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The splitting of spacetime into space and time is
analyzed by abstract methods, ccoordinate methods, and nu-
merical computer methods. General relativity is assumed to
be the correct theory of gravity and the Einstein field equa-
tions are studied in their cancnical form. A comparison is
made of the initial value and evolution equations for gravity
in different formalisms (ADM, gecmetry of spacelike hyper-
surfaces, timelike congruences). These equations are then
illustrated by a number of cosmolcogical and black hole space-
times. A study of cocordinate conditions is undertaken.

The axisymmetric (non-stationary and non-spherical)
Einstein eqguations are discussed, and it is shown how to set
up a numerical computer program to integrate these equaticns
starting with a given initial data set., Various applications
cof this computer apprcach are discussed: collapse of rotating

non-spherical stars, "runaway" collapse, and headon collisions



of black holes. 2All of these situations would involve gen~
eration of gravitational radiation from the formation of
black holes.

The particular case of two nonrotating black holes
colliding headon is chosen as a test case for the computer.
The initial value problem is reviewed and then a computer pro-
gram is written to generate the spacetime. This generation
involves scolving four coupled guasilinear hyperbolic {(evolu-
tion) equations and one linear elliptic equation (maximal
slicing) on each spacelike sheet. The numerical difficulties
are discussed and graphical methods are used to present the

result of the computations.
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Chapter I

The subject of gravitational collapse has bheen
studied since the pioneering work of Oppenheimer and Snyder
in 1939. It received new thecretical impetus in the early
1960's from Wheeler and his coworkers. The discovery of
pulsars and quasars, Weber's reported gravitational wave
pulses, and the continued study of supernovae sustained
this interest in the physics of strong gravitatiocnal fields
throughout the sixties. Now with the probable discovery of
a black hole in Cygnus X-1, the need for realistic models of
collapse phenomena is crucial.

In this thesis I shall outline the machinery needed
to probe the structure of general relativity by numerical
studies of such collapse models., Our approach will be that
of slicing gpacetime into spacelike hypersurfaces. Rather
than analyze a single calculation, we shall attempt to build
up a formalism for comparing the various types of calculations
which have been made and for pointing the way to new attacks
on unsolved problems,

In Chapter II we describe the abstract structure of
spacetime as seen from a space + time split. Given a stack
of spacelike hypersurfaces we set up the projection calculus
which allows us to keep four dimensional covariance while es-
sentially dealing with objects on the 3-surfaces, This leads

to two splittings of the Riemann tensor which point out the



difference between wvaricus "physical components™ of the
curvature. We see that fourteen of the twenty components
describe how the 3~slice is embedded in spacetime and that
six of the components are dynamic. The former lead to the
constraint equations while the latter yield the evolution
equations. The field variables are taken to be the intrinsic
metric and extringic curvature tensors. The time derivative
is geometrically the Lie derivative, and we illustrate the
abstract nature of the lapse function and shift vector of
ADM. Finally, we obtain some new expressions for the in-
variants of the spacetime Riemann tensor.

In Chapter IIT we study the congruences which are
the dual notion to hypersurfaces. There are three natural
congruences on the spacetime which arise in general: the
congruence normal to the hypersurfaces, the ccordinate line
congruence, and the congruence of matter flows if matter is
present. An analysis of the acceleration, expansion, shear,
and twist of an arbitrary congruence is made. We derive
propagation equations for these hydrodynamical quantities
using the Lie derivative along the congruence instead of the
covariant derivative along the congruence as is usually dcne.
Then we show how the ADM coordinate system naturally arises,
and we rederive their equations by simply taking the spatial
part of the equations derived in Chapter II.

The initial value problem is set up and discussed

in Chapter IV. We review the history and current state of



the conformal method for solving-the constraints. We point
out what the freely specifiable parts of the initial data
are and discuss the physical significance of each item in
the theory. A brief review is made of the special cases of
initial data which have been investigated in the past.

The evcolution of this data is the subject of
Chapter V. We describe some of the global aspects of the
Cauchy problem and indicate how this is related to coordinate
conditions on the lapse function. We look in detail at the
geodesic normal and maximal slicing as examples of such con-
ditions. We point out how the shift vector may be used to
recoordinatize the surfaces. Then the main physical aspects
of time dependent spacetimes which we hope to explore in our
slicings are reviewed. These include singularities, horizons,
and gravitational radiation. It is briefly indicated how
these three phenomena may be observed on the computer.

Chapter VI applies the above abstract tocls to the
study of some well known spacetimes. We compare in detail
various slicings of the Schwarzschild or single nonrotating
black hole spacetime. The Kerr black hole and spatially
homogeneous cosmologies are used as examples of spacetimes
with several congruences present. These illustrate the use
of a shift vector and noncomoving coordinates respectively.
Pinally, previous collapse calculations are described in terms
of cur framewcrk of hypersurfaces and congruences.

The last two chapters VII and VIII deal with an



ongoing research problem: the colligion of two black holes.
This spacetime contains most of the features of a general
time dependent solution of Eingtein's equations. We first
review the knowledge of the time symmetric initial data.
Then we map out the general features of the horizon, radiation,
and singularity we hope to monitor. Several estimates of the
energy loss through radiation are made. We then review the
astrophysical setting in which such processes might occur.

In Chapter VIII we show how to set up the evolution
equations on the computer. Our general approach is to make
a formalism general enough so that with little alteration it
could be used to study other axially symmetric problems, such
as the nonspherical collapse of stars. The hyperbolic and
elliptic equations which arise are discussed, and alternate
methods of coding them on a two dimensiocnal grid are examined,
Finally, preliminary numerical results on the collision are
given with graphs showing the evolution of certain key geo-
metric guantities. No final results on radiation or horizon

formation have yet been achieved,



Chapter II

Before we study particular coordinate systems, we
should strive to ascertain what is the geometric nature of

the problem.(l)

Therefore, a summary of the coordinate free
approach to spacelike slicings of spacetimé will be presented
first.

We may define a slicing of spacetime by choosing a
scalar function t with timelike gradient V_ t. Then the
slices Sy are given by t = constant with future pointing

unit normal vector n, given by:

a

- _ _ -3
n, = -av_t n_n? = -1 o = [=(7 ) (V3¢) ]

Let the spacing of the slices be governed by the lapse func-

tion a. That is, the proper time along the unit normal from
slice Sy to slice Stegt 15 dT = adt.

Choose a spatial coordinate grid on some initial
slice. We will propagate it from slice te slice along some
timelike congruence v. In other words, along any member of
the congruence we have x; = constant (i = 1,2,3). The shift

vector B, is defined as the difference, in the hypersurface

and the tangent
(2)

S¢r between the normal connecting vector on

vector v, to the coordinate line congruence:

a

. a _
vy = ong t Ba with naB = (



We may picture these spacetime vector fields as

follows:
n ¥ n v n v
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The choice of o and 8, is arbitrary, subject to maintaining

a

v,V < 0. This is a consequence of the general covariance of

a
general relativity. The physics is independent of which se-
guence of slices we choose ("the many fingered nature of
time"—reflected by o) or of the coordinates we lay down in
each slice (reflected by Ba).

Therefore, starting from an initial slice we can
sweep out the same piece of spacetime with many different
sets of vector fields (ng, By, v,) and slices S This means

(3)

there are two types of 4~tensors on the spacetime:
slicing independent tensors like 9., Ryp,r Rapedr €abedr Var
T,pr €tc. and slicing dependent tensors such as huyp, Ryps

Rabcd' €abcr Dar Szpr etc. (see below for definitions). Of

this last set there is a subclass of spatial tensors Ay

a b _
where A_jn” = Agpn~ = 0.
Two spatial tensors of particular interest are the

intrinsic metric tensor or first fundamental form hab:




hap = 9ap T Dahp

and the extrinsic curvature tensor or second fundamental form

Kab:

c, d

This pair (hg,, K;p) will be regarded as the dynamical vari-
ables in what follows. We will see that they must satisfy
certain constraint equations on a given slice and we shall
find the evolution equations carrying them from one slice to
another aleng the v congruence,

For both of these problems we will need derivative

operators, based on the spacetime covariant derivative V.,

but adapted to the slicing congruence under study. For

spatial tensors Tab, the spatial covariant derivative DCTab

of Tab is alsco a spatial tensor if:

a _ m, a p n
DT = hg b php Pty

The time derivative is generalized by the notion of the Lie

(4)

derivative along a congruence:

a _ C a _ ,C a a c
£VT b = v VCT b T VeV + T CVbV

We will shortly introduce the ADM coordinate system in which



we will find that the above objects reduce to the usual co-
ordinate objects meore familiar to us.

Just as in electrodynamics it is useful to break up

L . 3 b
the Maxwell tensor Fab into the electric field Ea = n Fba and

the magnetic field B, = %eabchbcnd = %eachbc on the hyper-
surface Sy (with normal ng), here alsoc it is useful to break

up the Riemann curvature tenscr R
" (5)

abed into its “physical

components on a hypersurface Sy. There are two equivalent
ways to proceed here.

The first split is essentially a geometric one,
From classical differential geometry one knows that there are
formulae relating the curvature of a subspace to the curva-
tures of a space of one higher dimension in which it is em-

(6)

bedded (equations cof Gauss and Codazzi). These are most

(7)

easily seen if one splits the Riemann tensor of the space-

time into its fully projected part P_poqg:

n

_ . m p. I
Pabed = By Py B By Rpnpr v

a part with one normal A H
cab
= m; n r
Bcab = hy by hcpn Rynpr ¢

and a part with two normals Qap?

_ m n P
Qab = n ha hb n Rmnpr -



We will see that P q and A,.;, are totally determined on S

abc
if we are given (hab’ Kab) on S,.. On the other hand, Q.4
represents the six dynamical components of the curvature
tensor R g, and requires field equations (such as R,y = 0}
as well as (hyp, Kap) if it is to be evaluated on Si.

The other split is based on the algebraic decompo-

sition of R a into the Weyl conformal tensor C,p.q and the

abc
C

Ricel tensor Rab = R ach

. We can then regard the Weyl tensor
as representing the gravitational field while the matter

variables give us R, through the Einstein field equations:

Rap = %95pR = Tgp -

The natural spatial tensors Egp, By, P, tyr Szp then arise

as:

_ . cd _ ¢d mn
Eagp = 0 1 Chapd Bap = %¢ 0 b pChicg

_ _ b _ ¢, d
P =nn Tab t_ = nh_ T Sab = ha h, =T

a a “bd h "ed °*

We will call E.p the "electric” and B, the "magnetic" part

of the Weyl tensor,(g)

while p will be called the mass—energy
density, £ the momentum density, and Sab the stress density
of the matter fields.

These two splittings together with the equations

allowing us to relate them can compactly be written as:



10

Rabcd = (2% (cMd] ¥ 2P [aPbled ¥ 2P [cPdlab * Pabcd

Cabea = 40[aBb] (cld] * 2n[aBb]mEmcd * 2n[ch]memab + Eamemnencd
Tap = pn ny, = 2n(atb) + Sap

R ped = Cabed ~ 9a[dRelb ~ Ib[cRdla ~ %R9a[c9d]b
Rop ~ %R9p = Tap

Rab = %ab ~ Pap = Qualp ~ 20ty

R =-P + 20

It is convenient to introduce two more objects Mgy

and P}, defined by:

_ mn _ _5C _.a
Mab - LﬁAamnE b Pab =-P achb P=P a
S0 we can write:
- e _ mn _ ,,mn
Boap " Mo faqp 34 Pg T € abm (F s P)eneg -

In this way it is apparent that there are two subsets of each
split which transform among themselves: "electric type”

quantities

(Eabrp rSab) R (Paerab)
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and "magnetic type" quantities

The explicit relations are derived in the Appendix:

Sab = Qab ~— Pabp = %(20 = P)h,y
S = =%(4Q - P) ty = thMceeeba
p = =%P Bab = M(ab)

Eab = 2{Qap * Pap) - ¥(Q + Plhyy

Qup = Eap *+ %55p — &lp + 28)h,y

Pab = Eap = %S, - k(40 + S)hy,

c

Q = -%(p + 8§)

P ==2p

We note that there are 12 components of R,p.gq in the "elec-

tric" subset and 8 in the "magnetic™ subset. For the first

splitting we have:

Pob 6
Qab 6
M.y 8

and for the

between the

components P.p = P(ab)
components Qab = Q(ab)

c
componentsg Mapy = By M[ab] = he_ bt

second splitting we have the usual 10-10 split

Weyl and Ricci tensors:
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a
Eab 5 components Eab = E(ab) E a = 0
= a
B.op 5 components Bp = B(ab) B a = 0
p 1 component
ty 3 components nata = 0
Sab 6 components Sab = S(ab)

In a vacuum spacetime (Tab = 0), the Ricci tensor

vanishes:

and the Weyl tensor is identical to the Riemann tensor:

Cabcd = Rabecd = Qap = Eab = Pap Map = Bab

We now wish to derive several important relations
between these components of the spacetime Riemann tensor, the

intrinsic curvature tensor Rab' the extrinsic curvature

tensor K, and the intrinsic Riemann tensor R 4 on a given

abc

S¢» We will verify our remark that Q. contains the only
dynamical components of R,p.q and obtain the four constraint
equations on (hg}p, Kab)'

To proceed we need to establish a few lemmas. The
proofs of these statements and later theorems are contained

in the Appendix. The proper acceleration a,, of the timelike

curve with np as its unit tangent vector is given by:
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ay, = navanb .
It is given in terms of o by:
ap, = Dpdna .
Using this, we can show from the definition of K_j, that:
Kop = ~Vahp - nya, = -Vynp - n D Lna .

Repeated use of the last equation together with the

definitions of the spacetime and space Riemann tensors:

a _
Robea ¥ = 2V[aVp]¥e

ad d a
Rabcd ') = 2D[an]£ n 2 =

yields Pypcq (the equation of Gauss):

m n p, r B B
ha hb hc hd Rmnpr _-Pabcd _-Rabcd + 2Kc[aKb]d
P, = R_. + KK K_K°
T~ Fab - “ab ab - feat b
_ 2 ab

Notice that Pgpeq is completely determined by (h,p,, Kyp) on

Syi it involves no time derivatives of K p. Thus, it is a
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constraint equation between (hab, Kab). Using the field

equations for P from above, we have the Hamiltonian con-

straint equation:

_ 2 ab _ _ ab

Similarly, one can find A.ab (the equation of

Codazzi) and, with the field equations, tyt

= - - L. n_ p_r
Acab = 2D[aKb]C = ha hb hC n R.mnpr
t, = DiK K* = h T
b = DpK = Dy =0y n

b

the latter being the momentum constraint equation.

This leaves only the six components of Q. un-
determined. We will show these are dynamical by deriving the

evolution equations for (hab, K,p) and noting that only Qgy

appears in them,
To provide insight into the structure of the

(9}

evolution equations as well as into the nature of the co-
ordinate freedom embodied in a and B,, we will start with the
vacuum equations using geodesic normal coordinates (o = 1, Ba
Top = 0), then add matter, a lapse function, and finally a
shift vector,., The derivations of these equations are con-
tained in the Appendix.

As mentioned above, the Lie derivative ig the
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geometric version of the partial time derivative 9. familiar
from coordinate versions of Einstein's eguations (e.g. ADM

below). With gecdesic normal coordinates Bt > £ Since

n.
the basic field variables of a space + time split are

(hab, Kap) we look for £ h,y, and £ K,p. The result is:

(o
c

n¥ap = “Kack b - Qg1
Here we see the dynamical character of Qap - These are the
same "tidal acceleration® terms of the Riemann tensor which

drive the geodesic deviation equation(lo)

(or a Weber-type
gravitational wave antenna). Indeed, we will see later that
Kip gives the expansion and shear of the n congruence.

To make the system of equations self-contained we
need to express Qab in terms of hgy, Kab' p, and Sab‘ When
the field equations hold one can use our previously derived

results relating Qap to P,y and Syp, plus the Gauss equation

relating P,y to R, and Ky to give:
Qap = “Rap — KKgp + KcaKbc + Sap — EThyy
- _n — ab - -
where T = =R =g T,p = =P + S

Specializing to the vacuum one can write the evolution



le

equations as:

Enhap = =2K5p

_ C
£ Kap = —2KcaKb + KKab + Rab

The structure of these equations is not only simple
but physically quite suggestive. There are two types of
terms driving the evolution: a "curvature potential" term
Ryp built out of only spatial derivatives of h,p and a

c(11)

"kinetic energy" term KK p, = 2K . _K quadratic in the

catp

velocities or first time derivatives of h It is sur-—=

ab*®
prising that the spatial derivatives segregate themselves
completely from the time derivatives in such a complicated
partial differential system.

When matter is present, the only change is that the

stress S,;, and the mass-energy density p also drive the evolu-

tion through Q..

(o =1, B_ = D)
o}
= - - 1
£nKab = ZKcaKb + KKab + Rab Sab + ’éThab
When we drop the geodesic requirement {a = 1), we
develop a different congruence and slicing of the spacetime.

There are two main physical results. First, t is no longer
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proper time along the congruence. That is, varying o over Sg
varies the rate at which "clocks tick™ along any given member
of the an congruence. Second, the acceleration of the con-
gruence is in general nonzero and this will presumably show
up as a new driving term in the evolution equations.

Because the addition of the nontrivial lapse func-
tion actually gives a new slicing as well as a new congruence
on, there is no simple prescription for inserting the proper
a's in our previous evolution equation. Also, the time
derivative has now become £a . Another derivation from the

n

Appendix yields:

It

(B, = 0)
£ K = =gk KC - D_D - 0Q
anab ~ %facht p a-“p% *ab

and when the field equations hold:

K
£om ab

— c - — 1
2aKaCK + aKKab + aRab DaD a aSab + éaThab

b b

As expected, an acceleration term appears:

-D Dba = a[Daa

a + aaab] «

b

Finally, we may wish to use a nonnormal coordinate

system, Since we can regard this as keeping the slicing
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given by an but changing the coordinate line congruence to
v = an + B, it is not too surprising that the only effect on

(12)

the evolution equations is to replace

where at - £v (i.e. along v the space coordinates are fixed
while t varies). Recalling that Sab' h_y» etc. still refer
to the n congruence, we can obtain the evolution equations in

their full generality as:

(general)
(8. - %

[—— C — -
v B)Kab = ZGKcaKb + aKKab + aRab Dana aSa + %aThab

b

For completeness we rewrite the constraint equations from

above:

R+ K - K _ K 2p
a

D K D Ka
b a

We will also find extremely useful the traces of the evolution

equations:

(g - £B)/H = -ak/h h = det(h_)

- 2 .- _ _ 3
(£, = £B)K = ok” + aR - D°D_a - a(8 - 3T) .
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We will investigate these equations in more detail
later. The constraint eguations will define the initial
value problem while the evolution equations will propagate
the initial data into the future. The last two equations
will be powerful tools for analyzing various coordinate con-
ditions we may seek to improve on o and Ba.

Before leaving this chapter we turn briefly to the
subject of invariants of the gravitational field. As men-

h K, R etc. depend on

ab’ ab’ ab’
the particular congruence selected through spacetime. There-

tioned above, the guantities K

fore, they cannot serve as invariant measures of the ampli-
tude of the gravitational field. For this we need spacetime
scalars built out of the Riemann tensocr.

There are four functionally independent differential

invariants of the Riemann or Weyl tensor in vacuum.(l3) They
may be expressed as two complex invariants I and J:
I = ABCD _ LIR Rabcd + iR* Rabcd}
= Yancp¥ = ' ®abed 5 abea
CDEF AB cdef ab
— [ L] *
J = VYapcp?  VerF 1 Rpea t R*apeal® Reg v

. . * .
where Yapcp 1S the Weyl spinor and R*_, .4 1S the dual of the

Riemann tensor

R* = kR efa .
abed ab efed
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Now we wish to split Ry, .g into spatial guantities
on §; so we can evaluate I and J at the event defined by a
point on S¢- This is a straightforward exercise in algebra.
One takes the Weyl tensor Cabcd = Ropegr Written in terms of

Eopr Bgpr Ngs and € and multiplies it cut. The result is:

abgr

b ab

_ a ab .
I = 4(EabE - BabB } o+ 81Eab8

b ca b_ca
BCB - 3EabBcE )

b_ca b_ca ,
8(EabECE - 3B_, E_B ) - 81(Ba

o
i

b

The simplicity of this result is as striking as is

the similarity of I to the invariants of Maxwell theory;

a (14)

a a . .
E;E - BgB and EgB . As Sommers has pointed out this

result can be represented in "spinor-like" form as:

ab _ b ca
W J = BWabWCW

—
I

4wy

where Wiy, = E, + 1Bg,.
These invariants can be written in terms of the

3-curvatures R, and K., by use of the field equations,

which for a vacuum (Rab = 0) imply:

— — mn — —
ab - M(ab) = Prmfn(a® b) = Prnfna® b Miapy = O
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For example,‘lS)

ab ab

Re(I)

It

Kab 2 ab

“.ab a _bc
4{RabR - 2KcaR bK + 2KRab + KK, K

g€ + x x¥Px g9€
ca

a
- 2KKcaK bd

b

jil na}

- 2(b JDK

[mKn]a

Notice that o and Ba do not appear in these invariant expres-
sions. This is again a manifestation of our freedom to
choose o and Ba arbitrarily, One can rewrite Re(I) in

several equivalent ways by using the Hamiltonian constraint

2 . .
(R + K= - KabKab = 0) or by using the Cayley-Hamilton
(16)

theorem applied to RKaip- The latter procedure allows us

to relate the 4th order invariant: of Kab to the 1lst, 2nd, and

3rd order invariants:

b, 2 2 b

b da 4 o) a a
+ %(KabK ) - K K pK .

C c
= L 3
K K K gK LK™ + ¥KK_ K K

a

Besides giving us a measure of the "strength" of

the gravitational field, I and J also provide a local alge-—

(13)

braic classification for the Weyl tensor. If I3 # 6J2,

the gravitational field is algebraically general. It is type

{2,1,1} or {2,2} if 13 = 6J2 # 0 and type {3,1}, {4}, or {-}

if I =J= 0.(14)
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Fischer and Marsden (1872).

See for example Pirani (1964}, Weber (1961}, or MTW
(1973).

This is proportional to the DeWitt spray. See Fischer
and Marsden (1972) for more on this point.

See Stachel (1962, 1969) and Fischer and Marsden (1972).
There are fourteen for the most general nonvacuum Rabcd
{Geheniau and Debever 1956). For the case of a nonnull
Maxwell field or of a perfect fluid there are nine
(Witten 1959, Penrose 1960, Ehlers 1962), These may
easily be constructed out of Eapr Bapr Pr tyr Sap just
as we have done for the vacuum.

P. Sommers (private communication).

James W. York, Jr., independently performed a similar
calculation of Re{I) in terms of (Rab' Kab) in 1971
(unpublished) .

Greenberg (1970}.

Note that for gravitational wave solutions (type {3,1}
or {4}) I and J are zero, but the Weyl tensor is not
zero. For type {-}, the spacetime is conformally flat
and Copeg = Raped = 0 in vacuum. We will mainly be con-
cerned if I or J = «® as this would indicate a physical

singularity in the spacetime (as opposed to a poor



choice of coordinates). See Hawking and Ellis (1973)

P

260 for further discussion.
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Appendix

Chapter II

Here we derive a number of useful formulae which we
stated without proof in the text. The intention is not so
much to include proofs for mathematical rigor, but rather to
illustrate certain manipulations which recur frequently.

The primary objects given are a four dimensional

metric g, of Lorentz signature (-+++) and a unit hypersur-

face orthogonal timelike vector field n_ (nana ~1) ., From

gyp one constructs a four dimensional covariant derivative

. .. _ €
v a Riemann tensor R, .4, a Ricci tensor R , = R a

ar acb’

Riemann scalar R = Raa, and a Weyl tensor Cabed- The Riemann

tensor can be defined by the action of two covariant deriva-

tives operating on a vector Rabchd = 2V Vb]KC where A[ab] =

5 (Rap ~ Bpa) and A Ly = (A, + Ap,). One also has a Levi-

[a

Civita alternating tensor € bcd®
With n one can build a projection tensor hgy, =
9ab + ngny which acts as a metric tensor on the hypersurface

5, orthogonal to n. A trivial lemma gives:

t
Lemma n°h_, = 0 h hoC = hac h b = 3
Proof nahab = na(gab+nanb) = n -0 = O
habhbc = (gab+nanb)(gbc+nbnc)
= Gac + nanc + nanc - nanC = hac
h %% = (g tnang) (¢™P4n®P) = 4 -1 -1+ 1=3
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With hab cne can define the extrinsic curvature
tensor K, by:
h . @

That this tensor is spatial is obvious and that it is sym-

metric depends on n,6 = —avat.

Lemma Kab = Kba

Proof K - -n %n %

fab])

b [cavd]t

c, d .
ha hb (V[ca)(vd]t) since V[Cvd]t =0

- _n G d
= ha hb (V[Cﬂna)nd]

0 by n*h =20

We can also produce a spatial covariant derivative D, opera-

ting on spatial tensors 7C by projecting the full covariant

b
derivative:
c  _ m, C P n
DaT7y, = hy h nhb VmT o
As expected hg, is covariantly constant with respect to D,:

Lemma Dahcb =0

— o n p
Proof Dahab = ha hc hb thn

m,_ n, p
ha h, h v

P
+ n

m(gnp nnp)

il

mn n P .
ha ha hn annnp = 0



The proper acceleration 2y,

expressed in terms of the lapse funct

Lemma a;, = Dbina

onSv

C
Proof ay, n Vcnb = [cn

2nC (v

cﬁﬂa)n

[ bl

ZnC(D[cﬁna)nb] +
c c
n (Dcﬁna)nb - n

Dbﬁna

= ch ny of n can be
C

ion a:

0

i c
since n V. n

b] b c

by previous lemma
c, d
2n (n Vdina)n[anb]

(Dbﬁna)nc
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This in turn allows us to express K, in terms of V ny with~

out the projection terms:

Lemma K b = -Vanb - n ay, = Vanb
_ c_d
Proct Kab = -ha hb Vcnd
- c c d
= (ga + n,n )(gb
= —Vanb - nyap - nb
= —Vanb - naab

c d

+ n nd)V n
C

b d

dV _ C dv
n and nan nbn Cnd

g
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We will use this result over and over in the remaining
theorems,

Before deriving the evolution equations we prove
two more lemmas about the acceleration.
Lemma D_a, = V_.a, + n acK + n nCV a
——= a%b a“b b a C

ca b

o d
h hb v aq

Proof Daab a o

= v + Cy + dy + d %y
= aab nan Cab nbn aad nanbn n cad

d c
an Vcnd

C d
Vaab + nan Vcab - na Vand - nanb

=9.a +nn°v 9%, + nal d
= aab nan cab - nba ad nba naad nanba ad

R
e nba ad

il

vaab
Lemma o D_Dya = D,a, + a,ay
Proof DDy + aja, = Daabﬂna + (Daﬂna)(Dbﬁna)

-1 -2
Daa Dba + o (Daa)(Dbu)

1 b
53 ab(x

Now we introduce the Lie derivative along on.

Operating a tensor Tab it is defined by:

C a a c
oI b = . T chv + T vav
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where v is some congruence {(for instance an). As a number of
authors have pointed out, it is the proper geometric generali-
zation of our notion of time derivative, Thus, it will be the
operator we use on our field variables (hab' Kab) in formu-
lating the evolution equations.

Theocrem £ h = =2¢K
—_— an a

ab b

Proof £anhab

c c
an vchab + ZhC(aVb)an

c C c
a[n Vcnanb ~ 2h (aKb)c - 2h (anb)ac]

= a[zn(aab) - 2Kab - 2n(aab)]

c
Theorem £ K = =K K - D D
rerre———— I+ a

nXab caf b % = Qan

c c
Proct £anKab = an chab + 2Kc(avb)an

= c _.c _ c
= a[=-n chanb n Vcnaab ZKC(aKb)

C
2K (anb)ac]

C c a c
= =~a[n vavcnb + n Rcabdn + n_n Vca

C+2KC

b

+ abaa + ZKC

(aKb) (anb)ac]
c
= —a[vaab - (Van )(Vcnb) + Qup

o] c
+ nan Vcab + abaa + ZKC(aKb)

c
+ 2K {anb)ac]
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= a[Vaab + n,a Kca + n_n Vcab

+ a_a €10

2%b + KcaK

b ab]

]

c
= —u[Daab + a_ay, + KcaKb + Qab

- _ c _
= Dana chaKb aQab

Our next task is to relate Qap by the field equa-

tions to either matter variables (p, t Sab) or three di-

af
mensional curvatures (Kypr Ryp)- Before that let us tabulate

two last formulas using the Lie derivatives:

a a c
a t = - £ n = - V_ o
E_HEI_ u‘nn nn VCCI'.- Cf.aa

Moving on to the splitting of the spacetime Riemann
tensor, it is a simple matter tc show that if:
Se

-+

_ e
Ribca = 4n[aQb][Cnd] + 2n[aMb] €eca t 2n[ch] eab Pabed

then

- — a m, n b
M_"& = A = hb hc hd Ramnpn

ny Py TR

= h mh
" a b ¢ 'd Tmnpr

Pabcd

One only need be careful in the use of the antisymmetrization
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. a - - a _ .a -
convention and then use n na = =] and n Qab = n Mab

a P
On contracting R,pca Once we obtain the Ricci

tensor:

_ La _ _ _ _ oae
Bha = Rpaa = %a ~ Pbd ~ Mg ~ 2MTUE 4 (pMa)

where we have used

becda _ b
acd® = 2ha .

3
One further contraction gives the Riemann gcalar:

R = =P + 2Q

Together they yield the Einstein tensor which can be equated

to the matter tensocr Tab:

(]
Il

ab ~ Rab ~ %9abR = Tap

ae
Qpa = Ppa = OMpha = 2M T Eeqphg) T (=P + 20Q) (hpgq = npng)

!

Now projecting with nbnd, nbhdc, and hbchdr we have:
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p = =LP
_.cbh, e
ty, < h Mc € eba
Scr = ch - Pcr = L (=P + 2Q)hcr

Similarly, by placing the expression for R, and
Ropbed in the formula relating Cabcd’ Rypege and R.ob and then
using the Weyl split in terms of E.b and B pr We find after

projecting that
Bap = Qg + Pab) +E@ Q)hab

c
Bab = Mgp ™ %€4ept

It is a simple task algebraically to invert these formulae to
give the other expressions listed in the text.

Now we want to arrive at relations between the
spacetime curvature and the space curvatures. These are
fairly straightforward proofs using what we have done before

plus the fact that h, _"h, "V 0.

[a 'b] ‘mn =
Theorem Pabcd = Rabcd + 2Kc[aKb}d

d

Proof Rabch == 2D[an]kc n'k =0

m n_p r, S
2h[a hb] hC thn hp Vrks
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_ m n p r s
= 2h[a hb] hc {hn hp varks
r s
+ (Vrks)vmh nh p}
_ m r S t
= hy hb hc Rmrstk
m T P r S
+ 2h[a hb] hc (Vrks){hn thp
s T r
+ hp v bp ngn }

_ m Y, s t
- ha hb hc Rmrstk
m r s
+ 2h "y Th P (n"V k) Vg

_ m r,. s t
- ha hn hc Rmrstk
m r S
- 2h; hyTh P (Y ng) (Vpng)k
= m ry S - ! r, p t
= {hy hy h "Ryrst 2h[a hy 1 he Krthp}k

_ m r, s, Lt _
Rabcd - ha hn hc hg Rurst 2Kc[aKb]d

= - — 1 My 0L, p_Y
Theorem Acab" 2D[aKb]c = ha hb hC n Rmnpr

: = m., n r
Proof Acab = ha hb hchmnprn

_ n,_ p
= Zhamhb PV (¥ n1Pp
_ m. n, p _ m_ n, p
= =2h,"hy"h PV K - 20y PR Y ey
Theorem t;, = DK - DyK*
Proof t, = h¢%a = -2n°Pp .k
b ~ cab [a®b]cC

1

a
"'DaKb + DaK
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da

bc
chK =

Theorem KabK

4 b . ca ab, 2 2 cd
¥K® + KKK K ° + 3(K;pK™ ) = K'K K

Proof Our proof follows Greenberg (1970). Since K,
is a spatial tensor we regard it as a 3 x 3 sym~
metric tensor with characteristic value equation:

|k, - phy

pd ~Ip? - Jp-K=0

a

where T = K% 7 = 4[(x%Pk_;) - k%1 K = det(Xy).

The Cayley=-Hamilton theorem says that a tensor
satisfies its own characteristic egquation, so

substituting Ky}, for p yields:

b ¢ b _
KabK CK d - IKabK d - JKad e Khad - 0

The trace of this equation enables us to evaluate

b b

. ca a a
det(Kab) in terms of K K" K, KpK ', and K

a’

b, 2

b _ca ak a 2
VIR pK K = KKK = BI(KpK™ )" - KTJR} =

det(Kab)

da
Now multiply the characteristic equation by X
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to get an equation relating the 4th order in-

b da

variant K K CKCdK to the 1lst, 2nd, 3rd order

invariants (having substituted for det(Kgy)).

Notice that for K = 0 we simply have:

b da

C _ ab
KopK KogXK = %(KabK

)2 (K = 0) .



Chapter III

In the last chapter ocur emphasis was on the
geometry of the spacelike hypersurfaces which we use to slice
spacetime, We interpreted R p as the extrinsic curvature of
St and a, as the acceleration of the hypersurface orthogonal
timelike congruence n,. We will keep this reference system
in what follows, but we will enlarge our investigation from

the n_ congruence to the study of an arbitrary timelike con=-

a
gruence u, which also intersects the slices.

The reason we wish to do this is not just a wish
for theoretical completeness. As with every other part of
this thesis, we are setting up the practical necessary
machinery to enable us to construct spacetimes on a computer
by eveolving a given set of initial data off a spacelike hyper-
surface. BAs we have already seen, we may desire a nonnormal
set of coordinates (8, # 0) to label points of succeeding
slices. Simultaneously with the n, and v, coordinate con-
gruences we may have matter present (say a perfect fluid) with
flow lines wg.

This leads to a notion of constructing spacetime by
specifying flows of several noninteracting interpenetrating
fluids--some real fluids, some "coordinate™ fluids.(l) This
generic problem is usually only encountered in the specific.

Should we take comoving coordinates? How does one interpret

a tilted cosmology? Will the Schwarzschild throat "pinch-off"

36
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if we use geodesic normal coordinates? What we will try to

do here is set up a formalism in which these problems can be
examined and compared in one framewcork. After studying the

properties of a general timelike congruence we show how the

ADM coordinate sysfem naturally adapts itself to our coordi-
nate congruence v,.

For our general congruence u_., we again introeduce

a

along with our timelike unit tangent u a projection tensor

afr
h_y,, @ Lie derivative £y and a breakup of the covariant

derivative of u_:

=4
u ua = =1
hap = 9ap * Ualp
Valp = ~Upap + O — wyy
where a_ = ubeaa
8. =hCn%

ab ~ Ba M ¥ (o%ay

_ . C
wab = ha hb

As 1s well known,(z) Ba

b is the expansion tenscr and Wal is

the vorticity tensor of the congruence. ©One can further

split Sa into a traceless shear tensor Cab and a trace ©

b
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which is the volume expansion:

Lang
Il
Q
+
W™
ain}
=3

ab

The slicing dependent tensors (ua, agr Tapr 6, wyp!
give a direct physical insight into the local nature of the
congruence., As before, a, Mmeasures the proper acceleration
of u,. If the volume increases or the lines expand away from
each other, then 6 > 0 measures the isotropic part of that ex-
pansion. If the expansion possesses an anisotropic part, then
9, p Measures the distortion in different directions with the
volume held fixed. Finally, the flow lines may be twisting
or rotating so that they are no longer hypersurface orthogonal,
In this case Wab # 0 and the instantanecus axis of rotation
as well as the magnitude of the wvorticity is given by:

a 1€abcd

W = = ubwcd

ab L a
= 1 =
w (35w wab) (0 w,) .

We see immediately that the n_ congruence generated
by our slicing surfaces S, is nontwisting (wg, = 0) and that
the extrinsic curvature tensor Kab is just the negative of
the expansion tensor eab for . This establishes a very
useful duality between the geometry of the spacelike slices

St and their normal congruence n, . For instance, the trace
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K of the extrinsic curvature tensor {the mean curvature of

(3)
t

S ) is just -6, so that a positive mean curvature means

4)

that the normals to the surface are converging.
In the case Ba = Q, the congruence of normals n, is
also the coordinate line congruence. However, when we choose
a nonzero shift vector B4 #£ 0, a nonnormal coordinate line
congruence V, is generated in addition to the normal con-

gruence n Nonetheless, K_, = -0, where 64, is the expan-

a.

sion tensor of the ny congruence. At the end of this chapter,

-~

we will study the relationship of the 8_,, #zph, and &4 tensors,
formed from a unit vector vo along the coordinate line con-

gruence va, to the tensors of the n_, congruence., The point

a

is that Einstein's equations are tied to the geometry of the

spacelike slices Sy This is one important reason we wish to

a

study congruences (either coordinate line-v® or matter

flow-w") other than n.
We now lock for the propagation eguations satisfied

(5)

by a general wgp, and 8. As before the Lie derivative

geometrizes the notion of time derivative and we find:(G)

ﬁua = 43
£uhab = 26ab
£uwab = ”D[aab]

0, = (65, + 0% ) (6, + woy) + + + D
£u%ap = a * ¥ g/ Wep T Wep Qap T 3a38p (a@b)
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where as before Qip = uaRabcdud. When w,, = 0 = D[aab] and
we choose u? = ana, these equations reduce to the Einstein
equations studied in the last chapter (K., = -05, -- see
Appendix} .,

Two aspects of this form for the propagation equa-
tions should be emphasized. First, the right hand sides are
always spatial tensors, i.e. their contraction with u® on any
index vanishes. This is a consequence of the theorem that

the Lie derivative of a spatial tensor is spatial (pointed

cut to the author by Paul Sommers}. That is if
A = P <o
abu - Aabl.l - r

then ua£uAab = ub£uAab = 0. The proof is given in the Ap-
pendix., Second, the Lie derivative term £u subsumes terms
which normally would appear on the right hand side.

This is to be contrasted to the method usually used
in the study of congruences(T) where the time derivative is

taken to be the covariant derivative along Uy

Since this "time derivative™ does not take spatial tensors
into spatial tensors, one is forced to project the equations
into the space orthogonal to u at each step. For example,

the equations for @ap read:(T)
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_ C c _ .c _
wab = 2mc[a8b] + V[aab] + a Sc[aub] a wc[aub] u[aab]

. - c da " C C dv
1oy =h hy b g = 26,148p] ~ by hp Vicagy -

Thus in the following we will always choose to work with £,

. C , .

ingstead of u Vc (they agree if they are operating on scalars).
The next step is to obtain the equations for the

propagation of the scalars of expansion, shear, and twist:

These are written with the help of two other natural in-

variants (Greenberg-1970):

b ca
X = det{oab) = 0 p0 O
b = 0b ca
Yap? ¥
2 2 C
£u8 = =k§ - 202 + 2w + ¥ a, - L{p + 8)
2, 2 ab ,
£uo = —%480 - 3y - ¢ + ¢ (Eab + 58S, t Daab + aaab)
2, 2 ad
EgW = 58w + 2¢ - w Daab

Greenbery also produces the propagation equations for ¥x,¢

and interprets them geometrically. However, we shall not
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pursue them further here,

The equation for £,0 is the famous Raychaudhuri
egquation which has figured so prominently in the singularity
theorems of Hawking and Penrose.(g) It tells us how accelera-
tion, expansion, shear, twist, and matter affect expansion.
In particular, nonzero 6 (expansion or convergence) and shear
tend to damp expansion, but they drive convergence (6 < Q).
Vorticity tends to stop convergence and drive expansion as
our intuition about centrifugal acceleration would predict,
Acceleration can act either way depending on the sign of its
divergence. If uaRadud = L(p + 8) 2 0, then matter causes
convergence, This condition is called the strong energy con-—

dition if it holds for every timelike u For a perfect

a.

fluid:

ab = PUilp + Phyp = Ry = %FapR

and we assume this is true. The condition also holds for a
Maxwell field.{a)

As one might expect, only the trace or isotropic
part of the matter drives the isotropic convergence. When we
turn to the propagation of the anisotropic or shear part of

the expansion we find that the anisotropic stress 5 - %Sh_,

drives it:
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c [
€0 = (0 4+ w ) (o + ugp) + Egp + azap + Dadp)

C

+ 5(S,p — %Shap) + ¥hgp (20
The electric components E.p of the Weyl tensor also cause
shear (which as a result drives convergence through 02).
Thus, one says that a "pure" gravitational field causes

(9)

astigmatic focusing of timelike lines. Finally, we note

that the vorticity tensor Wab feeds off of the antisymmetric

(10)

spatial gradient of the acceleration. However, from

2

£ m2 we see that if initially we have Wop = W= 0, then

u
the vorticity vanishes for all time.(ll}

Now all of this physical insight about how matter
and curvature affect expansion and shear can be taken over
directly to the study of Einstein's equations. Thus we say
that the Weyl tensor causes the tracefree part of the ex-
trinsic curvature to change or that matter density causes the
mean curvature to grow. There is one very significant dif-
ference, however, between a congruence of matter lines and a
coordinate line congruence.

In a spacetime with fluid flow the shear, expansion,
twist, and acceleration of that fluid is determined by the
prhysics. That is, there is one and only one congruence on the
spacetime which describesg the flow., In contrast, the coordi-
nate freedom to choose o and B, yields an infinite number of

different coordinate line congruences through the same
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spacetime. As O'Murchadha and York (1973) point out, this
can be interpreted by saying the "slicer" of spacetime may

choose at each event the acceleration vector a. of the co-

a
. a

ordinate congruence v . For example, locally we can "push"

the coordinate lines apart to halt convergence, let a ~ 0

to slow down the evolution, or twist the lines to follow a

rotating fluid. In this sense the shear, expansion, twist

formalism as applied to a fluid is predictive while as ap-

plied to a coordinate congruence it is desgcriptive. Nonethe-

less, we will find this descriptive aspect very useful in
sorting out various coordinate conditions.

(12) coordinates fit

We wish now to show how the ADM
naturally into the abstract index methods we have used up to
this point. The time coordinate t will be chosen such that

t = constant on each St. Then the metric tensor is split up

into time and space components as follows:

-az + Bisl B. - a Bj

where 1i,j,k, etc. range from 1 to 3. These indices are raised
with Ylj:

- s ik sk
9.9 = 84 Yi§YT = 8y
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(13) the four

At this point one can simply calculate
dimensional Christoffel symbols in terms of the three dimen-
sional cnes together with Kij—-the extrinsic curvature of the

three space given by:

Rij = HEE(Yij;O “ B9 = By.i)

and then grind out the Riemann and Ricci tensors for the
spacetime. With these in hand, ocne applies the Einstein field
equations to fix the Ricci tensor. The result is a set of
evolution and constraint equations in terms of Yij and Kij'

Following the approach of this thesis, however, we
already have the evolution and constraint equations written
out (Chapter II) and we have but to take the i,j component of

each of them to obtain the ADM equations. The only detail

left is to verify that the aforestated correspondence:

Da . a =1
£y < 8,
Kap 7 i3
haB A Yij o =1 B =7

RaB 1]
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holds where the left hand side lists guantities as defined in
Chapter IT and the right hand side lists guantities built up
in three dimensions.

The proof is straightforward and is placed in the

Appendix. The results are:

a -1

n_ = (-a,0,0,0) n® = o (1,-8h
-1 k a -1 i
aa = O (Ot;kB rc"'rj_) a = 0o (0,c, )
_ (ak a _ i
3, = (8%, ,8;) 8% = (0,87)
v, = (~o® + g%y ,8;) v = (1,0,0,0)
£, 7 9 £g = £pi

) . . . . . i
where £Bi is a three dimensional Lie derivative along B .

The eguations in Chapter II become:

(30 - £Bi}Yij = ~2aKij
(3 = € 1)Ky = mzaKRin2 + KK, + oRjy = @ jg + oS, - hTYj
R + K2 - K..Kij = 2p
i]
Koi- Kji-j =t
(3 = £,1)K = ak? + oR - o ;- a(s = 3T)
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. _ ij _ i -
with K = Kin y T=-p+ 8., and vy = det(Yij).

These equations are essentially those of ADM (see
p. 235-236 of Witten)(l4) except we choose to retain Kij as
the basic field variable instead of using the momentum:

le _ _J?(Klj _ gle) .

The above form is the one we will use for the computer since
we can write the equations as 6 x 6 matrix equations for the
components of vy. . -

p Ylj 3
As the last item of this chapter let us compare the

and Ki

shear, expansion, twist, and acceleration of the n, and vy

congruences, We assume that a lapse function o has been
chosen, but that the choice of the shift vector B; is still
at our disposal. If one chooses Bi = 0, then v, = onj, and

.we have a normal coordinate congruence, If Bi # 0, we say

the coordinate system is tilted.(lsl In the latter case we
obtain a unit tangent vector for the v3 = é% congruence:

A r 2 k, %

v? = 0(1,0) Q= (a° - 8,8 .

Continuing to borrow the language of some cosmolo-

gists, we define the hyperbolic angle of tilt Yy to be:

~3
cosh ¢ = —n,v-o = aQ .
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We note that as Bl > 0, Q a-l, and cosh ¢ - 1 =9y - 0.

. .. . . . . ~a
The unit vector giving the direction of tilt (designated c

by King and Ellis 1973) is just the unit shift vector:

.2 _ a ko~ i
g% = 8% = (88 (0,8

that is the projection of % into the surface S, divided by

t
sinh ¥:
. ~a _ ..a b a _ .a a
(sinh ¥)c&® = h bv h b = ) p NNy
1
sinh y = 0(8,85) % .

The n? congruence is twistfree with acceleration
a;, = Dyfna, expansion § = -K, and shear O.p = Kab — %Khgp.

This may or may not provide a coordinate system adapted to
the physics of the problem at hand. The freedom to select
any 8, we wish means we can give our coordinate congruence
v acceleration, twist, expansion, and shear, different from
the ncormal congruence. To illustrate this let us calculate

the expansion e of v2:
6 =V v® = Qfob + £ Ln(cosh ¥) + DB,]
= Vv = Qo yin (cos Y a .

From this we see that when 6 = 0 (K = 0 maximal slicing)}, the

ey
v® coordinate congruence is generally expanding or converging.
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This has practical consequences for computer applications
since an easy quantity to follow along coordinate lines is
the determinant of three metric y = det(Yij). Now from

{16}

before we knowt

VY = —akvy (general)
so if K = 0, then

. (K = 0)

Thus, if we have a tilted coordinate system, the value of the
determinant is not conserved along coordinate lines except in
the special case Bi.l = Q. This contrasts to the conservation

law which obtains for a normal congruence (Ba = 0}:

£an£n/§ =0 (K =0) .
The importance of conservation laws such as the one above and
such as the constraint equations is that they allow a check
on the accuracy of computations as we shall see later. Of
course, even in the tilted maximal system one can compare
i

£,4nYY with B;.  but this involves an extra differentiation.

This duality between 6 and g% YY is as one would
expect. If a congruence of coordinate lines is expanding one

would think the determinant vy would be affected since the
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proper veolume element is Y%d4x. In fact, one can obtain a

direct relation by combining the eguations for 8 and for

£v/?lt0 find:

-~ P
6 = Qe=2n (uQYLi)

5t
Note that if Ba = 0, 0@ = 1 and
50 =-K=0a ¢ leir? B, = 0) .
Otherwise, 6 = 0 only if
3 L, 2 k. ~4 -
s=loy?e” - 88 1 = 0 (6§ =0 .

Similar analyses can be made for the acceleration,

twist, and shear. The calculations are given in the

. (17
Appendix:
- = 03 -1
ag = 0 a; =0 t(QBi) -0 Q,i
B.. = 006.. + B.8.0%0 + Q3B B+ OB, . Q=190,0
ij 1] i"3 (i"3) (i73) t

~a

_ 3 - _
Big = 2Q 4By * QBB T By 9

See King and Ellis (1973) for a similar comparison between
normal coordinate lines and tilted matter lines for spatially

homogeneous cosmologies.
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Appendix

Chapter III

The derivation of the propagation equations for
Uy, h,y,, and 85, proceeds exactly as in the Appendix for

Chapter I except one uses:

Valy = ~9,3p + O5p — Wy

instead of

Also replace £un by £u and Kab by —Bab. Because of the anti=-

symmetry of w,p, Ohe can also use:

c

hc(awb) = 0 .

Although one can derive £ Yab from first principles
as well, it may provide more insight into the difference be-
tween using £, and ucvc for time derivatives if we take the
equation for &ab = ucvcmab from, say, Greenberyg (1270) page
29 and regroup the terms to yield our expression. Note that

his & = %8 for us.
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Theorem £uwab = —D[aab]
Proof From Greenberg:
. ; d v - + adv
wab = _3ewab + 20 [awb]d - [aub] {u du[a)ub]
= YaYp)
d d .
= 20 - ¥ + v -
29 1a®p1a (21 ¥ V%2 Y%y T Yla®
2ed I V_ a + a 6 adw u
— — u —
[a bld (a b] d[a b] dla bl
T Y1a%

. . d
By adding and subtracting 2a md[aub] we can regroup

the terms as follows:

d

d
[awb]d - 2a

0 - 20

ab “31a"b]

-V_._a +

ade u + adw u - u,._a
[a"Db] d[a“"b] d[a bl [a"b]

which yields

fu¥ab = “Pra?py ¢
where we use:
. v d
fa%b = ¥ab T 20g[aVp)™
= O + 2w 1, ,a - 2w 8 d
ab d[a bl dl[a bl
d
since 0

wd[awb]
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and where we expand our result from the last

chapter:

_ . a
Daa = Vaab + u_ay uy a (ead - wad)

=V a +ua - ad(e + w,_)u
da

ab ab da

b -

We now show that the propagation equations for hab’

W_pt and ea reduce to the Einstein evolution equations for

b

h and Kab when we take w = 0, 8 = =K and £, = £ .

ab ab ab ab’ an
For guhab the result is immediate. Since guwab = 0, we know
D[aab] = 0 and we can drop the symmetrization on D(aab) in
£u8ab. Finally changing signs for eab = -Kab we arrive at

our previous evolution equations.
Next we prove the theorem that the Lie derivative
of a spatial tenscr is spatial.

a b b

— — a . —
Theorem If Aabu = Ajpu = 0, then u £uAab = u & Ay = 0

Proof ua£ A

c
w3 {uv a +a . vuf-+ar v.u}
c ab cb a ac

u ab b b
c a c
= -Aabu ch + Acba = 0
a _ a c c, _
where we used u u, = 1l and u (ea Wy Y =0

The other contraction is proved similarly.
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With the above results in hand we derive the

propagation equations for 6 and 02. We need the following

lemmaz
a b b
Lemma £uh = —28a + 2u(aa )
ab c ab cla b)
Procft £ h =u ¥V h ~ 2h Vu
u C c
c{a b)
= u%y uaub - 2h
c c
ca b
where we used h ua = hc(awc ) =0 .
Theorem £u8 = —%82 —202 + 2w2 + Vcac - %{p + 8)
ab ab ab
Proof £u8 = £ueabh = h £ueab + eab£uh
_ ab ab c c ab
= eabe + mabw + 0 + a ac + D ac - 26ab8

2
= -20" - 07 + 2w2 - %{(p + 8) + Vcac

To derive the equation for £u0a we use the additive

b
property of Lie derivatives:

u ab ab b
= - - L
£ eab %hab£u8 .08 hab
= -1 -2
£ueab 3hab£ue 386ab
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and simply add the preceding propagation equations for eab
and 8. Replace all Oap BY 94p 7 %ehab and collect terms to
finish the proof.

To obtain the equation for £u02 we proceed as

follows:

One then plugs in £u0ab and reduces terms using:

ca b ) ca b cl(a b)
g w .o = 0 since ¢ ¢ = g g
ab c c c
ca
o] =0
ca
CbD a = GCbD a
{(c b) c b

The result follows immediately. A similar derivation will
. 2
give £uw .
Now we introduce the ADM coordinates and show that
the i,j = 1,2,3 components of Kob is indeed Ki; as defined

]
by:
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between the Christoffel symbols formed from hab(?) and those

formed from gab(F), to prove the following Lemma.

Lemma If nak = 0 Dk, =k, . for a = 1 and b =
—_— a a b je-i

Proof Since n, is a unit vector normal to the

constant surface we can represent it by

(Wheeler 1964):

- -1 -1
n, = {-c, 0} n? = (¢ ,~a Bh)
and thus if kdnd = 0 we must have
x4 = (0,k1)
_ m
As we proved for a, we can prove for kd
Dk, =9 ko + °0 k. + n k9K
ad”~ ‘a‘d Nt VoXg y ad °

If we take the i,j = 1,2,3 component, n; =

and

j

t =

that:



lej = Vlkj
a _ _ a _ m
B kj,l T i) ko = kj,:L F:Lj ks Pl]
Now we need to replace I by I'. To do so we
multiply by ng:
T oa _ _ r s a -
Dalpe = 0 = by hg Frs Ba Xpbe
since I' is spatial.
Taking the i,Jj component and using hj_:J = Yi]'
a = -
hi - 0-
0 _
To get ijl we multiply by hal and use:

jk jk jk
Now we go back to our expression for Dikj:
Diky =k o+ o KijkmBm - 1"y
_a'lKiijkm
= k.

59
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Now we need two lemmas on Lie derivatives:

Lemma If v = (1,0,0,0), then £= 8.

. c c
Proof Consider £vAab = vcchab + Acbvav + AaCva

It

But we can always replace covariant deriva-

tives with ordinary derivatives in a Lie

derivative.
_ c
Lemma £ghab = ZV(aBb) + 2B acnanb
Proof £ h = Bcv h + 2h v BC
— *BTab ¢ ab c(a b)

It

C C

c c
= -Zn(aB ch) + Zv(aBb) + 2R n n a.

+ 28c K
D ia®h)c

c d
Lemma DaBb = VaBb + nan chb + an Kad

Proof The same as for Daa in Appendix (Chapter II}.

b
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Putting all the above machinery together we prove:

Theorem Kab = _EE(Yij,O - Bi-j - Bj-i) for a=1, b = j.
Proof (£v - £B)hab = —20LKab
5h . - 2D, B.. + 2n.n°Y B, + 2n 8%K_. = -20K
0 "ab {a"b) Nyt YePp Dy ad ~ ab

Take the a = i, b = j components and use n;, = nj =

0, hiy = Yj5e

Since Ba is a spatial vector we have Ba = (O,Bl).

This yields v® = an® + gd = (1,—81) + (O,Bl) = (1,0}, sc we

were justified in using £, + 30.

Now we can justify the statement used in the last
ab

chapter that the invariants formed from Kab {such as K, K.pK s

etc.) are the same as those formed from Kij‘ We simply note
that we use hab to raise indices in all these traces, but we

find:

ab _

so that every trace of Kb picks out only the Kij part.

We remark finally that the Riceci tensor for St re-

duces as it should to the Rij formed out of Yij' An easy way

to see this is to define R, x* = 2k

mn me [§1] where i,j,m,n =
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. d a _
1,2,3. Then since Rabch = 2D[an]Kc for X"'n_, = 0, we can

use our previous resulisg that Kd = (O,Kl) and Di + "W to

take the a = i, b = j, ¢ = m, d = n components and note the

. . a
agreement. Then taking a trace and using our result on h b

vields Rab + R for a =1, b = j.

ij
Finally, we list the relations between the expan-

. . . ~a
sion, shear, twist, and acceleration of the v~ congruence and

the n® congruence. Normalizing v2 = (1,3) yvields:
A~ -~ k -
a - (1,0} Q = (uz - BkB ) &
~ -l
Va = (-Q lQBl) -

We know 50 = { since Gbﬁb = 0 and we can calculate

s1
Again, we Know Voo = Voi = Vig T 0 where vy, = 8 — wyp. To
get the nonvanishing part we use:
vij = Vin + Giaj .
But Vin = Gj,i - rija%a which we can use to find
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2Adding Vivj to viaj gives:

v.. = 20

2

and taking symmetric and antisymmetric parts:

@2
I

2 3
g5 = 000,45 + BiB3070,0 + Q7B 1By + 08y,

g2

_ 3,
15 = 2QpiByp * QB By - OB .5

aQf + QBi.l + 0+ Q3 £na using Q= Bt(az - EE.kBk)“Li

I}
il

We remark that we could have written mij down straightaway

using Cattaneo's (1959} formula:

- A ~ {} ~ G:f. :‘}l
wlj = Y4 Bi 53 = 9y 33 where Bl = Bl - 53 80 .



Chapter IV

Now that we have set up the mathematical framework
of Einstein's equations we will take a closer look at the
problems caused and insights gained by trying to apply this
framework to particular examples. First, we show how to set
up the initial data and separate physics from coordinates.
Then we sketch the notions of the Cauchy development from a
given initial configuration. In passing we describe some
aspects we hope to monitor of the physics of strong gravita-
tional fields, such as horizons, singularities, and radiation.
We find that the choice of time coocrdinate (i.e. o) is criti-
cal if we wish to observe this physics, and so we must con-
sider the various slicing conditions we might employ.
Finally, we examine slicing of several well known spacetimes
(Schwarzschild, Kerr, homogeneous cosmologies, and collapsing
spherical stars) which exhibit various of these structures.
This will take us through Chapters IV, V, and VI.

There is probably no paper in the literature that
is closer in spirit to our point of view than Lichnerowicz's
great 1944 essay on "L'intégration des équations de la
gravitation relativiste et le probleme des n corps." He sets
up mest of the equations we will face (the conformal scale
equation, the maximal slicing equation, the eveclution egqua=-
tionsg), analyzes the maximal initial value and evolution

problems, studies existence and unigqueness of Cauchy

64
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developments, and then sets up the two body problem with
matter in a way completely analogous to the two vacuum black
hole problem we will study later. I hope to indicate some of
the progress which has been made in these areas in the last
thirty years.

(1)

The conformal approach to the initial value
problem has given us a fairly clear physical picture of what
it means to "solve" the constraint equations we derived in
Chapter II. Alsc there is now a practical "recipe™ for
generating initial data corresponding to a given physical
situation, For a review of many of these points see MTW
Chapter 21.

The basic problem has always been to find "where
the physics lies™ in the maze of coordinate transformations
and constraint equations. Recall that our dynamical vari-
ables are the spatial tensors K ,, and h,,, each with six
functions of three variables. As Sachs (1964) points out,
since we can impose four coordinate conditions (say on o and
Ba) and since the set (hab' Kab) are interrelated by four
constraint equations, there are only 12-4-4 = {4 real dynami-
cal degrees of freedom in a gravitational field. As gravity
in some sense is a massless spin-2 field, we expect this re-
sult. Certainly for gravitational radiation one has only two
helicity or polarization states for each part of the field
hoy and K,p- However, when we set an initial data set, what

are the four independent quantities we specify?



66

Lichnerowicz had much of the answer in his paper,
but the full physical picture was not worked out until re-

cently.(l)

First we consider the metric tensor h - We know
that three of its functions describe the type of three-
dimensional coordinate system we choose to label the point in
each hypersurface. We say that we want to specify a three
geometry represented by some metric tensor. Thus the metric
tensors: diag (1,1,1}, diag (l,l,pz), and diag (l,rz,r2 sin2 8)
all represent the same flat three geometry but in cartesian,
cylindrical, and spherical coordinate systems.

However, this leaves three functions to specify=--
one too many.

Therefore, we freely specify the metric only up to
a conformal factor ¢ and then let the Hamiltonian constraint

determine this factor. As York has repeatedly stressed, this

means that we only specify the conformal three geometry.

This can be deceptively simple. By just looking at the metric
tensor components for the conformal 3-geometry we conclude
that a closed Friedman universe, one or many black holes, and
flat space all belong to the same conformal geometry class,
i.e. conformally flat. This is not true, however, since one
nmust also specify the global topology of the manifold on
which the Hamiltonian constraint is to be solved, i.e. a 3-
sphere, two asymptotically flat spaces connected by Einstein-
Rosen bridges, or Euclidean three-space in the above cases.

Having set the topology and the conformal geometry we turn to
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the momenta.

Here we have the three momentum constraints to re-
duce by half the original six functions in K_ . The trace K
is the object we can then choose as a gauge condition.(z) A
choice of particular value is to take DK = 0 so that the
momentum constraints reduce to DaKab = 0. Then one solves
these three equations to make K, covariantly transverse with
respect to hg. At this point one has in hand two "bare"
tensors {(hgy, Kzp). Using them in the Hamiltonian constraint
we solve for ¢ which "dresses" (h,y,, Kyp) by the rule:

1 _ 4 1 =10
h ab ~ ¢ hab r K ab ~ ¢ Kap -«

What makes the method work is that (h;b, K;b) now satisfy the
constraints themselves, even though we only plugged in
(hab, Kab) to find them,

Recounting, we specified a conformal geometry {and
topology) in a particular coordinate system and a transverse
symmetric momentum with specified trace; then we solved for
a conformal factor to take these two bare tensors (habf Kab)
to our final "dressed™ initial data (h'ab, K'ab)' We will now
briefly detail the mathematics of this procedure and then dis-
cuss the physics it describes.

Having freely chosen h,y, we pick some symmetric
tensor Kgp. From the work of Deser and York(B) we can now

covariantly decompose Ky, into its trace (T), longitudinal (L),
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and transverse traceless (TT) parts:

ab _ ab ab ab
K = K . + K 1 + K 7

kL = 2003 - 5n®p v

L
ab cd, ab
= L.
K m 3hch h
ab ab ab ab
K pp K - K T = K L

Plugging this into the momentum constraint equation

(done here for vacuum) yields:

three second order, linear, self adjoint, strongly elliptic
partial differential equations for W%, The source term on
the right hand side is the tracefree part of the "bare" ten-
sor Kab. The left hand side can be expanded(4) to read:
Db(LW)ab = DbDbWa + %Danbwb + Rabwb ,

where again D, and Rab are formed from the bare h,,. These
equations can be solved numerically for W given appropriate
boundary conditions.

With W? in hand, we can now form KabTT by subtracting
off (LW)ab and KabT from Kab. We assume from now on that we

wish to solve the initial value problem for asymptotically
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flat space and that we will choose the maximal gauge:
K = h Ky, = K=0 (maximal) .

This is again in keeping with the original (Lichnerowicz)
and latest (York) procedure. We will physically motivate
this choice shortly. For cosmologies one would choose
DaK = 0 although D_K # 0 can be handled.{s)

Now we use (h,y, KabTT) to set up the Hamiltonian
constraint as a quasilinear elliptic differential equation
for ¢. To do this one needs to find how each term in:

» ab
R - K K = 0 (K

Il
=1
|

= 0)

transforms under a conformal transformation:

h' g = othy,
From classical differential geometry one finds:(s)
r'abc = 19 + 2(8%, p no + 8% D Lno ~ hy D £n9)
R'abcd - ¢’IﬁidRa‘bcd + a[a[cﬂb]d]
% = 807003¢,% p - s0..% - ¢ 0 S8
R'® = ¢'4Rab + Blm=-2)0% + 670 "]
R' = ¢7r + 4(n-1)8_°
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We choose to transform K., by

_ ~10
Kiap = ¢ Kgp -
Thus, conformally mapping the Hamiltonian constraint

’ ' rab _

(7)

yvields the scale equation:

TTKab

A = LRo - % (K TR ) 877

which is a gquasilinear elliptic eguation for ¢, Solutions
exist and are unique in almost all cases of interest.(s)
We are now finished because after conformally
"dressing" our (hab, Kab) to (h'ab, K'ab) we find that the
momentum constraint is still satisfied and that K‘ab is still
TT. That is, the conformal technique not only converts the
four constraint equations into elliptic equations with very
"nice" properties, but it also decouples the problems of
solving the momentum and Hamiltonian constraints. Further-
more, this technique has been extended to the most general
case of D_K # 0, Tab # 0 and thus can handle any initial
value problem we pose on compact or asymptotically flat mani-

folds., Care must be taken to choose the proper conformal

mapping for K and Tab in such cases. For details see
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O'Murchadha (1973) and O'Murchadha and York {1973).
Physically, the procedure is also very appealing.
First we set our gauge by choosing a coordinate system for
the EOnformal geometry and a time coordinate through K. Then
we specify a momentum distribution (K;};,) and sclve for we,
This wvector turns out to be just the object that we need to
measure the linear and angular momentum by surface integrals

(9)

at spatial infinity. Finally, we solve for ¢ and using it

(10)

we read off the mass at spatial infinity. Thus, each

object in the theory has both a mathematical use and a physi-
cal interpretation.
Further, from a deeper study of the Hamiltonian

(11)

structure Dirac found that the trace X and £nY% are

canonically conjugate variables. One can regard ¢ as giving
Y% since we can freely specify Y% of the bare metric hzp and
then find the dressed Y' = ¢6Y%. The interpretation of these
two variables in terms of "time and the Hamiltonian" has been

(12) L

as intrinsic

. . . . . , . 13
time in his studies of mixmaster universes while Kuchaf( )

much discussed. Misner favored using ¥
and York(l4) have favored using K # 0 for extrinsic time.
Therefore, from the Hamiltonian point of view, the choice of
K and ¢ as the "extra %" of the variables in (hab' Kab) is
gquite natural,

Since the conformal geometry seems to be central
to the initial value problem, one would like to have a geo-

metric object, like the Weyl tensor for spacetime, which
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would be conformally invariant and useful for classifying the
conformal classes of initial data. The problem is that the
Weyl tensor identically wvanishes for 3-gpaces, leaving Rabcd
entirely determined by R_ ;. Fortunately, classical differen-
tial geometers(6) filled in the n = 3 gap by looking at the

Bianchi identities, which read:

a _ 2(n=3) SR
€ bed;ia (n-2) Rb[d;c] 2({n-1) Ip1aR;el !

and noting that while the left hand side vanishes for n = 3
because Cibed = 0, the right hand side vanishes from the com-

binatorical factor leaving:

Rpae = Rp(dsel ~ *Iprak;el

nonzerc in general. The symmetries of Ryqe are as follows:

a
R ac = Ratbe) ™ Rrabe] = 0O

which means Rop has five independent components. Its im-

c
portance lies in the fact that Ripe = 0 is egquivalent to the
condition that the 3-space be conformally flat.

York(ls) has realized the importance of this tensor
for general relativity and has pointed out a number of in-

teresting properties of Rabc‘ First he converts it to a sym-

metric, covariantly transverse, traceless tensor Bab:
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_ _p.aef b
Bab = 72 Res
where we follow York's notation of eaef as a tensor density
of weight +1. Then he forms the density of weight % which is
conformally invariant:

~ 1. b
gaP = y3p2

Together with the % weight density ¥ :

T - _Y%(Kab - Khab) ’

the pair (§ab, ﬁab) form a spin~2 representation of the con~
formal geometry, That is, they are freely specifiable, sym-
metric, covariantly transverse, traceless, and conformally
invariant. There is much work yvet to be done on this re-
markable tensor Bab since it should have a natural relation

to gravitational radiation. It needs to be calculated also
for various exact solutions in order to gain further intuition
as to its properties.

We will show in a later paper(l?) how one can use
the above conformal technique to obtain a "generalized super-
position principle" for the initial value problem. Say one
wishes to have an initial slice with two black holes moving
towards each other. This is a non-~time symmetric (Kab # 0)

and non~conformally flat (Bab # 0) situation. The procedure
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is to take two slices of Schwarzschild which are "boosted"
(one with +v, the other with -v), then add their metrics and
extrinsic curvatures. These will form the bare (hgp, Kap).
Now make K}, traceless and solve for the w® which gives us

KabTT. Plug this in the scale equation, solve for ¢, and

TT). The idea is to use

then map (hab' KabTT) onto (h'ab, K'ab
physics to provide a "good guess" at a desired initial con-
figuration, then use the conformal technique to "fine tune"
the geometry to satisfy the constraint equations.

In closing this review of the initial value problem,
we will point out a number of special cases which have been
studied. All of them occur on maximal slices. The first, by
Lichnerowicz, is the time symmetric situation (wab = 0). He
set up the n body problem on a slice which was also confor-
mally flat (B,, = 0), where he used regions of matter as
models for the bodies., The problem is particularly nice here
since the momentum constraints are trivially satisfied and
the Laplacian in the scale equation is a flat space Laplacian,
Since then a number of such sclutions have been analyzed:

(18} {(19)

gravitational waves, and

(20}

one or many black holes,
cosmologies. Many of these have Bab # 0. O'Murchadha
and York(ZlJ have recently proved that of all maximal initial
data sets in a given conformal class {(some Eab)' the time
symmetric slice has the least energy.

A generalization of time symmetry to include rota-

tion is momentary stationarity (Bardeen 1970). In time
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symmetry, one demands that the spacetime near the t = 0
slice be invariant when t + -t. For momentary stationarity
one demands such an invariance when simultaneously both

t * -t and ¢ * -¢ where ¢ is an axial angle (we assume axi-
symmetry of the spacetime). Thus, if we wanted initial data
describing a collapsing axisymmetric star, we could imagine
it has just finished expanding ocutward, was pausing momen=-
tarily and then recollapsing. At that pause, the data would
be time symmetric if the star were not rotating. In order to
handle a rotating star, we would assume its fluid velocity
vector u® had nonzero components only in the ¢ and t direc-
tions. Examples of momentarily stationary initial data are
provided by t = 0 slices of axisymmetric, stationary space-

(22) {23)

times such as Kerr black holes, or

(24)

rotating disks,
retating stars. Time dependent spacetimes include col~-
lapsing rotating stars,(zs) two rotating black holes col-

(26)

liding head-on, and a large class of Bianchi type IX

spatially homogeneous universes.(27)

Finally, there is a class of "time antisymmetric"
conformally flat slices (“ab # 0, Byp = 0) first described
by Brill (1961) and later emended by York (MTW p. 536).
This class of initial data sets has not been explored as to
its physical content, although York (private communication
1973) has proposed to use it as an alternate method for ob-
taining a non-time-symmetric two black hole initial-slice.

We see that one can give a very rough classification
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of possible initial data by asking whether ﬂab = (0 (time

symmetric) or Bab = 0 (conformally flat}). One could also
ask whether Rab was zero or not., Brill and Deser (1968}
note that one will have flat space if both ﬂab and Rab
vanish., Similarly cne might use the Weyl tensor components
Eap and By, to classify vacuum initial data. We note that
for time symmetry Byy = 0 and Egy, = -Rap» It would be nice
te have a comprehensive listing of all known exact initial

value problems along with the values of (wab, Bab, hab, Rab,

Eab, Bab) so one could develop a better intuition as to the
physical significance of these tensors in the evolution off

the initial surfaces.
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Chagter \Y

We now turn from the initial data formulation to
its Cauchy development. It is well known from the work of

(1) (2) that if we specify

Lichnerowicz and Fourés-Bruhat
initial data (hg}, K;3) satisfying the constraint equations
on a spacelike hypersurface S, then the Eingtein evolution
equations will give us the unique spacetime in a finite
neighborhood of 5. The proof relies on treating the Einstein
equations either as a second order system of symmetric hyper-
bolic equations (Bruhat and Lichnerowicz} or more recently as
a first order guasilinear symmetric system (Fischer and
Marsden 1872).

In a useful arfticle, Choquet-Bruhat and Geroch
(1969) explain some global aspects of this evolution. They
show that if one has several developments from a given set of
initial data then (1} these developments must agree in their
intersection and (2} their union is or is contained in a
maximal Cauchy development. What we would like to consider
is how to slice forward from a given initial data set in such
a way that we obtain as large a subset of the maximal develop-
ment as possible.

This is a very difficult problem in general, be-
cause one does not know anything about the spacetime one is

evolving until it appears slice by slice. Like jungle ex-

plorers we must push forward as quickly as possible (our

79
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computer funds are finite), but we must try to anticipate
whether we are about to run into a snarling physical singu~
larity or a treacherous coordinate crossing. Either one will
stop the calculation. Further, we have to find a way to sift
the physics out of the coordinates and piles of computer out-
put, just as a gold miner has to search carefully for nuggets
in rock or sand.

Thus, we are concerned with more than the guestion
of whether a development exists or is unigue; we are con-
cerned with how to construct a slicing procedure that in some
way tells us when to slow dewn in one region (¢ + 0 if we get
too close to a singqularity) and when to go full steam ahead
in another. Since we have to rely on coordinates to label
our points, we also want a method which keeps our coordinate
lines from crossing one another and thus giving us the ap-
pearance of a singularity when in fact spacetime is well be-
haved.

Since our approach is basically gecmetric in spirit
we will concentrate on the spacelike hypersurfaces and the
congruence of normal vectors that they generate. This means
we will look at coordinate conditions as restrictions on the
choices of o and B,. There are other methods available to us
such as imposing the spacetime harmonic coordinates used in

(3)

the procfs on Cauchy development mentioned earlier, by

using orthogonal coordinates to make the spacetime metric

(4)

block diagonal, or by using anholonomic frames and the
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{5)

calculus cf forms. These are all areas that need more in-
vestigation to see if they are practical methods for con-
structing develepments.

The slicing we obtain depends essentially on what
condition we put on a. We can change B_:if we.wish (and often
this is useful), but this will merely recoordinatize the
slices and produce the v coordinate line congruence in addi-
tion to the n? congruence of neormals. For this reason we
will mainly concentrate on o now and mention the possibilities
for B; later. Also, we are concerned with the abstract prop-
erties of various slicing now and will give concrete examples
at the end of the chapter.

Of course the simplest choice is o = 1, Ba = 0.

This is the geodesic normal or Gaussian coordinate system.

It is normal because B, = 0, geodesic because a,; = 0.~

If we think of the timelike trajectories traced out as world
lines of "test dust,” then for this case the dust is freely
falling. Nocte that because a = 0, the time t labéling the
hypersurface is also proper time alcong the geodesics. It is
well known that such a system self intersects in a finite

time if it is initially normal toc hypersurface S with K > 0.(6)
We can easily see why by considering the Raychaudhuri equa-

tion or Einstein evolution equation for X. Since a_, = 0,

a

o =1, B. =0, w = 0 we have:

£.6 = =07 « 20° - %(p + S} .
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Now the right hand side is negative definite if the strong
energy requirement holds. Thus £,6 < 0. This means that if
the surface is maximal (K = -0 = Q) initially, the normals
will begin to converge as soon as any matter is encountered
or any shear develops. Since shear here means tracefree ex-
trinsic curvature, we have seen that this will become nonzero
(if it is not initially) as soon as some Weyl tensor (Eab) is
present. Unless the spacetime is conformally flat or very
special (Egzp = 0 but By, # 0) this happens immediately. Once
the convergence process begins it accelerates itself since

6 # 0 just makes £,0 bigger. The end result is that § > -*
or K *» +® and the coordinate system self intersects,

The question is: "how finite® is this time before
intersection compared to the proper times along other geo-
desics normal to 5 initially. In other words, if all these
geodesics hit a physical singularity simultanecusly, such as
is the cage for a Friedmann universe starting from the moment
of time symmetry, then the geodesic normal coordingtes will
cover the maximal development, and their focusing will be a
focusing of the entire spacetime into a physical singularity.
However, if we have an asymptotically flat spacetime, like a
black hole, then it is more likely that the geodesics in the
strong field region will focus first while the geodesics that
started farther out will still be in guite nonsingular re-
gions of spacetime when "the bell tolls“(7} for some central

point of 8 where 6 + =x, 1In this case one does not know
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immediately whether the crossing occurs just as the geodesics
hit the singularity or whether they go bad first. &As we will
see, in Schwarzschild the crossing and the physical singu-
larity occur simultaneously (the throat "pinches off"), To
determine the answer in an unknown spacetime (such as the two
black hole collision) we can keep track of the invariants I

b ab

a
g3, B,,B*°, E_,,B*°,

and J or watch the scalars on S like E_
etc., to see if they become infinite at the crossing.

In what follows we will assume that a calculation
must cease when a coordinate or physical singularity develops
on some S,. This is the Wheeler philosophy that "smoke rises
from the computer and we can go no further." We are cur-
rently investigating the possibility of simply ignoring the
"bad region" and continuing onward assuming that the singu-
larity can not propagate out through our mesh faster than
light rays. If it is a real singularity, it will be in a
trapped region (see below) and thus will never affect regions
that can get to "observers at infinity." Unfortunately,
there are a number of elliptic equations in this game, and
they can affect events in a spacelike fashion so this is a
delicate issue.

The next stage of generalization is to keep a =0
but allow o to vary over S, i.e. let D o # 0., For asymptoti-
cally flat space we usually would like o + 1 so that we mani-
festly have Minkowski space there. This means in practice

that 0 £ o £ 1 on S. An example of this type of development
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is the t = constant slices in Schwarzschild. Again, unless
circumstances are very special {and it happens that in sta-
tionary spacetime they are) the normals will begin to shear
and converge. The Raychaudhuri equation now has an accelera-
tion term (o, 3 # 0) and the congruence is no longer geodesic.
This term can be of either sign so that the focusing may be
faster or slower depending on the particular spatial de-
pendence of o chosen., On the other hand since a < 1 over much
of 8, t is no longer proper time along the normal congruence
(dt = adt). This means that even if the central region hits
a singularity, the asymptotic region will have gone further
before we have to stop calculating than it would have if

o = 1 everywhere., This is particularly crucial if we expect
radiation to be generated in strong field regions and then to
have time enough to get out to the "wave zone."

Finally, the most general condition is for both &
and Doo to be nonzero. There are two main subclasses here:
algebraic and differential conditions on a. An example of
the former would be a system whereby one monitored some
measure of curvature, such as EabEab or K, and then made a
smaller "by hand" in those regions where the curvature became
large. This would effectively slow down the evolution on
those portions of S where it seemed that we might be in
danger of hitting a singularity. The major example of the

differential condition is the maximal slicing condition. This

condition (called extremal or minimal by some) obtains when
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K=EK=0 on S¢+ As Lichnerowicz pointed out in his 1944
paper, this condition means that the normal congruence be-
haves like an irrotational incompressible perfect fluid. The
coordinate lines may shear, but they do not converge or ex-
pand (6 = Q0 = 8). We immediately obtain the condition on o

by setting K = K = 0 in the evolution equation for K:

2 a
= + - + 3 + 8
£unK ak aR DD o La (p )

DaDaa - Ro =%p + S)a =0 (maximal)

This simple elliptic differential equation was derived by
Lichnerowicz and has since been digcussed by a number of au-
thors.(s)
We will now describe a few of the advantages and
disadvantages of the maximal slicing condition. As was first
shown by Bompiani {(1921), such a slicing is volume-preserving
for the normal congruence, Physically that is what we ex-
pect if the volume expansion € = 0. This means that the de-
terminant of the 3-metric is conserved along na. The maxi-
mal equation is derivable from a variational principle v = 0
where v is an integral over the invariant wvolume element for
the slice, fixed on some 2-sphere boundary. The fact that it
maximizes volume (because it is a +++ metric embedded in a

+++-~ spacetime) 1is very important for our purposes.- It

gives a reason why in a closed universe one has at most one
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K = 0 slice==the moment of maximum expansion.(g)

Further-
more, it indicates that such a slicing will tend to stay
away from singularities because for "Schwarzschild-like"
r = 0 singularities, volume becomes small near the singu-
larity. Thus, we might guess such a slicing makes o + 0 as
it feels the curvature mounting and the volume decreasing,
while it lets o = 1 in regions of smaller curvature. In
fact, for maximal slices of Schwarzschild we find that this
is precisely what happens.

0Of course, because the maximal equation is elliptic,
we may obtain several slicings depending on the boundary con-
ditions we put on a. However, we note that one choice leads
to the natural rest frames in stationary spacetimes {(i.e.
t = constant in Kerr and Schwarzschild).(lO) If we keep this
same boundary condition for nonstationary spacetimes we pre-
sumably have as good a candidate as any for the "natural" rest
system or "natural" system of observers.

Besides these attractions we know from the work of
Dirac, ADM, and York that the trace of K., is essentially a
gauge variable. By freezing it out (K = 0), we make at least
one of our field quantities K.b symmetric, transverse, and
traceless. In a calculation of a nonstationary spacetime
where radiation is expected to be generated and propagate, it
behooves the would-be spacetime explorer to try to get his

coordinate variables as close te physics and as far from

gauge as possible. Maximal slicing seems an eminently
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reasonable way of doing this.

There are two big drawbacks unfortunately. First,
as Lichnerowicz pointed out thirty vears ago, one does not
possess existence theorems for maximal surfaces in spaces of
indefinite metric. As far as the author knows, today the
situation is not much clearer, It must be that with all the
theory of elliptic eguations at our disposal one can get some
powerful theorems on when families of maximal slices exist in
general relativistic spacetimes. As we mentioned before, the
boundary conditions imposed will be all important.

Secondly, the maximal slicing condition is differen-
tial., This means that it presents real difficulties for time,
storage, and accuracy when one is doing 2 + 1 numerical cal-
culations because this elliptic equation will have to be
solved on every time step to ensure K=K = 0. We have shown
it to be practical on one space + one time dimensional
problems, such as maximally slicing Schwarzschild spacetimes.
The problem has been set up for the two black hole problem
and a few trial runs made. It looks as if it will be feasible
here also, although the cost in time and space (in the com-
puter!) is fairly large.

Finally, we turn to conditions on By» One might
wonder why one would ever need to use Ba # 0, There are
three principal physical reasons: 1) we may wish to push our
coordinate lines "radially" outward to prevent them from

being sucked into the strong field region, 2) we may try to
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prevent the lines from shearing to a singularity, and 3) we
may want a rotating or twisting coordinate system which fol-
lows matter flow, In fact, these three situations have pre-
sented themselves in actual numerical calculaticns: 1) in
the maximal slicing of one black hole,(ll) 2) in the non-
maximal slicing of two black holes,(lZ)

(13)

tions of rotating star collapse. Unfortunately, there is

and 3) in calcula-

no good idea yet for a differential or algebraic methcd of
choosing Ba in a way that specifically gets rid of one of
these three problems. One final condition should be mentioned
for completeness--the maximal harmonic slicing.(l4) Here one
chooses ¢ by demanding a maximal slicing and B, by demanding

harmonic coordinates in the 3-space. The fodr differential

equations (in vacuum) that result are:

a T - Ra =0

-1

Lo 1] J i ij k 13
[y*(B + B -~ Y "B )+ 20m] 5 =0
a + 1 B. * 0 as r =+ «

This would require solving four elliptic equations on each
time step which would probably be overdoing it., One would
spend all cone's time on the computer on coordinates and very
little time on physics!

As mentioned above, maximal slicing keeps Kyp
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traceless, and it is already transverse from the momentum
constraints. It would be nice to find a way to propagate
just a symmetric, transverse, traceless tensor which repre-
sented the metric. Deaeser (1967) investigated eqguations for

K.. and R.

i3 iy and one can also find equations for K;; and

J

Bij‘ Unfortunately, these also involve the ?ij' which would
also have to be evolved. The point is that one would like

to build a formalism in which only the "spin-2" parts of the
field appear. This would be a technique analogous to the
notion of supgrspace,(lS) where each point represents a three
geometry, and a particular slicing gives a particular path
through superspace. As York (1972) points out, it is more
physical to speak of conformal superspace where each point
represents a conformal 3-geometry (Yij modulo diffeomorphisms
modulo conformal transformations), and a path represents the
evolution of the "spin-2" gravisational field.

Before moving on to particular examples we briefly
review some of the important physical processes we expect to
find in highly curved nonstationary spacetimes. As Thorne
{(1972) points out, the three phases of a generic collapse
will be implosion, horizon, and singularity. Whether we col-
lide black holes or collapse stars this is the basic scenerio,
QOrie expects copious emission of gravitational radiation as
well, but this is the one aspect most difficult to get a
quantitative handle on.

The implosion should be fairly easy to follow on
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the computer since much of it will be in weak field regions.
If matter is present, one may find shock waves develop, but
there are battle-tested techniquesgs for dealing with these
effects. As the matter becomes compacted into a smaller

6}

1 N
and smaller volume, a trapped surface( may form. This is

a closed 2-~surface with outgoing null normals of which the
divergence is zero or negative. Penrose (1965) introduced
this notion as an indicator that one was in a region where
the curvature of spacetime was becoming very important, It
can also be used to show that a singularity must develop in

the future,(IT)

assuming causality does not break down and
that the energy conditions continue to hold.

The nature of this singularity has been the subject
of much study. As we will see shortly, the Schwarzschild
singularity which is spacelike and hidden behind an event
horizon is not stable for vacuum solutions. If one adds the
tiniest amount of electric charge (producing Reissner-
N8rdstrgm} or angular momentum (producing Kerr), then the
singularity becomes timelike.(lS) Therefore, it is of con-
siderable interest to find out the types of singularities
generated by highly nonspherical collapse or collisions of
black holes.

The more important physical question is whether
the singularity, whatever type forms, is visible from in-

(19}

finity. This is the issue of Cosmic Censorship raised

by Penrose. If causal curves from arbitrarily near
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singularities can get far away (i.e. to Barth), then, as
Hawking stresses,(ZO) our power to predict the future will
be destroyed because one will no longer have a nonsingular
Cauchy surface. Anything could and might "pop out" of the
singularity and influence physig¢s. Penrose has

actually suggested that such a naked singularity might pro-=
vide a source of powerful gravitational radiation. Now we
know that this does not happen for spherical collapse or
even for perturbations from spherical collapse,(zl) but it
is an entirely open question as to whether the Cosmic Censor
acts in highly nonspherical collapse. In fact, a number of
recent investigations have indicated that in certain "more
or less" physical collapse scenerios,(zz) naked singularities
do form. Therefore, it is imperative to investigate what
happens in realistic collapse problems. Here again the com-
puter will be our chief tool.

The cloth that the Censor uses to hide the naked
singularity is technically referred to as an event horizon.
It is the boundary of the set of events in the spacetime
which can not be connected by causal curves to null infinity.
As such it is a null hypersurface with null generators pos-
sessing no future endpecints, but which may have past end-
points. As our spacelike slices Sy progress in time this
null hypersurface intersects theeS§ in spacelike 2-surfaces

(23)

which are called the surfaces of black holes, These

2-surfaces may merge into larger 2-surfaces as we go from one
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St to another., It is a fundamental law of black holes that
the total surface area of all klack holes on a St is less
than or equal to the total surface area on St+dte That 1is,
the area of black hole surfaces always increases. Further
one can show that black holes can never bifurcate. All
these theorems (proved by Hawking) depend on our assumption
of Cosmic Censorship. Thus, if one finds an example where
areas decrease, we will know naked sigularities can exist.
Again the computer will give us more insight into

(24)

the nature of horizons. Already May and White have

shown that one can follow null rays on the computer for star
collapse and Cadez(zs? has done the same for.black -hole colli-
sions. Hopefully, we can someday produce a movie showing the
behavior of null rays in such a collision.

There is a local measure of the approximate loca-
tion of the horizon and that is the apparent horizon intro-
duced by Hawking (1973). This is the boundary of trapped
surfaces in a given S;. It is clear that in a dynamic situa-
tion the event horizon lies outside the apparent horizon, be-
cause the null generators of the event horizon have positive
divergence then, while the outgoing null rays orthogonal to
the apparent horizon have zero divergence. ThHis "gap"
narrows as the physical situation becomes stationary, and in
the final state (Kerr) one finds the event horizon and

apparent horizon coincide. Now the great advantage of the

apparent horizon is that it can be found on each S¢ by
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searching for a surface whose outgoing null normals have zero
divergence. Cadez (1974) has shown this is practical on the
conputer by finding the apparent horizons for the time sym-
metric two black hole initial slice. There he.illustrates nu-
merically what Brill and Lindguist (1963} had earlier dis-
covered and what Hawking has abstractly considered, namely
that the apparent horizon is not a continuous surface, but
may suddenly jump from being two surfaces, one around each
hole, to being a single surface surrounding both heoles. The
topology of connected components of the apparent horizon is
always that of a 2—sphere.(26) In contrast, the event
horizons of two black heoles first deform, then touch, and
finally merge in much the fashion that a fissioning nucleus
appears if we watch it with time running backward.

In this process, as in the process of nonspherical
collapse, one expects large amounts of gravitational radia-
tion to be generated. Now gravitational radiation as such is
not well defined in a strong field regicon, One has highly
curved spacetime with "Waves, Newtonian Fields, and Coordi-

(27)

nate Functions" all mixed up. It is only when we move
farther away from the central region that the curvature sorts
itself out into large scale variations due to the central
mass and short wavelength wiggles on this curved background.
Isaacson (1968) has shown how to construct an effective
stress tensor for this radiation using an averaging technique

developed by Brill and Hartle.(za) More recently, O'Murchadha
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and York (1974) have shown how to make a covariant decompo-

sition of perturbations, a generalization of the ADM approach
which fisst rigorously defined radiation for us in the space-
like slicing approach.(zg)

Thus, on each slice Sy we will have a chaotic streng
field region, a region of outgoing radiation, a wave front,
and then quiescent space. Our problem is to define a method
for use in 2 + 1 computer codes that will take the given
(hap» Kab), put it into a subroutine, and calculate on it, so
that what comes out will be a radiation pattern with the
energy content of the wawes, We have not yet devised such a
program, but our research is continuing.

Several approaches besides the Isaacson method
might be considered. Since gravitational waves will follow
null rays as they leave the strong field region, we could
compute null surfaces from our "stack" of spacelike surfaces
and then use the powerful techniques developed by Pirani,
Sachs, Penrose, Newman and others(30) to calculate the radia-
tion. Alternatively, we could monitor the dynamical compo-
nents Qab of the Riemann tensor. These contain the components
Rigyp and Rt8t¢ which enter the Newman-Penrose quantity WO in

the far zone.(3l)

One might use them in a Landau-Lifsghitz

pseudotensor to calculate the power of the outgoing waves.
¥inally, there are more speculative approaches. It

would be nice if one could derive the radiation from éab and

~

T b alone. They seem to be the objects most representative
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of the spin-2 nature of the gravitational field. Isenberg
(1972) has shown that for some exact gravitational waves,
Wab and Bab take very simple forms which clearly show the
pelarization of the waves. There should be more research
done on the Bel-Robinson tensor(32) to see if it can give us
some insight into the nature of the radiation. PFinally, one
might go back to some of the notions Dirac (1959) had for
splitting the Hamiltonian into parts representing Newtonian

fields and parts representing gravitational waves, to see if

they can be applied to our situation,
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Chapter VI

We will now apply the tools we have built up to
the study of particular spacetimes. First, we give an out-
line of the various combinations of congruences we might
encounter. Then we look in detail at the slicing of one
black hole. For the nonrotating case we compare geodesic
normal slicings with various maximal slicings and show how
shift vectors may be introduced. Twisting congruences are
naturally examined in the Kerr spacetime, For examples of
matter congruences we turn to the spatially homogeneous cos-
mologies. Finally, we review the types of slicings used in
some previous numerical calculations of gravitational col-
lapse.

As mentioned in Chapter III, we may have as many
as three natural congruences associated with a slicing of
spacetime, The slicing itself defines a congruence of normal
vectors n?, If we use a nonzero shift vector, the coordinate
line congruence v® will also be present., If matter is present
its flow lines w® may or may not lie along n? or v®. For
each of these congruences, generically labeled ua, we can
examine the acceleration, expansion, shear, and twist. Some
formulae relating these gquantities for the n? and v° congru-
ences were given at the end of Chapter III.

A congruence u? which does not lie along the normal

congruence n? will be called a tilted or nonnormal congruence,

98



29

If wo lies along v® we will say we are in a comoving coordi-
nate system. If furthermore the time coordinate t is the
same as the proper time along the matter congruence we say

we are in a synchronous comoving ccordinate system. In this

last case, one is effectively using the matter flow lines to
define coordinate lines, We stress that it is up to the
"slicer" to decide which of these techniques for slicing he
cares to use in a given problem.
We can give a breakdown of the various possibilities
as follows:
vacuum - n? and v2
I. Normal Coordinates - B = 0, v& = n?
II, Nonnormal Coordinates - B # 0, v # n?

a a a
Nonvacuum - n , Vv , W

I. Normal Coordinates - g = 0, v® = n
A. Comoving Matter - w2 H n®
1. Synchronous t =7
2, HNonsynchronous t # T
B, Tilted Matter - wa/H'na
II. Nonnormal Coordinates — g # 0, v® # n
A. Normal Matter — w® H n?, wa-H’va
B. Comoving Tilted Matter - wa#ha, wa”va
l. Synchrocnous t=r

2. Nonsynchronous t # T

C. Nonccomoving, Nontitled Matter -

a +f a a a
W n, w v
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Representative examples of some of these cases are
for vacuum: T, Schwarzschild and II, Kerr in their usual
coordinate systems; for nonvacuum: IAl, May and White col=-
lapse or Friedmann universe, IB, tilted Bianchi IX cosmolo-
gies, IIBl, Pachner's rotating collapse. Now we will show
shortly that one spacetime can be sliced in several of these
subclasses, i.e. Schwarzschild is vacuum, but it can be sliced
as I or IT.

We also recall some terminclegy regarding the nature

of the congruence: ay = 0 = geodesic, w_ = 0 = hypersurface

a
orthogonal, w, # 0 = twisting, Op = 0 ® rigid, oy, = 0 =
shearfree, For na, if 8 = 0 we have a maximal slicing.

a

Notice that Wy = } does not mean the congruence u- must be

orthogonal to the slicing hypersurfaces. For instance, one
might use a nontwisting shift vector to produce a v® congru-
ence; This consequence is not orthogonal to the St but there
does exist a family of surfaces to which it is orthogonal,

In this special case one could interchange the roles of v
and n® and thus obtain two distinct slicings of the same
spacetime.

Oour first example will be the Schwarzschild space-
time. As usual the very high degree of symmetry of this
solution will hide a number of generic properties of slicings.
However, we will be able to illustrate concretely a number of

the points we have been discussing. It will also serve as

the prototype for the two black hole spacetime we cover in



101

the next chapter.

The vacuum Schwarzschild scolution differs from the
solution of a spherical star with vacuum exterior in that the
topology of the t = constant slices are noneuclidean in the
former. That is, the manifeld we use to sclve the initial
value problem on for vacuum has the topoloygy of an Einstein-
Rosen bridge(l) connecting two asymptotically flat sheets.
For a star, one has only a deformed or stretched sheet with
a pocket of matter at the bottom.(z)

For the initial slice we will assume time symmetry
(Kab = 0) and conformal flatness (Bab = 0). The momentum con=-

straints being identically satisfied, we have left only the

scale equation which reads:
Ad = 0

where A is the Laplacian in flat space coordinates. We want
a spherically gymmetric sclution which has asymptcetic be-
havior:

M

¢+l+_2..; r > o

This is satisfied only if ¢ = 1 + %% everywhere. Now r = 0
has nothing whatsoever to do with the "point"™ singularity at
the origin of the spherical symmetry. That is because we

are using isotropic coordinates where r -+ 0 corresponds to

r + «© on the lower sheet. The existence ¢of a mirror symmetry
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M .
through the throat r = E means that we can change coordinates
2
to r' = n so that
4r
2 M, 4 2 2.2 M 4 2 2 .2
ds =(l+-2"") (dr +rd§2)=(l+-2-£-,-) {(dr' + r' 4it)
r

and thus if r - 0, we can switch to r' - o and the metric is
seen to be regular. In any case, we shall see shortly that
the central singularity is not a point but a 3-surface hanging
"above" the initial sheet.

We note that the throat r = % is a compact minimal
2-surface in a time symmetric 3-surface. This means it is a
marginally trapped surface.(3) We will see from the full
spacetime that it is the apparent horizon for the initial
sheet and that it also lies on the event horizon. This is
because the spacetime is stationary and therefore the null
generators of the event horizon are nonexpanding. As meh-—
tioned before in this case, the apparent horizon coincides
with the event horizon,

We can evaluate the curvature invariants I and J
on the initial sheet. We have Byp = 0 because Kab = 0, and
since there is no matter present, we have E y = -R . Thus,
we simply obtain:

ab b_ca

We may evaluate these in any coordinate system by calculating
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Rab' There are four sets of coordinates we will find inter-

esting:
4
Isotropic d52 = (1 + %%) (dp2 + pzdﬂz)
48M2
T ="% M .12
o (1 + =)
2p
Schwarzschild  ds2 = (1 - %?)'l ar? + rlan?
48M%
T = =
r
3 ~r/2
Kruskal d52 = é%?— e x/2m du2 + rzdﬂ2 r = r{u)
_ agm?
T = 6
r(u)
Conformal  ds? = 16a° cosh4(%)(dn2 + dn)
3 - =12 n
I = . a cosh -

This shows how different initial metrics can look while still
representing the same 3-geometry. Note that the middle two
de not appear to be conformally flat at first glance. How-
ever, if one calculates Rabc for each of the four, ocne will
get zero in every case. The last of the four is written in
terms of dimensionless coordinates u,8,d. We will see in the

next chapter that these coordinates are analogous to those
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Misner used to pose the initial conditions for two black
holes.

To obtain a development from this initial slice we
have to choose coordinate conditions on o and Ba. Fortunately

(4)

we know the maximal development of this slice and can
graphically represent it by the familiar Kruskal diagram.
This is not the situation in general. Usually one does not
- have the spacetime a priori, but must find it slice by slice.
The usefulness of studying Schwarzschild is that it allows us
to "calibrate" our intuition by comparing wvarious slicing
conditions in a situation where the global setting is manifest.
The first coordinate system we investigate is the
Gaussian or geodesic normal system. This requires us to set
o = 1, Ba = 0., Since the radial geodesics of Schwarzschild
are known we can calculate the congruence exactly. We have
for initial conditions a position R = rn/2M and a velocity
zero. Here L ig the usual Schwarzschild coordinate on the
t = 0 initial slice. The resulting position in Schwarzschild
coordinates {r,t) after proper time T has elapsed can be
given parametrically {see MTW) by:

%
T =MR(n + sin m)

MR(l + cos n)

H
il

(R—l)% + tan(n/2)

> + (®-1)%[n + 5R(n + sin n)]
(R-1)7 - tan(n/2)

t/2M in
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The values of (r,t) can be converted into position cn the
Kruskal diagram by using the transformations to Kruskal co-

ordinates (u,v):

u= (r/2M - l);ier/4M cosh (t/4M)
r > 2M
v = (r/2M - 1)2e™/*M ginh(t/4M)
u=(1-r/2m?e™ ™ sinn(t/am)
. r < 2M
v = (1 - r/2MY§er/4M cosh (t/4M)

Using the formulae we map out the T = constant hypersurfaces
and the orthogonal geodesic congruence of the spacetime

metric:

2 2

dg® = —dT2 + A(R,T)dr2 + r dﬂz ;
where r = r(R,t). The result is shown in Fig. 1.

We note that the slicing becomes singular on hyper-
surface 1 = wM. Since the T = constant surfaces are asympto-
tically Schwarzschild t = constant surfaces, this means we
can evoelve only about 3.14 M before we stop computing.
Clearly if this had been a problem in which the black hole
was to generate radiation, we would not have had enough time
for the radiation even to begin to propagate outward to our

t = constant "observers at infinity," since light travel times

for the system are on the order of 2M,
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Maximal a#0 B =0 Maximal a#0 B #0

Figure 1
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On the other hand we did penetrate deep "beneath"
the surface of the black hole and we were able to sample
regions arbitrarily close to the singularity. If the
horizon {r = 2M) were evolving, our spacelike hypersurfaces
would have intersected its null surface, and we could have
recorded the details. ©One further feature is that the co-
ordinate lines near the hole fall behind the horizon as time
goes on.

Our next slicing will be a maximal cne. We must
have boundary conditions on a if we are to obtain a unique

solution of the lapse equation:

Ao - Ra = Q0 .,

Because of the noneuclidean topology we have two boundaries:
the usual one at infinity where o + 1 and a new ocne at the
throat (u = 0 in Kruskal). Because of the symmetry of
Kruskal about u = 0 we have only two choices. The first is
a{-u) = ~a{u) which implies that o = 0 on the throat. The
second is a{-u) = g(u), which leaves o free but regquires the
slice to strike the line u = 0 perpendicularly.

The first slicing yields the Schwarzschild t =
constant slices. We can see that as follows. Since on the

t = 0 slice the Hamiltonian constraint implies R = 0 we have:

Ao = Q
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where the Laplacian is with respect to the full metric

2

as? = w4(dp2 + 0 dﬂz). The spherically symmetric solution

which has ¢ - 0 as p * M/2 is:

Then one can show that aRab = D Do on the initial surface,
This means £anKab = 0 so Kip = 0 cn each succeeding slice,
Thus, £anhab = 0 and each slice is iscmetric to the first.
However, these are just the properties of the Schwarzschild

t = constant slices. The normal congruence is rigid and ac-
celerating because the coordinate lines are the Schwarzschild
r = constant trajectories of the time killing vector o/9t.
The slicing covers the entire exterior spacetime of the black
hole, but it does not penetrate the horizon. This indicates
such a slicing will bhe good for radiation study, but useless
for studying horizeons. The last point is not correct though
since in a time dependent problem we will tie down o = 0 at
the minimal surface, which will be inside the horizon, and
thus we will be able to see the event horizon evolve.

The last slicing will be maximal but with the other
boundary conditicn on a. Here we let o = 1 initially and so
aRab # Dana = 0 on the first slice. This provides a driving
term for £anKab‘ and we do get a nontrivial evolution. The
normal congruence is shearing and accelerating. At first the

~

slices jump forward fairly uniformly (o = 1), but then they
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abruptly slow down (o - ) in the central region. This
"braking action" is due to the effect mentioned earlier that
maximal slices tend to stay away from r = 0 regions. As the
central region's evolution slows to zero, the outer region
continues more or less like the Schwarzschild t = constant
slicing.

We see again the effect of the coordinate lines
being "sucked in"™ to the black hole. We can get a slicing
which has the same hypersurfaces as this last one, but with
coordinate lines like the t = constant maximal slicing if we
use a nonzero shift vector. In particular, as shown in
Estabrook, et al. (1973), if we choose a B, so that our co-
ordinate lines follow the Schwarzschild r = constant hyper-
boles, then we achieve the compromise socught. This is an
example of how the acceleration of the coordinate lines is
at our disposal. We can let the acceleration be determined
solely by our choice of o (through the maximal slicing equa-
tion}), or we can add an arbitrary "radially outward" push to
the coordinate lines. We stress that the stack of hyper-
surfaces is not effected by this choice of 8,. The v? con-
gruence 1is not twisting as can be seen by evaluating the ex-
pression for Wi 5 given in Chapter III.

The maximal slicing with ¢ # 0 on the throat gives
an explicit example of how one can probe very strong field
regions of a black hole without having the throat "pinch-

off" before the gravitational physics in the "wave zone" has
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had a chance to operate. It alsc gives us hope that the
"automatic singularity avoidance” property of maximal slicing
will be a generic property. Furthermore, it shows that at
least for 1 + 1 spacetime evcluticn preoblems the elliptic
lapse equaticn and the hyperbolic propagation equaticons can
be solved simultaneously on the computer.

We have now a detailed example of some of the
abstract notions introduced in our discussion of the Cauchy

problem. Figure 1 shows three different developments of the

same initial data. Their overlap is their common development.

The maximal slicing with o # 0 on the throat provides an ex-
tension of the t = constant slicing. Finally, one notes that
none of these coordinate conditions yields the maximal

development., It is an open guestion as tc whether cne can

find an explicit coordinate condition which will yield such
a slicing.

Now we turn to a spacetime for which the maximal
development does not give the full manifecld--the Kerr sclu~-

(5) (6)

tion, Just as in the Reissner-Ndordstrgm solution,

we have a Cauchy horizon. It is thought that if such klack

holes are formed from collapse, the matter may destroy the

Cauchy horizon and completely alter the underlying singularity

structure. Until fully dynamical nonspherical collapse

problems are pursued, it will be hard to say what physically
(7)

occurs.

Again the topology of the t = 0 slice is that of an
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at r=r, = m % ¢m2- 2.

+

(8)

Einstein-Rosen bridge with a throat
The throat is a minimal surface which is on both the apparent
and event horizon. The initial slice is momentarily sta-
tionary with K, # 0(9) but Kaa = 0, As far as I know, the
conformal class of the three gecmetry has not bheen determined
although the calculation is straightforward, I would suspect
it to be conformally flat., Only the maximal t = constant
slices have been determined for Kerr, The coordinate con-
gruence v® isg twisting with Ba # 0. The normal congruence n?
is generated by the locally nonrotating or ZAMO world

lines.(lo)

Notice that while both of these congruences are
shearing, neither has expansion or convergence (8 = g = 0).
This is because of the presence cof the twe Killing vectors.
Further, inside the ergosphere the coordinate congruence:
actually becomes spacelike even though the ZAMO's are still
timelike, and thus our t = constant surfaces are still space-
like. It is clear that calculating slicing of rotating col-
lapse has many subtle features which are absent from the
spherical case,

To give an example of a spacetime with matter we
turn to the Bianchi type IX universes,(ll) which are
generalizations of the familiar Friedmann universe, The
universes possessca gecmetrically preferred set of slices
St: the slices of spatial homogeneity. The normal congru-

ence is geodesic, shearing, and has nconzero 8 except at the

moment of maximum expansion. Because of the homogeneity
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DK = 0 on each slice. The matter congruence wo can be
twisting, eccelerating, shearing, and expanding. As men-
ticoned before, this class of spacetimes provides examples of
maximal initial slices which are time symmetric, momentarily
stationary, or general. The 3~geometry may be conformally
flat (Friedmann) or not. If not, one finds that éab meas-

(12)

ures the anisotropy of space. It is practical bho carry
out numerical calculations of the evolution from all of
these initial data (Matzner, Shepley, Warren, 1970).

Turning now from closed universes to asymptotically
flat spacetimes we can consider the calculation of the col-

lapse of a rotating star. Pachner(l3)

has made some pre-
liminary efforts to set up the computer code for such a
situation. In his formalism for cecllapsing dust he takes
nonnormal (B¢ = B¢(r)) synchronous comoving coordinates

(v& H w?). The hypersurfaces themselves have geodesic
normals (¢ = 1), so from our experience with Schwarzschild
it is deoubtful that the asymptotic region will have time
enough to evolve for radiation to appear before the central
region hits a singularity. Note that for rotating collapse
ocne does not know what the spacetime exterior to the star
will be {it is Schwarzschild for the nonrotating case). It
definitely will not be Xerr until very late stages of col-
lapse.

Finally we review the work on spherical ccllapse.

The first calculations were by Oppenheimer and Snyder (1939).
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They studied the collapse of a ball of dust., This is done
in comoving synchronous normal coordinates which are geo~
desic and converging. The extension tc include pressure(l4)
was carried out by May and White (1966, 1967). The.nonzero

pressure means that the comoving coordinates are no longer

geodesic (o # 1). The Euler equaticn tells us that:

Brﬁna = —(e+p)d,p .

In addition, 3,0 # 0 (see May and White, 1966). So here we
have an example of an o which varies in space and time but
for which we do not obtain maximal slices. The choice of
time coordinate is made by the decision to follow the fluid
lines. It would be interesting to cbtain a maximal slicing
of this same spacetime for comparison and as a prelude to
nonspherical, nonrotating, 2 + 1 numerical calculations.(l5)
We note in closing that the May and White spacetime gives us
a situation where we can compare trapped surface regions and

the event horizon in a nontrivial time dependent manner.(lﬁ)
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Chapter VII

In these last two chapters we shall present a nu-
merical illustration of many of the aspects of general
relativity that we have studied in the earlier chapters.
This chapter will deal with the initial data and give a
sketch of the expected evolution. The next chapter will
detail our numerical approach to the problem.

Almost since the start of general relativity, the
two-body problem has been a central issue. Early efforts
were made by Bach, Weyl, and Levi~Civita to obtain a static

(1)

axisymmetric two-body solution, but such efforts were
doomed to failure. 2ny two-body problem must be time de-
pendent unless there are "singularity struts"™ present or
counterbalancing electromagnetic forces.(z)
Since an exact time dependent solution seems un-
likely to be produced, the study of two bodies has mainly
been confined to an initial data sheet. Three pioneering
approaches to this problem emerged in the thirties: 1)} the
geometrodynamical model of two masses as noneuclidean
bridges between asymptotically flat spaces was formulated
by Einstein and Rosen {1935}, 2) *he time-symmetric con-
formally-flat initial data with real masses on a Euclidean
space was set up by Lichnerowicz (1939, 1944}, and 3} the

EIH approximation method for deriving the equations of motion

from the field equations was investigated.(3)

116
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We will not concern ourselves here with the third
alternative, because we are not interested in approximations,
but rather in finding a full spacetime representing the move-
ment of two bodies., The second method has lain dormant(4)
but is currently being revived for studies of nonspherical
collapse.(5) The resf of our story follows the approach of
Einstein and Rosen, brought to fruition by Wheeler, Misner,
and their coworkers in the early sixties.

In 1960 Misner formulated the first analytic set of
initial data for the vacuum two body problem. It was for
equal masses and contained two free parameters which set the
total mass and initial separation distance of the two throats,
Because of the particular form for the conformal factor that
he chose (the data is time symmetric and conformally flat),
the two lower sheets can be "welded" together, If one
identifies the two throats, the famous wormhole connecting
different portions of the same space is produced.

Brill and Lindgquist (BL—~1963, L-1963) followed
this up by preoducing a time-symmetric conformally flat
initial data set for N throats in vacuum {(BL) or with elec-
tric fields present (L). They showed, as Lichnerowicz had
shown for the "matter" N body prcklem, that one recovers the
Newtonian potential description if the bodies are far apart.
For a review of these studies see Wheeler (1961, 1962).

The first attempt at obtaining a numerical solu-

tion for the evolution of the initial data was made by Hahn
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and Lindquist (1964). Their work demonstrated the feasibility
of this approach and confirmed that each throat behaved much
like a single Schwarzschild throat, Unfortunately, they were
hampered by a number of problems beyond their control. First,
the physical setting was unknown. The notion of black holes
and horizons, the area theorems, and the scope of the problem
had not yet been defined. Second, the Misner coordinates,
while useful for obtaining the initial data, proved disastrous
for computer calculations of the far field regicn. Third,
these difficulties combined with their use of geodesic normal
coordinates meant that almost all their attention was con-
centrated on guestions such as, "how fast do the throats
shrink?" In retrospect, it was truly piocneering work--perhaps
an effortzahead of its time.

The problem remained in this state until the excite-
ment generated by the idea of black*holes and the possible
detection of gravitational radiation by Weber, brought it to
the forefront of research once again. In the late sixties
Bryce DeWitt started a research effort on the feasibility of
colliding two black holes on a computer. This led directly
to Cadez's and my theses on the problem. Meanwhile Hawking
had produced his area thecorems which predicted an upper limit
of 29% for the efficiency of conversion of rest mass-energy
to gravitational radiation by the infall from infinity of two
nonrotating, uncharged black holes.

Since the evolution of Misner's initial data, for
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certain values of the parameters, would correspond to an
example of the collision of two black holes, in the case
where the two holes were a bound system, it was of interest
to obtain limits on the efficiency of radiation from such
systems., Gibbons and Schutz ({1972) and Gibbons (1972) used
Hawking's notion of apparent horizon to do just that. Mean-
while Hawking (1973) had considerably clarified the evolution
of the horizons in such a collision.

With the physical framework fairly well understood
it remained to bbtain the actual numerical solution. Cadez
made great progress by finding a new coordinate system which
was well behaved on the holes and in the far region. Its
enly drawback was a coordinate singularity at the point mid-
way between the holes. By the use of coordinate transforma-
tions he was able to deal with this point as well. He set up
the Einstein equations as formulated in Chapter II and demon-
strated the feasibility of tracking null gecdesics in the
evolving spacetime to follow the develcopment of trapped sur-
faces. However, as with Hahn and Lindgquist, he was not able
to carry the evolution far enough into the future tc see any
large change in the initial data. Since he had no graphic
display capabilities, he was alsc hampered in interpreting
the computer output. One other important contribution Cadez
made was to determine when the Misner initial data repre-
sented two separate bdack holes and when they represented an

"already merged" single black hole. From this we have a
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better idea of which values for Misner's parameters to
choose,

My work consisted of programming codes to test out
various ideas DeWitt and I had for coordinate conditions.
Further, we treated the Einstein equations as a second order
system instead of a first order system. We tried several
methods for dealing with the singular point between the two
holes (the "saddle point"). I also developed graphic dise-

plays(G)

to enable us to follow the eveolution. My programs
enabled us to get an evolution to the point where ocur co-
ordinate lines focused to a c¢rossing (nonmaximal slicing).
This may be a physical singularity like the r = 0 singularity
of Schwarzschild., Codes were also developed for maximal
slicing, and they are being tested now. Finally, I investi-
gated the possible modes of radiation and the astrophysical
setting for colliding black holes. Much of this thesis is
also devoted to the possibility of extending these ideas to
other problems such as nonspherical collapse of stars.
Before coming to the degails of our approach, I
should mention that there is another approach to the initial
value problem and Einstein's evolution equations., This is
the Regge calculus invented by Regge (1961) and pursued by
Wheeler (1964) and his coworkers. The initial value problem
has been set up for Schwarzschild and Reisnner-Nordstrgm
(Wong, 1971), two black holes, and the Friedmann universe

(Collins and Williams, 1972). The evolution of the Friedmann
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universe suggested by Wheeler (1964) was computed by Collins
and Williams in 1973, There is probably much more work that
could be done here (see MTW, 1973), but we will not pursue
it further.

We now turn to a study of the Misner initial data.
As noted before, it is time symmetric (K_, = 0) and con-
formally flat (Bagp = 0). We choose the form of the conformal
factor used by Misner rather than that used by Brill and
Lindguist because we want there to be an isometry between the
upper and lower sheets with a mirror reflection plane through
the threoats. This is for our computing convenience, not for
any physical reason. In fact, one may object to our use of
such an idealized initial data set., We will argue later that
we expect most of the radiation to be generated by the
coalescence of the horizons, and as such we do not expect the
resulting evolution to depend very much on choice of initial
conditions. As outlined before, we are developing néw initial
sets which are neither time symmetric, nor éonformally flat.
If this program is successful we will be able to run the
evolution from these initial data and thus directly check the
sensitivity of the evolution to changes in initial conditions.

Rather than just write down the Misner matched
initial metric, we will derive both it and Cadez's metric by
using Cadez's conformal mapping technique. The idea 1is to
write down the conformally flat line element in cylindrical

coordinates since they are the natural ccordinates for an
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axisymmetric system, Then we perform a complex conformal
map from (z,p) to new coordinates (n,%). This is analogous
to what we would do if we wrote Schwarzschild down in
cylindrical coordinates and then transformed to spherical

coordinates by the map:

n+ i& = y{z + ip) = 4Lng

where ¥ is a complex analytic function of z = z + ip. The
logarithm function is used because it puts a pole at the

origin. We find

n = LnR = %ﬁn(pz + zz)

Because this is an instructive example, it is carried out in
the Appendix. We evaluate for our Schwarzschild model
prcblem all the terms which will come up in the twoe black
hole problem.

Returning to the two bhlack holes, we find that the
Misner coordinates are achieved by placing twe wqual but op-
posite charges (£nr terms) at z = t coth Mge The field lines
and equipotential surfaces of this simple charge distribution
are Misner's coordinate lines for u and 8. Cadez's coordiw-

nates are realized as the field lines and equipotential
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surfaces for two egual charges with the same sign placed
at z = * coth Mor together with enough higher multipole
moments to make the throats lie on circles in the coordi-
nates p and z.

The details are as follows.(T) Take the conformally

flat line element:
2
as? = a2p%(ap? + az? + p%as’)
, (8) .
where Ay = 0. By image methods, build up the matched

initial conditZons:

oz
¢ =1+ I cschinng) o + =]
n=1 Tn Tn

I+

2 2
r = [p + (z - coth nuo) ]li
Now make a complex coordinate transformation:

n+ i& = x{zg) g =z + ip Ly = coth(uy)

Misner (g} In(g+zg) - Ln(g=gg)

Cadez  x(z) = %[en(z+zy) + Ln(g-z4)]

o [—21 . 2

1 Bl g+ (co-0) "

+
|
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The Jacobian of this map is

2
_dx 2 _ [an an
3= 15El = |55 * |5z

since the Cauchy—~Riemann conditions tell us that:

an _ 3¢ an _ _ 8§
3z  Bp Jp Bz
2
30 _ _8%n _ 3% 320 _ 9% _ - 2%
522 502 Jo0z 8200 5 2 g2 -
This means that the new line element is:
2 2
ds? = a2yt (& ;d& + 2442
p=p(n,8} J =TJ(n,&} vo=9n,8)
. . -1 n+1 :
By an easy calculation using coth n = kin v one finds
n = Rey and £ = Imy

are just the bispherical coordinates used by Misner and
Lindquist:
_ 2 2 2 =
coth n = (0% + 2% + z, Y/ (222) z, = coth u,

cot £ = (p2 + 22 - 202)/(2020)
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and the Jacobian is
J = {cosh n - cos 5)2/202 .
Since the inverse transformation shows
p = sin £/{(cosh n - cos &)

-1 , , .
we can factor out J to find the line element in Misner-

Lindqguist form:

ds? = a23%4(an? + at® + sint a¢?)
~4 -1
¢ = vl ]

The same procedure can be applied to the Cadez ¥ ()
except that one must define p = p(n,&}) numerically. This
process will be described in the next chapter. The impertant
difference between the two coordinate systems is that the

conformal map for Misner breaks down as:
|____|+0 p,z*m
whereas for Cadez it breaks down as:

2l >0 ez
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This is why Misner's coordinates look so distorted as one
gets farther away from the central region (squares are no
longer mapped onto squares)., For the Cadez system one only
has the central saddle point to worry about (see figure 1).
This distorts only the neighboring sguares to the central
point, Because the metric functions are regular at this
point in the (z,p) sysfem (as well as everywhere else), we
can switch back and forth between the (n,%&) and (z,p) co-
ordinate systems to insure we are calculating in a "good"
set of coordinates at all times.

Thus, we finally have a grid which schematically

locks like this:

Jo woave zZone

o to.,t jeny AXIS

~&3

throot B0
4—“-
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Notice that while the grid is curvilinear in {p,z), it is a
simple rectangular mesh as viewed in (n,%) coordinates.
Therefore, we will store gquantities in the computer: evalu-
ated at the (n,£) points.

There are two free parameters (a,uo) which appear
in the line element. One has the dimensions of length (a}

2 out of the

and one is dimensionless (uo). We have pulled a
line element so that the coordinates (p,z) are dimensionless
like the coordinates (n,&). Let us relate the parameters
(a,uo) to the physical parameters (M,L} where M is the total
mass of the system as measured at infinity and L is the
proper distance along the spacelike gecdesic connecting the
two threcats, i.e. twice the proper distance from the saddle

point to the nearest edge of the throat. As shown in Misner

and in Lindquist

M= 4a L csch(nuo)

@
L = 2all + 2p0 I n csch(nuo)] .
n=1

We can see the result for M in two ways. First,

since we have y * 1 + M/2r as r *+ ®, we can just note that

+
as p,2 * ®, "ry *r * *® and so:

[+v]

g+ 1 + % z csch(nuo) .

n=1
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Second, we c¢an apply the method of O0'Murchadha and York

which rewrites the mass formula of ADM in the form:
M= - Lﬁw-ds
2T
where the integral is taken over a 2-surface at spatial
infinity. Since we have ¥ = ¥ (p,2z) we can write the inte~

grand as:

V¥eds = (arw)rz sin 6d6de

[(3,¥)sin & + (8,¥)cos 0]r? sin oded¢ .

Explicitly taking the derivatives and then letting j:rn -
r * =, we integrate over the angles and again obtain the
formula for M,

As shown in Misner (1960), Wheeler (1961), Lind-
guist (1963), and Brill and Lindquist (1963), the two throats
distort themselves in a manner suggesting a Newtonian tidal
deformation. This is to he expected since, as we have shown,
the only nonzero component of the curvature tensor for a

vacuum time-symmetric slice is E p- One can define an in-

teraction energy for this bound system as

=M-2m=-4a I (n—l)csch(nuo)
n=1

int

i

=
Il
)
)
™

n csch(nuo)
n=1
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where m is the "bare" mass assigned to each throat (Lindquist,
1963). Note that this interaction energy grows more and more
negative as Mg > 0.

From the work of Hawking and others we now know
that the throats are not the surfaces of the black holes.
The event horizon will lie outside the throats. In the ini-~-
tial time-symmetric surface, the throats are minimal surfaces
and, thus, marginally trapped surfaces. As mentioned earlier,
when the holes are close enough together, a new minimal sur-
face appears surrounding the entire system.(g) This tells us,
just by looking at the initial surface, that the event
horizon for the two black holes will merge and form a dis-
torted black hole as they evolve,

It is important for us to know when such a merging
has occurred, Cadez(lo) has found the value of By at which

the new minimal surface first appears (U, = 1.362) and has

0
calculated its position and area. We will see in a moment
that this enables us to set upper bounds on the amount of
radiation which might be produced by the evolution., In table
1, T give values of M, L, L/M, m/M, mjnt/M as functions
of Hy. For reference, our computer calculations have been
carried out from initial data with o = 2.

We turn now to the evolution of the system. For
an overall view of the expected development ¢f the horizon

structure see Bawking (1973), especially his picture on page

35. As one can see, there are essentially three phases in
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-0.33
-0.28
-0.15
«0.09

-0.05
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this evolution. The first is just an in-flight period while
the holes are far apart but moving towards each other. The
second is when they get close enough to each other that they
very rapidly tidally distort one another, The final phase is
when they are coalescing. During thés last phase one has a
single black hole with huge nonspherical deformations.

During each of these phases we expect gravitational
radiation to be produced. However the mechanism is somewhat
différent in each case. For the in-flight radiation, we can
think of the system as two point masses falling towards each
other., This gives a time~changing quadrupole moment. As
they near each other, their finite dimensions come into play,
and we can imagine each hole to have a "quadrupole" moment
which changes very rapidly as the holes distort one another.
Finally, with the coaleséence, the whole chaotic strong field
region is churning and vibrating, One may very well expect
a strong burst of radiation as the equatorial sections of the
event horizon expand outward to form a spherical black hole.
After this big pulse, a long train of "ringing" waves may
occur,(ll) gradually dying out until only a spherical black
hole is left surrounded by a region of radiation heading out
to infinity.

We can use various techniques to estimate the im-
portance of these phases for producing radiation. Let us
assume that the holes are projected inward from infinity with

velocity v. Then by energy conservation:
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2 2
Pty rad
where Ej and E, are the energies of the two holes, Ef is the
final energy of the spherical black hole, and E.aa ig the
energy carried off by radiation. We can combine this with

Hawking's theorem that the total surface area of black holes

must increase:

A, + A, £ A

where aA; = l6wMi2, to pbtain an upper limit on the efficiency

of radiation. PFor two equal masses m projected inward with

y = (1 - v¥)7E

we find:(lz)

_— Erad <1 1 <:: 1.00 Yo oyl
0 Z2my el 0.295 Yy+1 v=0 .

The reason the efficiency re#ses so fast as v+ 1 is that the
colliding black holes become "Lorentz contracted" and appear

(13)

to be more and more like colliding pdane waves, Their
energy is almost totally bound up in kinetic energy which

presumably will be radiated leaving only the "rest mass" in
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the final black hole.

For two black holes which are initially bound, upper
limits can alsoc be calculated, but they are not as stringent
since they depend on using the apparent horizons instead of
the event horizons. The notion is that the bound system can
be approximated by the Misner initial conditions. In such a
spacelike slice we can measure the area of the minimal sur-
faces and hope this approximates the area of the horizon. We
then use area theorems as before to estimate the radiation.
Gibbons and Schutz carried out this program for the minimal
surfaces at the throats. They found the efficiency must de-
crease as the holes are moved together., Unfortunately they
made an error in calculating L so their graph must have its
scale for (M/L) corrected, (There was no error in their cal-
culation of the efficiency as a functicn of uog) The numbers
are graphed in Figure 2.

Cade? has since found the location of the third
minimal surface surrounding the two throats for Hg & 1.362.
It enables us to place on the efficiency curve a "cutoff"
which is much more stringent. The probable upper limit is
sketched in. As one can see, the upper limit is about 5% for
Hg = 2. For this reason we should not expect to see very much
"wiggling™ in the resulting curvatures for our computer runs.

Going back to the parabelic infall where Hawking
gives an upper limit of 29.5%, we can estimate the in-flight

radiation as follows. We will approximate the system by two
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point particles of masses m; and my. In the center of mass
system, we have the reduced mass U = mlmz/(ml + m2) and the
total mass M = m; + my,. Using Newton's law of motion with
the force given by Newton's law of gravity one finds that the

relative separation varies with time (t - 0 as r -~ Q)

For axially symmetric systems, sne can find the power radiated

by the time-changing quadrupole to be:(l4)
) 23 2
I(t) = —Q Q = u——_{xr%) .
15 Bt3

To get the total energy we integrate over the time of infall,
This will diverge, so we cut off the integral when r -» 1 and
r - 2M, that is, just as the two holes touch and our approxi=-
mation breaks down anyway. 2Also, we may fold in a red shift
"fudge factor" to degrade the radiation produced in the

strong field region, The result is:

| 2 2
420~ 0.019 ( /M) ©

t
oM = 2 2
Erad = J[ I(t)Y (1l - ??)dt _E;iq. 0.011 (u"/M)c

- ~s2 2 1 2
0.004 (u°/M)c

We can calibrate this result by comparing it with

{15)

a fully relativistic calculation in the limiting case
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where g << M and we have a small masgs ¥ falling into a large

black hole of mass M, For this situation one finds:

E 0.011 (n2/M)c? (0 << M)

I

rad

which is right on target. Throwing caution and rigor to the

winds, we investigate the case where m; =my = m, Now we have:

2 1
= M = 2 M = -—— M
= hm m e/ TE
(ml = m2)
_ 1 2, _ 2
Erad = O.OI(EE Mc“) = 0,.0005Mc

This is to be compared with Hawking's upper limit of

2

Ergqg = 0.2950 Mc (Hawking) .

Thus, Hawking's upper limit is 600 times as high as our

estimate(l6)

for the in-flight radiation. This is one of the
main reasong we feel that if any appreciable amount of radia-
tion is produced by the collision, it will come from the last
two phases.

Estimates for these phases are more difficult,
Mashhoon (1972) has calculated tidal gravitational radiation
for neutron stars falling into black hcles. If one uses a

neutron star of black hole "dengity” and extent in Mashhoon's

formulas, one comes out with maybe 1l.-5.% as an upper limit,
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This leaves the great bulk of Hawking's upper limit up to

(17)

coalescence radiation. Press and Teukolsky have shown

that a very large "perturbation" of a Schwarzschild black

hole could cause it to radiate as mush as 10% of its rest

mass. They stress that this calculation violates the perturba-

tion assumptions of their equations. Nonehheless, it gives

one some smallhhope that a highly deformed black hole may be

able to radiate a fair fraction of its mass-energy away.(ls)
The issue is of central importance if black hole

collisions are to be of astrophysical importanced. Of course,

one does not expect isolated black holes to collide fre-

gquently encugh to be observed. However, in the nuclei of

galaxies(lg) dense aggregations of stars and dust may

(20)

develop. If gravitational collapse occurs sufficiently

(21}

often, then a relativistic cluster of collapsed objects

could form. Such a cluster would be a powerful generator cof
pulses of gravitational radiation.(zz) Further, it would be
recurring since the black hole which is formed from the col-
lision of fwo others can collide again. It would not emit

any electromagnetic radiation, and the frequency and energy

of the pulse would be abcout that detectable by a Weber-type
anéenna. To be sure, it is still not decided today whether
Weber is in fact receiving gravitational pulses, but there are
some recent astronomical measurements which tend to indicate

{23)

a mass loss of 50-100 Mp/year for the galaxy. This whole

scenerio should be investigated further.
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Other computations which could be performed using
our general approach are outlined now. The two black hele
collision could be investigated for its sensitivity to initial
conditions, as mentioned abhove. By dropping the equatorial
reflection plane symmetry and the symmetry through the throat,
one could evolve unequal masses. If our "generalized super-
position" approach to the initial value problem works we can
make the holes collide with greater and greater velocity to
see 1) if large amounts of radiation can be produced and
studied or 2) if the horizon is stable, i.e. if one can form
a naked singularity. Finally, the collision of two rotating
black holes might be attempted although the initial wvalue
problem is unsolved as yet. Because nonaxisymmetric problems
are toc complicated for computers to probe in detail, we can
not calculate the "off-center" collision. However, we may be
able to guess what the gualitative changes are from study of
simpler models.

Moving away from the two body problem, there are
many different collapse problems one can imagine. The
simplest is a nonspherical collapse to a pancake of a star
which is initially nonspherically deformed. Recent work of
Thuan and QOstriker {(1974) for the Newtonian collapse of a
star shows that a fair amount of radiation may be produced.
The next step would be to perform a fully relativistic calcu-
lation of this process for both the nonrotating and rotating

cases. Of considerable interest 1s whether horizons form in
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these highly nonspherical preoblems (Thorne, 1972). In the
rotating case, the calculation would do a great deal to de-
cide whether the RKerr geometry is the final state of realistic
collapse.

Another area of interest lies in the cocllapse of
bumpy stars and the possible production of gravitational run-
away stars. In the first case, one imagines a star with
random axisymmetric bumps or multiple moments which then
radiate away as the star collapses. Since such bumps nor-
mally grow in time as the collapse proceeds, it will be very
interesting tc see how radiation smooths cut or further ac-
centuates these bumps. Tom Criss at Texas is currently work-
ing on the initial value problem for such a star. If the
bumps are such that the star has a time changing octupole
moment, Bekenstein (1973) has shown that the gravitational
radiation will carry away momentum and the neutron star or
black hole that is left will become a "run-away." In parti-
cular, he finds speeds sufficiently high to be cbservable
astronemically. The details of this process could be analyzed

by the numerical formalism we have outlined.
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Appendix

Chapter VIL

We transform the Schwarzschild initial data set into
conformal coordinates like those we use in the two bhlack hole
problem. In particular, this should give the (n,£) dependence
of the two black hole initial data as n > ®, First, we write
Schwarzschild in isotropic coordinates and then convert these

coordinates to dimensionless ones by letting:

o=

where (z,p) are cylindrical coordinates and R is the isotropic
radial coordinate. This gives the line element:

2

ds” = a2w4(dp2 + d22

+ pzd¢2) a = % P =1+ R .

We now apply a complex conformal coordinate trans-

formation:
n + i = x{(r) = &ng where 7 = z + ip .

This gives us new radial (n) and angular coordinates (£):

2

n = £nR = %En(pz + 2%) E = 0 = tan"l %
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We can directly verify the Cauchy-Riemann eguations:

- _ — 2 2 . _ 2 2
dn = =8 8 =p/(p" + 27) 9 n = 3,8 = z/{p” + 27)
2 2 2 2. -1 -2 -2
J= (@ + @7 =(p +z7) =R"=e "
In our new coordinates, the line element becomes:
-1
as? = a2y (R% + rZan?) $ =1+ R
= a ¢ { 3 s+ p%80° Y Y = 2e cosh 5
~ ~ -1
= a%p%an? + ag? + sin? £a6?) b=w " =2cosn} .

The €Christoffel symbols for the conforma metric
(not conformally flat if we use @ instead of ¥!) are {we set

a = 1 from here on):
G¢¢E = =gin £ cos & G = cot £ others wvanish .
The only derivatives of & that are nonzero are:

v,

sinh i

<2
Il
(]

= n
= kcosh 5 .

Combining these, using the formulas for conformally related

metrics from Chapter IV, vields the Christoffel symbols of the
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full metric:

n o_ &€ _ _ no_ n n_ .
an = THE = TEE = tanh > T¢¢ = tanh(

=

} sinz(a)'

o

b = = gin £ cos £ F¢€ = cot & others vanish .

The Riemann tensor, Ricci tensor, and Riemann

scalars of the conformal geometry are:

e w2 :
R¢€¢€ = gin” g others vanish
R = 2 R - sin’ h ish
£ = o6 sin & others wvanis
R=2 .

For the full geometry we find:

R¢€¢g = 5_4 - 4$_6$n2

Rnsng _ Rn¢n¢ _ _25“6

Ryp = ~sech? % = ~2Rgy = =2 sin_ngR¢¢
R =0

Using the 3-~Riemann tensor components we can calculate the
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curvature invariant I for the 4-Riemann tensor:

4 4_abecd ~o]12
I Roped = 192 ¢
The lapse function which is zero at the threcat (n = 0} and

goes to cne at infinity is Jjust

o= (1-r1Y,/0 +rY = tann %
Its covariant derivatives are:
o = -sech2 = tanh & = -2a = =2 sin_zi-a
«NN 2 2 +E5 3ol

By substitution one can check that this satisfies the lapse
eguation:

Ao = 0

Furthermore, the only nonzero terms in the evolution equations

cancel each other so that £m R = £ = 0=

n ab anhab

eij ij =

Finally, one can check that the "radiation components™ of

Qab are given by:

o
o
‘+
o
B
=
S )

tBto sech »
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which gualitatively have the shape we observe in the twe
black hole initial slice if we move from the throat out the

Z—-axis.,



Chapter VIII

We will describe in this last chapter how to build
a computer code which will calculate an axisymmetric time-
dependent solution of Einstein's.gravitational.field equa-
tions. We will concentrate on the nonrotating, vacuum case
with zero shift vector and,:in particuldr, on the two black
hole collision. However, the generalization to these other
cases should be straightforward even if messy. I will not
give a listing of the codes I developed since many of their
features are peculiar to the UT-CDC 6600 computer system
(copies are available on request}. Rather, I shall attempt
to describe the approach we tosk and a number of the numeri-
cal difficultdies we ran into.

An axisymmetric system is one for which the field
variables depend only on two space variables and time. The
cyclic coordinate will be assumed to be associated with a
Killing vector possessing closed orbits, i.e. an axial
Killing vector 3/9¢. The three metric for each space slice
has six unknown functions, For the nonrotating case we can
drop two of them and consider the other four to be functions
of two space coordinates (n,£} or (z,p) spanning each ¢ =
constant slice., Since the initial metric is conformally flat
with the ¢onformal factor ¥ known, we will always factor $4
out of the metric and evaluate its derivatives analytically.

This means we will evolve only the conformal metric in keeping

148
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with York's emphasis. Because of the coordinate transforma-

2 = oz(n,a) 80

tion described in the last chapter, we know p
we will always factor it out of the d¢2 term. This leaves us

with the metric tensor:

As we shall see shortly, we can think of A, B, C, D as
functionsreither of (n,{} or of (z,p) because of the general
covariance of the Einstein egquations.

If such a nonrotating axisymmetric system generates
gravitational radiation, it will be of only one polarization.
We can see this by examining Qee and Q8¢ which become the real
and imaginary parts of the Weyl tensor component Y3 as one
goes far away from the source. We derived their relation to

K., and Rab at the beginning of this thesis:

— c _ =2
Qap = KeaKp — KKgp = Rgp = @ “Rigpt -«

If a=8 and b = ¢, .then R8¢ = K8¢ = 0 and KceKd¢th = 0 bhe-

¥ . . .
cause h b = 0. This means that the "x" polarization state

vanishes, leaving only the "+" state. Later, we will show how
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4 azQ varies in time for the two black hole colli-

Reoot = 06

sion.

We remark on an interesting property of the alge-
braic type of the Weyl tensor for axisymmetric solutions.
Consider the four principal null directions for the Weyl
tensor. Now 1f two or more of these directions line up at a
given event, then the Weyl tensor is said to be algebraically
special. On a spacelike hypersurface each null vecgor can be
resolved into a part along the normal vector to the surface
and a part lying in the surface., If one is on the axis
of symmetry then the only available spatial direction lies
along the axis. If the spatial part was tilted with respect
to the axis, it would pick out a preferred ¢ value,which is
not allowed, Thus, the principal null direction must lie
along the axis and this means only two directions are possible,
Therefore, on the 2-plane generated by the symmetry axis
meving in time, the Weyl tensor is algebraically special of
type {2,2}, (3,1}, {4}, or {—}.(l) At an event like the
saddle point where one has the intersection of a symmetry axis
and an equatorial.reflection plane, the type must be {2,2} or
{-}. 1I calculated the type for the symmetry axis of the

balanced charged black holes'?)

and found the type to be {2,2}
everywhere on the axis.

As one last bit of lore about the saddle point, I
note that the world line generated by the saddle peoint must

be geodesic., This is because at the saddle point all first
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derivatives vanish, including those of . From our formula
for a,, the proper acceleration of this world line, we see
that if @ ;= 0, then ap = 0. However, this does noct mean
the saddle must free-fall into the singularity. As noted
before, when o # 1, the timeccoordinate t labeling each
slice is not proper time along the normal curves., For a geo-
desic, this means t ié not an affine parameter of the curve,
and therefore the time t may move more slowly than the free
fall proper time T, In other words, if we let o + 0 in the
saddle region, then we ean slow down the rate of advance of
the hypersurfaces there to any desired degree.

Now let us consider how to set up our mesh(a) and
how we will difference spatial derivatives. We outlined the
complex conformal mapping technigque in the last chapter. To
implement it in our FORTRAN program, we use two subprograms.
The first program is a least squares routine which makes the
real part of our complex x equal to a constant on the throat.
In (zZ,p) coordinates, the throat is the circle:

02 + (z * coth uo)z — csch? Mg

Since the equator (z = 0) is a mirror plane and the z-axis is
a retation axis, all our computations can be performed in the
guadrant z 2 0, p 2 0. Therefore, we only need to require

that:

Re(X) = n = Mo
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on the semicircle in this guadrant. (ny = constant is not
related to the efficiency Ng we discussed in the last
chapter.)

The fit is made by performing a least squares fit
on the NMAX real coefficients ¢, (n = 1, NMAX) which appear
in the power series for y{z). 8Since we only need to find
real ¢,, we only have to specify Re(yx) on the circle. It
was found that our fit was much tighter if we also let ng be
determined by the least sqguares method. The resulting curve
of n(z,p) vs. Mo where z and p are constrained to lie on the
throat is shown in Figure 3. The chisquare is defined here

to be

. 2+ 2
chisquare = (n=ngy) "dz
Z._

14

and has the value 3.6 x 10 ~°. The maximum in - nol = 10"6

where n varies from ngy = -0.27 on the throat to typically

n 2.30 at the wave zone. The graph shown, as all other
results we display herein, has been calculated assuming ug =
2.0.

With the ¢, chosen (for our runs NMaAX = 5) the
next program takes over. We first choose the integral number
of "equipotential surfaces" we want between the throat and
the saddle point. This sets the mesh spacing in (n,Z). That
is if NUM = the number of An steps between the throat (p = 0,

Z, = coth My csch uo) and the saddle (z = p = (), then the
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size of An is given by

in = (n{(0,0) - n(z,0))/NUM .

We then select the number of AL steps from the z—-axis (£ = §)
to the equator (£ = w/2), by making A{ as close to 4An as we
can while maintaining an integral number of Af steps from 0

to 1/2. With &n and Af selected, we then determine the (z,p)
values for each (n,&) grid pecint., We start at the throat

(n = ny) and march outward INFx4n steps,? For.:each %“zadidl"
value of n we swing around INT%A%f steps from £ = 0 to & = n/2.
To determine (z,p) for a given (n,%) we call on the IMSLIB
routine ZANLYT which solves for the zerc of the complex func-

tion:

x(z + ip) - (m + i) .

Since we need a first approximation to (z,p) for the routine
to converge quickly, we always use the last grid point calcu-
lated as an initial guess for the next grid point:

Now that we have z(n,£) and p{n,£) stored in arrays
of size INF*INT, we can evaluate the conformal factor ¢ and
its spatial derivatives at each point of the (n,£) grid. The
power series for ¢{z,p) is differentiated analytically with
respect to (z,p) to form wp, Ve wpp, wzp' Similarly o and

its derivatives are evaluated analytically on the initial
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surface and stored. Finally, the Jacobian coefficients np,

N_r N

z are calculated by taking the real and imaginary

zz? nzp
parts of the power series for dy/dr and dzx/dcz. We always

use the Cauchy-Riemann conditions to change g, to -n etc.

0
All the calculated guantities are then sent out ontc magnetic
tape for storage.

The initial choice for o is at our disposal, of
course., One could try o = 1 everywhere or some algebraic
condition on o with a *+ 1 at infinity. Cade? ran such evolu-
tions and reports some results in his thesis (Cade2-1971).
With a's which are not zero on the thrcat one has to have a
scheme to obtain o at one stép inside-—the . throat (UO"' an).
Cade? shows how to use the mirror isometry through the throat
to handle this problem. We decided to stick to our maximal
appreach so we chose o to be a solution of Aa = 0 on the
initial surface. (The time symmetry implies R = 0.} Cade?
has solved analytically for the a which obeys the boundary

conditions ¢ * 0 on the throat:

-]
ap =1+ I (-1)" cesh (npg) (2 + ::—L——) .
n=1 +rn rn

This choice of o corresponds to the o on the

Schwarzschild t = constant slices:
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Now this illustrates one of the many differences between one
black hole slices and tweo black hole slices. Notice that our
maximal o for the two black holes:oheys the same boundary con-
ditions as the maximal o for the one black hole, but oy ¥+

l - M/2r as ¥ + @, The od which does behave as the Schwarz-

schild o in its asymptotic properties is

ap = 1 - 2 csch (nu,) (:;_'l"'" + -_-—l——)
n=1 T rn

but o < 0 on the throat. This makes it clear that there is
not always an unambiguous choice for carrying quantities from
the one black hole to the two black hole case. In particular,
the fact that a's asymptotic behavior does not convey informa-
tion about the mass of the system,:even on maximal slices, 1is
simply an example of Misner's (1963) argument on "mass and
goo,"

At this stage we hawe our mesh and our initial data

set up. The metric functions are A = B = D 1, ¢ = 0, where

A= f B=FfF C =1

zzt and D = £ and fij is the con-

pp’ zp’ b

formal metric:

_ 4 - ~. . 04,2
fij = Yij/w f¢¢ Ylj/w P .
As soon as evolution begins A,B,C,D will begin to vary over
the mesh. We now have to decide how to find their spatial

derivatives by differencing because we no longer have analytic
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expressions for them. Throughcut our programs we use the

standard second-order accuracy center differences:

H(I+1,J)-H(I-1,J) H{I,J+1)-H({I,3-1)

& H(I,J) = i 8 H(I,T) = Sa
3 nHII,J) = H(I+1:J)—2H(I,§)+H(I-1,J)
(4An)
3 (H(T,0) = H(I,J+1)=2H(I,J)+H(I,J~1)
(ag)2
_ H(I+1,J+1)=H{I+1,J-1)-H(I-1,J+1)+H(I-1,J-1)
8, gH(I,T) = PR

where H(I,J) is some function on the (n,%) grid. Now the

computer thinks the (n,&) grid is rectangular (see illustra-
tion in the last chapter), so it always takes derivatives in
the (n,£) grid. However, we want to evolve the metric func-

tions Yygr ¥ eté. in the (z,p) coordinates {(they are

zp'

regular everywhere). Therefore, we always take (z,p) deriva-

tives by the chain rule:

etc., which is why we store (n _, Nyr N0 nzp) on the (n,&}

P z2

array.
We thought that this was somewhat redundant, since
actually (n,&) are good coordinates everywhere but on the

saddle point. So we spent a large amount of time trying to
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"patch" the coordinates. The idea was to use the chain rule
on the saddle and its nearest neighbors, but just carry Yan+
Yne outside of this region. Since the equations are co-
variant under three-dimensional coordinate transformations,
we only have to change the differencing scheme so that it

takes Bp, 3, etc. inside the saddle region and Bn, 3., etc,

P
outside of this region. Unfortunately, it seems that the
"noise" introduced on the boundary of the saddle region always
causes a numerical instability. We tEied both a "small”
saddle region, with just nearest neighbors in, and a "large"
saddle region containing everything inside n = (NUM+3)*An+nO,
where n = NUMx&n+ng, is the line which intersects the saddle
point, Always a "spike" developed on the axis where this
boundary occurred, Therefore, we went back to Cedez's ap-
proach of using the chain rule over the entire mesh.

To obtain the values of functions on "the other
side" of our boundaries we need special commands. The
boundaries are: 1) the z-axis {(p = 0 == note that the part
above the hole is & = 0 while that below the hole to the
saddle point is § = n/2), 2) the equatorial plane (z = 0,

& = n/2), 3) the throat (n = ng), and 4) the far zone (n =
INF*&n+n0). or 1) and 2) we cah use the fact that the
functions must be either even or odd across the boundary de-
pending on whether they change sign when p * -p and 2z *> -2z,
Obviously, A,B,D are even and C is odd for 1) and 2). As

long as we keep o = 0 on the throat the metric functions do
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not evolve there, and so differencing never cocmes up.

The wave zone is the meost difficult problem., Our
solution (although there are probably more sophisticated ones)
was to experiment with various differencing schemes on a func-
tion satisfying the scalar wave equation and obeying outgoing

boundary conditions:

2 2 _ _ _

(Bt - 906 =0 ¢ = ¢(t - x) .

We(4) took a line with N points on it, started a Gamssian
wave packet moving outward, and let it go "off the end" of
the line. In general, one gets a reflection off the boundary

which moves inward after the "bounce." By choosing the proper

difference scheme:

_ (V=1) (2v-1) _ _
H(I,K+1)} W1 (oviD) [H(I,K) H(I-2,K+1)]
.2(2V-l) _ M Te _
+ T [H(I l,K) = H{T l,K"'l)] + H(I Z,K) ’

we minimize the reflection., Here I ~ N, K ~ t and we used

the Heavyside operators to fit the points:

1
!
i
0
1
!
[
X
i
1
i
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This difference scheme was applied to each £ = constant ray
at the boundary 4) with no coupling between different values
of £, It is important that this boundary be treated carefully
because we will want to measure precisely the radiation as it
leaks "over the edge;" Mcre work needs to be done here,
Finally, we note that special commands must be used
on the axis since p =+ 0 there and terms like p-l occur in our
equations. Quantities should be finite on the axis, so we

suspect any term containing p_l

will also contain BpH terms,
where H is even across p = 0, or terms which are odd across
the axis. This ie indeed the case, so we are in a situation
where we must use L'Hospital's rule for evaluating indetermi-
nant (%} expressions. For example, if a term in the evolution
equations reads p_lC, we replace it with 23pC, or if it reads
p_lapA we replace it by BppA. Fortunately, it is fairly easy
to isclate these terms and put logical checks in to switch to
the "axis equations®™ when the computer finds itself on the

(5)

axis of rotation. We note also that whenever the equations

tell us to take a derivative of pzD we must factor out the p2

and evaluate it separately, e.q. Bp(pzD) = 2pD + pzapn.

One last point is that on the saddle =11 first
derivatives vanish. The mixed second derivatives of even
functions are also zero as are the unmixed second derivatives
of odd functions., 8ince the Jacobian blows up at (z,p) =

(0,0), we must difference directly here. For that reason we

carry in memory the values of (z,p) for the 3 nearest neighbors
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of the saddle point.

It is important to remember that our grid stays
fixed through the entire calculation. The metric components
are regarded as functions defined over the grid, which vary
in time. At a given time one can plug in the appropriate
(&n,4E) or (Az,4p) to a metric component and read off the
proper distance between two points on the mesh. For ine
stance, as the holes fall together, our grid lines do not get
bunched up between the throat and the saddle; rather the
metric function A = Yzz/lb4 will drop from unity towards zero
in this region, implyving that the proper distance wzfﬂéz is
becoming smaller there.

Let us now turn to the eveolution equations them-
selves, Both Hahn and Lindquist (1964} and Cadez (1971} used

the pair of first order in time equations:

+ aKK; . + ok - o

_ 2
= —20K, Ky 3 ij i3

BOK‘ j

ij

Because we had used the second order equations in slicing one
black hole {Estabrook, et al., 1873), we decided to use them

for the two black hole problem. Accordingly, we replaced Kij

everywhere by -f%Yij,o. The resulting equations read:

= +Am -
Yij,00 = Y Wei,0"my,0 ~ %Vem,0¥i4,0]

- 2
+ (Kna)'oyij'o 2a Rij + 2a“.ij .
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Again we see the clean separation between "velocity™ terms
involving only time derivatives and "potential" terms in-
volving only spatial derivatives. The formulas we listed in
Chapter IV, which give the Christoffel symbols and curvature
tensors of conformally related spaces, are used here to
split off the w4 dependence of metric, The Christoffel sym-
bols of thée base metric are built out of spatial derivatives
of A,B,C,D.

One can see the hyperbolic character of the evolu-
tion equations more clearly if we note that we may write out
the three dimensional Ricci tensor with a part containing
second space derivatives of the metric functions and a part
containing only first space derivatives. Neglecting all but

the second derivatives one can write, for example:

2, =4 A -1
A - —_— - + + = tee
00~ ¢ [(AB—Cz)(A’pp 2C ,, + B 33 D "D ,,]
2 -4 B -1 = aee
%, 00 w [(AB—C2)(A;DO €, 02 * B,zz) + D Drpp] a

and similarly for C and D, The "effective velocity," for in-

stance:

-2 /A
ayp 5
AB~C

varies over the grid, but approcaches unity as we go far from

the holes (recall ¢ = 1). To maintain the causal stability
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of our difference equations we must choose At to be smaller
than the minimum of the proper distance across any mesh
square. This is equivalent to making the "mesh velocity"
An/At everywhere greater than the "effective" velocity of
the metric given above., We therefore scan the mesh every

so often to determine if we need to change At. As a result,
we need to use difference equations for the time derivatives
which allow for unequal time steps. These are easily ob-
tained (Allen-19%54-page 67) by fitting with a gquadratic. If
and h

the time steps are h then we find that:

1 2!
A Ei- = [4hih, (ho+h.) ] T[hoA,+hA_- (h,+h
S SONEor B e RS R oR4th A= (hy+h)) Ayl
1 At
on
L h, o _ h,A, X (hy=h,)A, _ hyA
- 3t  hi(hi+hy) hih, ho (hy+hy) )

which reduces to the usual formulae when hl - h2 + At,

Notice that if o # o(t) then the terms with co-
variant derivatives of o change only because of the change in
the Christoffel symbols as the metric functions evolve. This
means we can use the analytically evaluated spatial deriva-
tives of o and thus keep higher accuracy than we could if
o = o{t). We know that o will vary in time for a maximal
slicing so that for such slicings we lose accuracy twice:
once bhecause we must solve an elliptic equation for «¢ on each

sheet and twice because we then have to difference the re-

sulting ¢ numerically.
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For the case where o is held fixed in time we need
carry only two layers of metric. The second time derivatives
are split up so that only B, appears on the left hand side
of the equation. The first time derivatives are backwards

differenced:

and then the system is iterated with the first derivatives
center differenced. This assures we maintain second order
accuracy. In practice, only one or two iterations seem to
be necessary. At each point of the mesh, as we sweep across
it, the new value A, is placed in the lower slot of the A
array for that point. It will not be needed for differencing
neighboring points. Here again, when we maximally slice, we
will have to carry three layers of metric and iterate many
more times.

To start this updating procedure from the time-
symmetric initial slice, we will need special equations. Of
course, all first time derivatives vanish. To get A, we note

that A_ = A so we can make the second time derivative:

+f

2(A, - A.)
82 _ + 0 (t

0)
t (At) 2

|

Let us turn now to some numerical results. As

stated bhefore we will use UO = 2 for initial conditions.
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From Table 1, we see that the total mass is M = 1,272a. We
will measure time in units of M by inserting (1.272)_1M
everywhere we find a. To get a rough idea of the evolution
we will start with a fairly coarse mesh. The grid with

NUM = 3, INT = 14, and INF = 23 is shown in Figure 4. The
metric functions A,B,C,D are all 1 or 0 and are shown in
Figure 5. One regards the functional value {here flat) as
having a copy of the coordinate grid placed on it. Alterna~-
tively, this is a perspective drawing(ﬁ) of the functions
with the height of the function, at a grid point, representing
its functional value. After evelving 55 levels we find our-
selves 5.96M into the future. By now the metric functions
have changed drastically in the strong field region {(Figure
6}. Of particular importance are the changes in A and C.

The scale on these functions is different, but for A the
origin of the triad is zero. The plunge A is taking indi-
cates that the metric distance between coordinate lines along
the z-axis is decreasing rapidly, and in fact it goes to zero
when t = 7.3M. BAs we shall see shortly, the coordinate lines
cross at the saddle peint for t = 7.3M. Whether this is also
a true physical singularity is not clear yet because I have
not programmed the Riemann invariants I and J in yet. How=
ever, the elapsed proper time at the saddle point when the
lines cross is v = 0(0,0)%7.3M = 2.41M, which is not that

far from the t = 3,14M required for the Schwarzschild col-

lapse of the throat. Here o = 0 on the throats so they do
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not pinch off, but it may be that the apparent horizon has
surrounded the central regicn and all of it is heading for
collapse.

The other critical point is that C is becoming
very steep on the axis at about the point where a numerical
instability pops up. The fact that C is so steep implies
that its first p derivative may be getting inaccurate
(Cpp = 0 on axis}.

Moving on to Figure 7 we find the trace of the
extrinsic curvature K and the determinant of the conformal
3-metric DET = (AB - C2)D. Because we are hot keeping the
slices maximal, but only requiring Ao - Ra = 0 on the first
slice, K builds up. This means the ccordinate lines are con-
verging very strongly near the saddle as we saw by examining

A, Notice that the determinant mimics K since we recall

that:

d t\/'f = —OLK\/'F

and we know that vy = py®(AB - c2)D and p = § = 0, so the

p¢6 cancels from each side leaving:

Bt /DET = -0 {TRK} .

One sees that as t + 7.3M, A - 0, DET + 0, and K - = at the

saddle point (C = 0 there).



3“ ' Figure 6
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The next Figure 8 gives us two sensitive indica-

tors of error. The Hamiltonian constraint:

is plotted. ©Notice that it is zero, as it should be if
everything is working right, except at two points. &At the
saddle and on the axis between the saddle and the throat

f is getting out of hand. This is due to the fact that the
coarsest part of the grid occurs there, and we are not get-
ting a good approximation to derivatives by our differences.
The other bad point is near where I mentioned C was getting
so steep. A numerical instability of some sort is developing.
Notice that it is not gravitational radiation (wiggles in
the curvature) because for that the Hamiltonian constraint
would stay zero. We notice that besides this instability

4

there are no wiggles in RIEMANN = °R At this point

t8ot*
things are not fine tuned enough to tell whether that means
there is no radiation being generated. However, as we shall
see in a moment, a finer grid does not change this result,
Note that the distance from the throat to the saddle point has
fallen to 1.61M from the original %3 = 1,94.

The next four Figures 9, 10, 11, 12 show the

"velocity terms"”

0}

£m - 1 3
Y (Yiﬂ,Oij,O /iY/Em,OYij,O) (o
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Figure 8
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Figure 11
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vs., the "potential terms":

—2u2Rij + 2au.ij
at the time the other Figures are shown. For each metric
function (e.g. A} the terms are shown on the same scale so
that one can directly compare their strengths. We note that
the time derivative terms are becoming gquite large, particu-
larly considering that they were zero to start with while the
potential terms were not. It is hoped that such an approach
can lead to a classification of regions as "velocity dominated”
or "normal dominated" (see Eardley 1972 and Liang 1973).

To see the effects of a smaller grid size we made
these runs again with about half the grid size. Now NUM = 6,
INT = 28, INF = 40. The grid is shown in Figure 13. After
76 levels, the time elapsed is t = 5.58M. Although this is
less time than before, we can see from Figure 14 that our
coarse grid gave a remarkably good description of TRK and
DET. This is useful to khow because the coarser the grid we
can run on, and still believe the results, the less time anhd
storage is required,

One peculiarity, which has not been resolved, is
the numerical instability on the axis., From Figure 15 we
see that by halving the mesh size we have made the instability
much worse., This is behavior just the opposite of what one

might think. Naturally we also halved the time step, and in
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Figure 13
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fact I made many runs where I halved and rehalved it with no
appreciable change. One good note is that the ﬁamiltonian
constraint hag drastically improved in the saddle region.

It is actually guite smooth if you think that 1) it is on
the coarsest part of the mesh and 2) the gquantities which

ab 4nq

are supposed to "balance" to give zero, namely K, KzpK
R, are at their largest values on the saddle.

This last point brings up another important aspect
of differencing 2 + 1 partial differential equations: the
absolute size of mesh squares. As we remarked earlier, the
time step must be chosen smaller than the smallest proper

spatial distance across any grid sqguare in order to maintain

stability. This is not sufficient, however. The absolute

proper spatial distances must alsoc be smaller than the "scale"
of variation of the functions we are trying to difference.(T)
In cur problem the scale is set by M, e.g. the radiation we
hope to see will be of wavelength =M, Even in this second
mesh (Figure 13) the square nearest the saddle point has a
spatial proper width of about (.76M (recall the distance from
the throat to the saddle is ~2M). This indicates we might
have to use a graded or subdivided net in the saddle region.
This also sets a limit on how far out towards the wave zone
we can go because the squares get larger as we move out.

When they begin to have widths of =M we must realize that

our expected radiation will noit propagate smoothly across it.

Finally, we note that if we use a larger Hor S@Y Hg = 3, the
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initial distance from the throat to the saddle will be
greater and we will need to put more mesh lines in.

As one last example of an attempt to get rid of
the instability on the axis, we show in Figure 16 a mesh
offset a half step from the axis. This way one never has to
evaluate terms where p + 0. No special axis commands are
used, and the strict reflection symmetry across the axis is
broken, The results, unfortunately, were worse than before.
The instability was even larger and more sudden, This in-
stability remains one of the chief unsclved problems we
face.

By way of summary, let us compare the extent of
spacetime explored in the three attempts to date., Hahn and
Lindguist used a mesh 51 x 151 square. They stepped forward
50 time intervals with a final {(t/M) = 0.35, Cadez used a
grid 38 x 71 and after 52 steps was {(t/M) = 1,37 into the

future. The coarse grid we showed was 14 x 23 and with 66

i

time steps we went (/M) 7.3. The important number is
(¢/M) since the number of levels and size of the grid just
tells us how fine the mesh is.

The next step is to use maximal slicing. As men-
tioned before, this is much more complicated. The program
has been written and is executing, but it is not completely
debugged. To solve for the lapse function which takes us

from maximal to maximal we must solve an elliptic equation

on each slice, I have used the standard SOR (Simultaneocus
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OverRelaxation) technique. {See the books on numerical
analysis in the bibliography.} The use of SOR and the
choice of the optimum overrelaxation parameter is essential
for success. In tests conducted on the initial surface,
where we can compare the numerical solution of Aa = 0 to

the analytic solution, I found that after 70 iterations the
error per grid poiﬁt was 103 less with the optimum parameter
than with the parameter equal to unity (grid size 28 x 40).
Further tests are being made to try to determine how many
iterations tc use per slice to cbtain o.

I am sorry to have to close here since things are
just getting interesting, but I think the case has bheen made
for the feasibility of using the computer to evolve space-
times. What we would like is to get to the point that we can
turn this inte a laboratory for probing various aspects of
the structure of general relativity. Hopefully, we are nearer

that goal as a result of this thesis.
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