 
be fairly frequent. Alternatively, these active regions may contain collapsing 
supermassive stars which fission and form two supermassive black holes which 
later collide.67 Fourth, normal stellar cores may be rotating rapidly enough that 
they fission after collapsing to form a neutron star.6* All of these cases can be 
modeled by a fully three-dimensional computer code,# as mentioned earlier. 

Astrophysically, there are very real difficulties with these events being observed 
by the next generation of gravity wave detectors. The first case is far to  rare5* to 
yield one event/year even if  one can see the Virgo cluster. I t  is not known whether 
relativistic clusters ever form, or i f  they d o  what their lifetime is. Although Thorne 
and B r a g i n ~ k y ~ ~  have proposed looking for the second and third cases with 
precision tracking of interplanetary spacecraft, Rees7’ has given reasons to suggest 
this may be very difficult because of the astrophysical properties of supermassive 
stars. Let me finish then, by examining rotating stellar collapse in more detail. 

As reported at  this meeting by Taylor,7’ pulsar statistics indicate that a neutron 
star forms about once in 10 years per galaxy. Thus, the collapses in nearby galaxies 
(out to M 101) could be used to give event rates’ of - l/yr. The question is: what is 
the efficiency in a typical collapse? I n  an attempt to answer this question, Thuan 
and Ostriker7’ studied the collapse of dust spheroids to pancakes, using the New- 
tonian results of the time rate of change of quadrupole moment t o  estimate the 

IjZel’dovich and Novikov.a on p. 110. estimate AErad - 0.02 ( p 2 / M )  for a head-on 
collision and - 0.06 p for a spiral one where p is the reduced mass and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM 
is the total mass. 

&J. R. Wilson and coworkers have succeeded in following a Newtonian collapse and 
fission on the computer-private communication, 1976. 
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gravitational radiation loss. Their result72 is shown in FIGURE 21. As one can see, 

the maximum efficiency is - 2  x and this occurs only for cores rotating 
rapidly enough that the neutron star is rotating near breakup a t  formation. 

N o ~ i k o v ~ ~  then pointed ou t  that  if pressure is included, the radiation emitted 
during the bounce will be greater than the Thuan-Ostriker result by approxi- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

55 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I ,  I 

r 
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LOG J,, ( e r g - s e c )  

FIGURE 2 I .  Estimates of gravitational radiation eficiency for neutron star formation 
based solely on Newtonian calculations. The vertical axis gives the energy radiated by the 
collapse of a 1.4Mo rotating white dwarf core with density zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp - lo9 g The 
horizontal axis records the initial angular momentum of the core, or alternatively (top 
scale) the initial eccentricity and period of the core. The final state of the neutron star (as- 
sumed to be 1.4Mo at p - I O l 5  g cm-3) is labeled across the top.8* The solid line 
is taken from Thuan and Ostriker’s’2 paper for axisymmetric dust collapse. The dotted 
line is an estimate t’or axisymmetric collapse with pressure based on N o v i k o v ’ ~ ~ ~  argu- 
ment. The “x” marks the peak for cold equations of state (upper) and hot equations of 
state (lower) as obtained by Shapiro.’4 

mately Ab/Cb where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA b  and Ch are  the semi-major and semi-minor axes of the 
spheroid a t  bounce. While this seems like a big improvement, it turns out that  the 
maximum effect occurs when Ab/Cb - 10. I have estimated the bounce radiation 
by using Thuan  and Ostriker’s unpublished numerical results and  taking their 
A / C  when p = IOl5g (see FIGURE 21). This  shows the best case still has  
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< I %  and again only for neutron stars rotating near breakup. S h a ~ i r o ’ ~  and 

others have recently made more detailed calculations which confirm the above 

rough analysis. 

There are a number of further reasons for pessimism about whether realistic zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
axisymmerric collapse yields observable gravitational waves. I n  a real stellar col- 

lapse neutrino processes will be of dominant importance. As Kazanas and 

Schramm” have shown, i t  appears that neutrinos are many times more effective 

at damping out small deviations from spherical symmetry than are gravity waves. 

Furthermore, the core does zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAnoi freefall after the onset of inverse beta decay, but 

rather collpases much more slowly77 because of the remnant electron and neutrino 

degeneracy pressure. Computer  calculation^^^ of realistic spherical collapse sug- 
gest that the “bounce” may occur at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI O l 3  g cm-’ rather than zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10’’ g cm-’. (This 

effect is very sensitive to the equation of state- Arnett, Schramm, and Wilson, 

private communication.) All of these factors degrade the gravitational wave effi- 

ciency. I t  should be noted, however, that there are some relativistic efects which 

enhance gravitational radiation in  slowly rotating collapse.’’ 

From my experience with the two black hole collision, I would be surprised 

if  these Newtonian results are far off from the ful ly  relativistic ones. In particular, 

E a r d l e ~ ~ ~  finds a Hawking type cupper - 0.03 using initial data sets for mar- 

ginally bound nonspherical axisymmetric collapse. I f  this limit overestimates the 

actual efficiency by as many orders of magnitude as occurs in the two black hole 

collision, then the actual efficiency will be consistent with the above Newtonian 

results. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A number of workers11 llare now calculating the fully relativistic perturbations 

from spherical collapse. Several other researchers## are building codes which will 
generalize the techniques successfully used in  the Brill wave and black hole col- 

lision evolutions to calculate the full nonlinear axisymmetric Einstein-matter 

equations for stellar collapse. Therefore, W K  should know within a few years if 
the efficiency co  is indeed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA<<I‘Y0 for most axisymmetric collapses. I f  i t  is, then 

since the fluxXowill be - t o  I V I O - ~  GPU (in order to get an event rate > I/year). 

observation by the next generation of gravity wave antennas will be essentially 

If, on the other hand, the typical electron degenerate core of massive stars is 

rapidly rotating (J > there will not be a stable 

final neutron star configuration.82 I n  this case, i n  addition to the gravity waves 

from the above consideration, there will also be many more generated by the 

triaxial or fissioning core, together with its recollapse.68 Although no reliable 

dynamical calculations have yet been made. it seems likely that a gravitational 

wave efficiency of to ‘v .05 could be achieved in this nonaxisymmefric scenario. 
Neutrinos may still be very important here in  suppressing gravitational waves.8J 

Only a fully relativistic three-dimensional calculation can decide what the ratio 

of ~ E E n e u , r i n O p / ~ E ~ r a v l , y  WaVeS is in the collapse of a core with mass M and angular 
momentum J .  This is one of the most important outstanding theoretical problems 

in relativistic astrophysics. 

What I want to stress is that, given the difficulties in either the event rate 

g cm’ sec-’; M - 1.4M 

/ I  IICunningham, Liung. Moncrief, Price, Sengupta, Turner, Wagoner. and Walton. 
##Chrzanowski, Gunter ,  Hoffman. Pachner. Smarr, and Wilson. 
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or the efficiency of other sources (supermassive stars, relativistic clusters, black 
hole formation, etc.), it may be that the existence of a viable gravity wave 

astronomy is equivalent to answering the question: do neutron stars typically 

form rotating near breakup velocity zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- lo4 sec-I)? R ~ d e r r n a n ~ ~  in a 1972 sur- 
vey concludes that they d o  nor. Others have argued that they do and that compli- 
cated interactions of the pulsar’s magnetic field with the supernova envelope may 
drain off much of the angular momentum and energy of the rapidly rotating 
c ~ r e . ~ ~ * ~ ~ T h i s  disarray of opinions carries over into the related question of whether 
white dwarf cores are rotating fast enough” zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( P  - 10 sec) to  form a rapidly rotat- 
ing neutron star after collapse. I would like to emphasize very strongly to the astro- 
physicists that these two questions are of vital importance for gravity wave 
astronomers. On the other side of the coin, the gravity wave astronomers may be 
soon able to help answer these questions for the astrophysicists: i f  pulses from 
neutron star formation are observed then it will be very likely that the compact 
object is rapidly rotating at birth. 

Unfortunately, i f  these pulses are not observed a definitive answer will not be 

obtained. That is why both observations and theoretical calculations in neutrinos, 
stellar evolution, electromagnetic and gravitational radiation, and cosmic rays are 
all needed to solve this outstanding problem. I believe the work reported herein 
is a step in this direction. 
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